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1 Technical Lemmas

Lemma 1. Let A P Rmˆk, B P Rkˆn with σ1pAq, σ1pBq denoting the largest singular value.
C P Rmˆm is non-singular with largest/smallest singular value denoted by σ1pCq{σmpCq

Given T observations the estimators for A,B,C are denoted as rA, rB, rC and satisfy

|| rA´ A||F “ OpqpT qq, || rB ´B||F “ OpqpT qq, || rC ´ C||F “ OpqpT qq

with qpT q Ñ 0 as T Ñ 8, then

|| rA rB ´ AB||F “ Opmaxpσ1pAq, σ1pBqqqpT qq

|| rC´1
´ C´1

||F “ Opσ´2
m pCqqpT qq

Proof. By the Mirsky version of matrix perturbation theory (see Theorem 4.11 of Stewart
and Sun (1990)), the singular values of the estimated matrix are consistent for those of
the true matrix, i.e.,

|σjp rAq ´ σjpAq| “ OpqpT qq

Therefore,

|| rA rB ´ AB||F “ ||p rA´ Aq rB ` Ap rB ´Bq||F

ď ||p rA´ Aq||F || rB||2 ` ||A||2||p rB ´Bq||F

“ Opσ1pBqqpT q ` σ1pAqqpT qq

The argument can be proved by showing that

|| rC´1
´ C´1

||F “ || rC´1
pC ´ rCqC´1

||F

ď || rC´1
||2||p rC ´ Cq||F ||C

´1
||2

“ OpσmpCq
´2qpT qq
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Lemma 2. Under Assumptions 2.1, 2.2 and 2.3, and m “ pT 1{4´εq with ε P p0, 1{4s the
following results hold:

1. || 1
T

řT
t“1 ∆Yt∆X

1
t´1||2 “ OP p1q and || 1

T

řT
t“1 β

1Yt´1∆X 1
t´1||2 “ OP p1q.

2. || 1
T

řT
t“1 ∆Xt´1∆X 1

t´1||2 “ OP p1q and ||p 1
T

řT
t“1 ∆Xt´1∆X 1

t´1q
´1||2 “ OP p1q.

3. || 1?
T

řT
t“1wt∆X

1
t´1||2 “ OP p1q and thus || 1

T

řT
t“1 rwt rw

1
t ´ Σw||F “ Opp

m?
T
q.

Proof. To simplify the analysis, we rewrite the general VAR process in (2) as a VAR(1)
process by defining:

F 1
t “ rY 1t ,∆Y

1
t , . . . ,∆Y

1
t´p`1s

1

F 0
t “ rZ 11t,∆Y

1
t , . . . ,∆Y

1
t´p`1s

1

Then we get from (2) and the stationary components after Q-transformation of (2) that

F 1
t “

¨

˚

˚

˚

˚

˚

˝

Π` Im B1 . . . Bp´1 Bp

Π B1 . . . Bp´1 Bp

0 Im . . . 0 0
...

...
...

...
0 0 . . . Im 0

˛

‹

‹

‹

‹

‹

‚

F 1
t´1 `

¨

˚

˚

˚

˚

˚

˝

wt
wt
0
...
0

˛

‹

‹

‹

‹

‹

‚

(1)

F 0
t “

¨

˚

˚

˚

˚

˚

˝

β1α ` Ir β1B1 . . . β1Bp´1 β1Bp

α B1 . . . Bp´1 Bp

0 Im . . . 0 0
...

...
...

...
0 0 . . . Im 0

˛

‹

‹

‹

‹

‹

‚

F 0
t´1 `

¨

˚

˚

˚

˚

˚

˝

β1wt
wt
0
...
0

˛

‹

‹

‹

‹

‹

‚

(2)

Setting the matrix in (1) as Φ1, the cointegrated process F 1
t has the compact VAR(1)

representation

F 1
t “ Φ1F

1
t´1 ` rw

1
t, w

1
t, 0

1
mpp´1qs

1
“

8
ÿ

j“0

Φj
1rw

1
t´j, w

1
t´j, 0

1
mpp´1qs

1.

The VMA(8) representation holds as the mpp ` 1q-dimensional square matrix Φ1 has
m ´ r eigenvalues on the unit circle and all the others within the unit circle due to
Assumptions 2.2 and 2.3. In a similar way, denoting by Φ0 the matrix in (2) we get

F 0
t “ Φ0F

0
t´1 ` rv

1
1t, w

1
t, 0

1
mpp´1qs

1
“

8
ÿ

j“0

Φj
0rv

1
1,t´j, w

1
t´j, 0

1
mpp´1qs

1

with λ1pΦ0q ă 1 and ||Φ0||2 ă 8. Define ṽt “ rv11,t´j, w
1
t´j, 0

1
mpp´1qs

1 with covariance

matrix Σṽ, then with m “ pT 1{4´εq for some finite K large enough: according to Chen,
Xu and Wu (2013), we have

||
1

T

T
ÿ

t“1

F 0
t F

01
t ´ EpF 0

t F
01
t q||2 “ OP pm{

?
T q
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while

||EpF 0
t F

01
t q||2 “ ||

8
ÿ

j“0

Φj
0ΣṽΦ

j1
0 ||2

ď

8
ÿ

j“0

||Φj
0||

2
2||Σṽ||2

ď ||Σṽ||2

˜

K
ÿ

j“0

||Φj
0||

2
2 `

8
ÿ

j“K`1

||Φj
0||

2
2

¸

where ||Σṽ||2 is bounded due to λ1pΣwq ă 8 by Assumption 2.1. Moreover,
řK
j“0 ||Φ

j
0||

2
2

is bounded for finite K and
ř8

j“K`1 ||Φ
j
0||

2
2 is bounded due to Gelfand’s formula, since

||ΦK
0 ||

1{K ď λ1pΦ0q ` εpKq ă 1 for sufficiently large K. Thus || 1
T

řT
t“1 F

0
t F

01
t ||2 “ OP p1q

which implies points 1. in the Lemma. The first result in point 2. can also be derived
from this conclusion. To show the second result in point 2., we can rewrite ∆Xt as

∆Xt “ A

¨

˚

˚

˚

˚

˚

˝

Z1,t´1

∆Xt´1
...

Z1,t´p´1

∆Xt´p´1

˛

‹

‹

‹

‹

‹

‚

`

¨

˚

˚

˚

˝

wt
wt´1

...
wt´p

˛

‹

‹

‹

‚

where A is a block-diagonal matrix with p blocks of rα,Bs on the diagonal. Thus

Ep∆Xt∆X
1
tq “ Covp

¨

˚

˚

˚

˝

wt
wt´1

...
wt´p

˛

‹

‹

‹

‚

q `RT1

Because the smallest eigenvalue of Covp

¨

˚

˚

˚

˝

wt
wt´1

...
wt´p

˛

‹

‹

‹

‚

q is bounded away from zero by τw ą 0

and other terms contained RT1 is symmetric matrix, thus all the eigenvalues are non-
negative. Therefore, the smallest eigenvalue of Ep∆Xt∆X

1
tq is larger than τw.

To show the last point, we can show that

||
1

T

T
ÿ

t“1

rwt rw
1
t ´ Σww||F

“ ||
1

T

T
ÿ

t“1

wtw
1
t ´ Σww ´ p

1

T

T
ÿ

t“1

wt∆X
1
t´1qp

1

T
∆Xt´1∆X 1

t´1q
´1
p

1

T

T
ÿ

t“1

∆Xt´1w
1
tq||F

ď ||
1

T

T
ÿ

t“1

wtw
1
t ´ Σww||F `

1

T
||p

1
?
T

T
ÿ

t“1

wt∆X
1
t´1qp

1

T
∆Xt´1∆X 1

t´1q
´1
p

1
?
T

T
ÿ

t“1

∆Xt´1w
1
tq||F

“ Opp
m
?
T
q `Opp

m

T
q “ Opp

m
?
T
q

3



as the first term in the second to last line || 1
T

řT
t“1wtw

1
t ´ Σww||F “ OP p

m?
T
q due to a

standard law of large numbers for stationary time series. For the last term in that line,
note that the l2-norm of the expression inside the norm is OP p1q, which implies that the
stated Frobenius-norm is at most OP pmq.

Lemma 3. Let the assumptions of Theorem 3.1 hold and qY , qX, and qw are as defined in
(9). Then

||
1

T

T
ÿ

t“1

∆qYt∆qY 1t ´ Σ∆y.z1||F “ Opp
m
?
T
q

||
1

T

T
ÿ

t“1

∆ qXt´1∆ qX 1
t´1 ´ Σ∆x.z1||F “ Opp

m
?
T
q

||
1

T

T
ÿ

t“1

qwt qw
1
t ´ Σw||F “ Opp

m
?
T
q

Proof. Let D0T “ diagt
?
TIr, T Im´ru and the matrix Q as defined for (5). Then we can

write the transformation for lag selection C from (9) as

C “ IT ´ Y
1
´1pY´1Y

1
´1q

´1Y´1 “ IT ´ Y
1
´1Q

1D´1
0T pD

´1
0TQY´1Y

1
´1Q

1D´1
0T q

´1D´1
0TQY´1

“ IT ´ Z
1
´1D

´1
0T pD

´1
0T Z´1Z

1
´1D

´1
0T q

´1D´1
0T Z´1

We therefore obtain

∆qYt “ ∆Yt ´ p
řT
t“1 ∆YtZ

1
t´1D

´1
0T qpD

´1
0T Z´1Z

1
´1D

´1
0T q

´1D´1
0T Zt´1

∆ qXt´1 “ ∆Xt ´ p
řT
t“1 ∆Xt´1Z

1
t´1D

´1
0T qpD

´1
0T Z´1Z

1
´1D

´1
0T q

´1D´1
0T Zt´1

qwt “ wt ´ p
řT
t“1wtZ

1
t´1D

´1
0T qpD

´1
0T Z´1Z

1
´1D

´1
0T q

´1D´1
0T Zt´1

Denote Sz “ D´1
0T Z´1Z

1
´1D

´1
0T and

Sz11 “
1

T

T
ÿ

t“1

Z1,t´1Z
1
1,t´1

Sz12 “
1

T 3{2

T
ÿ

t“1

Z1,t´1Z
1
2,t´1

Sz22 “
1

T 2

T
ÿ

t“1

Z2,t´1Z
1
2,t´1

Then ||Sz11||2 “ OP p1q by Lemma 2. With χ12 of block 6 in the proof of Theorem 2.1,
we have ||Sz12||2 “ ||χ12{

?
T ||2 ` oP p1q due to Lemma 2. Hence (A.12) implies that

||Sz12||2 “ Opp
rτ1?
T
q. In the same way, Lemma 2 yields ||Sz22||2 “ Opp1q.

The inverse Sz,´1 of Sz has the following blockwise form

Sz,´1
“

„

pSz11 ´ S
z
12S

z,´1
22 Sz21q

´1 ´pSz11 ´ S
z
12S

z,´1
22 Sz21q

´1Sz12S
z,´1
22

´pSz22 ´ S
z
21S

z,´1
11 Sz12q

´1Sz21S
z,´1
11 pSz22 ´ S

z
21S

z,´1
11 Sz12q

´1



(3)
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where ||SzijS
z,´1
jj Szji||2 ď ||Szij||2||S

z,´1
jj ||2||S

z
ji||2 “ Opp

r2τ1
T
q for 1 ď i ‰ j ď 2 by the

considerations above. We get

||Sz,´1
11 ´ Σ´1

z1 ||F “ Opp
r
?
T
q

||Sz,´1
12 ||2 “ Opp

rτ1
?
T
q

where the first equation is analogous to (A.3) and the second follows from above. Then
we get

p
1
?
T

T
ÿ

t“1

∆YtZ
1
t´1D

´1
0T qpD

´1
0T Z´1Z

1
´1D

´1
0T q

´1
p

1
?
T
D´1

0T

T
ÿ

t“1

Zt´1∆Y 1t q

“
1

T

T
ÿ

t“1

∆YtZ
1
1,t´1S

z,´1
11

1

T

T
ÿ

t“1

Z1,t´1∆Y 1t `
1

T 3{2

T
ÿ

t“1

∆YtZ
1
2,t´1S

z,´1
21

1

T

T
ÿ

t“1

Z1,t´1∆Y 1t

`
1

T

T
ÿ

t“1

∆YtZ
1
1,t´1S

z,´1
21

1

T 3{2

T
ÿ

t“1

Z2,t´1∆Y 1t `
1

T 3{2

T
ÿ

t“1

∆YtZ
1
2,t´1S

z,´1
22

1

T 3{2

T
ÿ

t“1

Z2,t´1∆Y 1t

For the first term we get

||
1

T

T
ÿ

t“1

∆YtZ
1
1,t´1S

z,´1
11

1

T

T
ÿ

t“1

Z1,t´1∆Y 1t ´ Σ∆y.z1||F “ Opp
m
?
T
q

where Σ∆y.z1 “ Ep∆YtZ
1
1,t´1qEpZ1,t´1Z

1
1,t´1q

´1EpZ1,t´1∆Y 1t q. For the second one, we have

1

T 3{2

T
ÿ

t“1

∆YtZ
1
2,t´1 “

1

T 3{2

T
ÿ

t“1

´

αZ1,t´1Z
1
2,t´1 `B∆Xt´1Z

1
2,t´1 ` wtZ

1
2,t´1

¯

,

which implies that || 1
T 3{2

řT
t“1 ∆YtZ

1
2,t´1||2 “ Opp

rτ1?
T
q, as well as || 1

T 3{2

řT
t“1 Z1,t´1Z

1
2,t´1||2 “

Opp
rτ1?
T
q due to (A.12) and Lemma 2 from the first part of the expression. The l2 norms for

the other two terms are negligible with faster rate OP p1{
?
T q and Lemma 2. Therefore,

||
1

T 3{2

T
ÿ

t“1

∆YtZ
1
2,t´1S

z,´1
21

1

T

T
ÿ

t“1

Z1,t´1∆Y 1t ||F ď ||
1

T 3{2

T
ÿ

t“1

∆YtZ
1
2,t´1||2||S

z,´1
21 ||2||

1

T

T
ÿ

t“1

Z1,t´1∆Y 1t ||2
?
r

“ Opp
r2τ1`1{2

T
q.

Thus in total,

||p
1
?
T

T
ÿ

t“1

∆YtZ
1
t´1D

´1
0T qpD

´1
0T Z´1Z

1
´1D

´1
0T q

´1
p

1
?
T
D´1

0T

T
ÿ

t“1

Zt´1∆Y 1t q ´ Σ∆y.z1||F “ Opp
m
?
T
q

Therefore, we conclude that || 1
T

řT
t“1 ∆qYt∆qY 1t ´Σ∆y.z1||F “ Opp

m?
T
q. In the same way, the

results for ∆ qXt´1 are obtained. The performance of
řT
t“1 qwt qw

1
t can be directly inferred

from Lemma 2.
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2 Proof of Theorem 3.2

Proof. With the Lasso-estimator B̂ from (12) for pB1, B2, . . . , BP q define δB “ B̂ ´ B.
Then we get for the first part of the Lasso criterion function (12) that

T
ÿ

t“1

||∆qYt ´
P
ÿ

j“1

Bj∆qYt´j||
2

“

T
ÿ

t“1

pB∆ qXt´1 ` qwt ´ B̂∆ qXt´1q
1
pB∆ qXt´1 ` qwt ´ B̂∆ qXt´1q

“

T
ÿ

t“1

p qwt ´ δB qXt´1q
1
p qwt ´ δB qXt´1q

“

T
ÿ

t“1

qw1t qwt ´ 2
1
?
T
w1tp

qX 1
t´1 b Imqvecp

?
TδBq `

1

T
vecp

?
TδBq

1
p qXt´1

qX 1
t´1 b Imqvecp

?
TδBq .

Taking first order conditions w.r.t. vecp
?
TδBq yields

T
ÿ

t“1

´
2
?
T
p∆ qXt´1 b Imqw

1
t `

2

T
p∆ qXt´1∆ qX 1

t´1 b Imqvecp
?
TδBq

For the rest of the proof, we assume for ease of notation that all B1, B2, . . . , Bp are non-
zero not just Bp as Assumption 2.3 implies. Denote by δ0

B the first mp columns of δB.
Consistent lag selection requires that each mˆm block in δ0

B contains a non-zero element
but the last mpP ´ pq columns are zero, which can be ensured by the following KKT
conditions:

T
ÿ

t“1

´
1
?
T
wt∆ qX01

t´1 `
1

T
p
?
Tδ0

Bqp∆ qX0
t´1∆ qX01

t´1q “ ´
λlagT
2
?
T
r

B1

||B1||F ||vecpB̂1q||
γ
8

,

. . . ,
Bp

||Bp||F ||vecpB̂pq||
γ
8

s (4)

||

T
ÿ

t“1

´
1
?
T
wt∆ qXk1

t´1 `
1

T
p
?
Tδ0

Bqp∆ qX0
t´1∆ qXk1

t´1q||F ă
λlagT
2
?
T
||vecpB̂kq||

´γ
8 (5)

for k “ p` 1, . . . , P . ∆ qXk
t´1 denotes the k-th m-dimensional block in ∆ qXt´1 and ∆ qX0

t´1

for the first p blocks. In the same way as for rank selection, define

VB0 “ r
B1

||B1||F ||vecpB̂1q||
γ
8

, . . . ,
Bp

||Bp||F ||vecpB̂pq||
γ
8

s

Swx0 “
1
?
T

T
ÿ

t“1

wt∆ qX01
t´1 Sx0 “

1

T

T
ÿ

t“1

∆ qX0
t´1∆ qX01

t´1

Swx1 “
1
?
T

T
ÿ

t“1

wt∆ qXk1
t´1 Sx0x1 “

1

T

T
ÿ

t“1

∆ qX0
t´1∆ qXk1

t´1

6



Then from the first KKT condition (4) we get

?
Tδ0

B “ Swx0S
´1
x0 ´

λlagT
2
?
T
VB0S

´1
x0 . (6)

With Theorem 3.1 for VB0 and Lemma 3 for ||S´1
x0 ||2 “ OP p1q it holds that

λlagT?
T
||VB0S

´1
x0 ||F ď

λlagT?
T
||VB0 ||F ||S

´1
x0 ||2 “ Opp

λlagT?
T
q

where the assumption on λlagT , implies that Opp
λlagT?
T
q “ oP p1q. Thus on the true active set

in the lags, the effect of the penalty vanishes.
From the second part of the KKT conditions (5), we obtain by plugging in (6) the

following sufficient condition for exclusion of lags larger than p, i.e. of lags which are not
in the true active set

||vecp´Swx1 ` Swx0S
´1
x0 Sx0x1qj||2 ă

λlagT
2
?
T

´

||vecpB̂p`jq||
´γ
8 ´ ||pVB0S

´1
x0 Sx0x1qj||F

¯

(7)

where the subscript j of a vector denotes the j-th m2 block. With Theorem 3.1 for VB0

together with Lemma 3 for stationary ||Sx0x1||2 “ OP p1q we find

||pVB0S
´1
x0 Sx0x1qj||F ď ||VB0S

´1
x0 Sx0x1||F ď ||VB0 ||F ||S

´1
x0 ||2||Sx0x1||2 “ Opp1q

and similarly on the LHS that ||pSwx0S
´1
x0 Sx0x1qj||F “ OP p1{

?
T q. So both terms are negli-

gible in (7). We use that by Theorem 3.1 it holds that ||vecpB̂p`jq||
´γ
8 “ Op

´

p

b

logm
T
q´γ

¯

.

Then by (7) and setting Nk “ vecp´Swx1qk, this yields

Pp

g

f

f

e

m2
ÿ

k“1

N2
k ą

λlagT
2
?
T
p

?
logm
?
T

q
´γ
q “ Pp

m2
ÿ

k“1

N2
k ą p

λlagT
2
?
T
p

?
logm
?
T

q
´γ
q
2
q

ď

m2
ÿ

k“1

Pp|Nk| ą
λlagT

2m
?
T
p

?
logm
?
T

q
´γ
q

ď

´m2plogmqγ{2C1

λlagT T 1{2pγ´1q

¯2

for 0 ă C1 ă 8

where Chebyshev’s inequality was applied in the last line. For the second moment bound
C1, we use that due to Assumption 2.1. The bound then follows from Lemma 3. Hence

for P fixed and due to
λlagT T 1{2pγ´1q

m2plogmqγ{2
Ñ 8, the last line implies that with probability tending

to one, irrelevant lags are excluded by the proposed Lasso procedure.

3 Proof of Theorem 4.1

Proof. We first show that Ep|ukt |
4`δq is bounded for all k “ 1, . . . ,m.
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Define rAl “ AlΣ
1{2
w with Al from Assumption 4.1. Then

ř8

l“1 j||
rAl||F ă 8. Denote

ãl,kj as the k, j-th element in rAl. Not that the assumption
ř8

j“1 j||Ãj||F ă 8 implies that
ř8

j“1 ||Ãj||2 ă 8. Thus for every ε ą 0 close enough to zero, there exists an N such that

for all n ą N , ||Ãn||2 ă ε. Therefore, for all 1 ă ζ ă 8, we have

N
ÿ

j“1

||Ãj||
ζ
2 `

8
ÿ

j“N`1

||Ãj||
ζ
2 ă

N
ÿ

j“1

||Ãj||
ζ
2 `

8
ÿ

j“N`1

εζ ă 8

We use this to bound the 4` δ-th moment of ukt for k “ 1, . . . ,m split up as follows

ukt “
m
ÿ

j“1

ã0,kjet,j `
8
ÿ

l“1

m
ÿ

j“1

ãl,kjet´l,j

Define the sequence Xl “
řm
j“1 ãl,kjet´l,j, then applying Rosenthal’s inequality yields for

the fourth moment of Xl

Ep|Xl|
4`δ
q ď CX

´

m
ÿ

j“1

|ãl,kj|
4`δEp|et´l,j|

4`δ
q ` p

m
ÿ

j“1

ã2
l,kjEpe

2
t´l,jqq

2`δ{2
¯

“ Oa.s.

´

m
ÿ

j“1

|ãl,kj|
4`δ
` p

m
ÿ

j“1

ã2
l,kjq

2`δ{2
¯

“ Oa.s.

´

||Ãl||
4`δ
2 ` ||Ãl||

4`δ
2

¯

“ Oa.s.p1q.

With this, we get for the partial sum
řL
l“0Xl that

Ep|
L
ÿ

l“0

Xl|
4`δ
q ď CL

X

´

L
ÿ

l“0

m
ÿ

j“1

|ãl,kj|
4`δEp|et´l,j|

4`δ
q ` p

L
ÿ

l“0

m
ÿ

j“1

ã2
l,kjEpe

2
t´l,jqq

2`δ{2
¯

“ Oa.s.

´

L
ÿ

l“0

m
ÿ

j“1

|ãl,kj|
4`δ
` p

L
ÿ

l“0

m
ÿ

j“1

ã2
l,kjq

2`δ{2
¯

“ Oa.s.

´

L
ÿ

l“0

||Ãl||
4`δ
2 ` p

L
ÿ

l“0

||Ãl||
2
2q

2`δ{2
¯

“ Oa.s.p1q

For the L4`δ-convergence of
řL
l“0Xl, only remains to show that the partial sum

řL
l“0Xl

is an L4`δ-Cauchy sequence. Define ξj “
řj
l“0Xl, then for i ă j, as i goes to infinity,

Ep|ξi ´ ξj|
4`δ
q “ Ep|

j
ÿ

l“i`1

Xl|
4`δ
q

ď Cξ

´

j
ÿ

l“i`1

E|Xl|
4`δ
` p

j
ÿ

l“i`1

EpX2
l qq

2`δ{2
¯

“ Oa.s.

´

8
ÿ

l“i`1

||Ãj||
4`δ
2 ` p

8
ÿ

l“i`1

||Ãl||
2
2q

2`δ{2
¯

“ oa.s.p1q

8



Therefore, ξj constitutes an L4`δ-Cauchy sequence and thus ξj is L4`δ convergent. There-
fore with dominated convergence,

Ep|ukt |
4`δ
q “ lim

LÑ8
Ep|

L
ÿ

l“0

Xl `

8
ÿ

l“L`1

Xl|
4`δ
q

ď lim
LÑ8

C

˜

Ep|
L
ÿ

l“0

Xl|
4`δ
q ` Ep|

8
ÿ

l“L`1

Xl|
4`δ
q

¸

ă 8

which is the first claim of the theorem.
If the iid innovation e0 in wt is replaced by an i.i.d. copy 9e0, its impact at time t is

Atpw0 ´ 9w0q “ AtΣ
1{2
w pe0 ´ 9e0q “ rAtpe0 ´ 9e0q. Denote the kth row of rAt by ratk, then it

holds for ê0 “ e0 ´ e
1
0 that

`

Ep|ratkê0|
4
q
˘1{4

ď

˜

C4Ep
m
ÿ

j“1

|ratk,j ê0j|
2
q
4{2

¸1{4

ď Cp
m
ÿ

j“1

ra2
tk,jq

1{2
“ ||AtΣ

1{2
w ||F ď ||At||F ||Σ

1{2
w ||2 (8)

by Marcinkiewicz-Zygmund inequality since each element in et has bounded 4-th moment.
Then according to Subsection 3.1 in Wu (2007), (8) bounds the physical dependence
measure γtk of Chen, Xu and Wu (2013) elementwise. Thus we get for each element k by
Assumption 4.1 that

8
ÿ

t“0

tγtk ď ||Σ
1{2
w ||2

8
ÿ

t“0

t||At||F ă 8

which is the sufficient condition for the elementwise strong invariance principle in Corol-
lary 4 in Wu (2007). This implies the claim of the theorem. Moreover, the covariance
matrix of Mpsq is obtained as

ř8

j“0AjΣwA
1
j by elementary calculations.

4 Proof for Theorem 4.2

Proof. To derive the results in Theorem 4.2, we first show the following block-wise con-
vergence results as in Theorem 2.1:

||
1

T

T
ÿ

t“1

∆ZtZ
1
t´1 ´

„

pβ1αqΣz1 ` Γ1
v1z1 ´pβ1α` IrqΓ

11
v2z1 ´ Σv1v2

Γ1
v2z1

ş1
0 dM2psqM2psq

1 ` Γ0
22



||F “ OP panq

||D´1
T

1

T

T
ÿ

t“1

Zt´1Z
1
t´1 ´

«

Σz1 ´pβ1αq´1
`

pβ1α` IrqΓ
1,1
v2z1 ` Σv1v2 ` Γ0

12 `
ş1
0 dM1psqM

1
2psq

˘

0
ş1
0 M2psqM

1
2psqds

ff

||F “ OP panq

with an “
b

r2

T
`
a

mr
T
`

b

m2plog T q3{2plog log T q

T 1{2 .

9



In a similar way as in the proof for Theorem 2.1, we proceed with the eight blocks
and highlight the differences.

1.+2. purely stationary blocks b̄11 “
1
T

∆Z1MZ 11 ,´1 and χ̄11 “
1
T

Z1 ,´1MZ 11 ,´1
For the second block, it follows from Lemma 2 that

||
1

T

T
ÿ

t“1

Z1,t´1Z
1
1,t´1 ´ Σz1||F “ Opp

r
?
T
q . (9)

For the first term we get from (15)

1

T

T
ÿ

t“1

∆Z1,tZ
1
1,t´1 “ pβ

1αq
1

T

T
ÿ

t“1

Z1,t´1Z
1
1,t´1 `

1

T

T
ÿ

t“1

v1,tZ
1
1,t´1

which implies with (9) that

||
1

T

T
ÿ

t“1

∆Z1,tZ1,t´1 ´ pβ
1αqΣz1 ´ Γ1

v1z1||F “ Opp
r
?
T
q (10)

3. mixed stationary/nonstationary block b̄12 “
1
T

∆Z1Z 12 ,´1
From (15) we have that Z2,t “

řt
s“1 v2,s which yields

1

T

T
ÿ

t“0

∆Z1,tZ
1
2,t´1 “ ´

1

T

T´1
ÿ

t“1

Z1,t∆Z
1
2,t `

1

T
pZ1,TZ

1
2,T ´ Z1,0Z

1
2,0q

“ ´
1

T
pβ1α ` Irq

T
ÿ

t“1

Z1,t´1v
1
2,t ´

1

T

T
ÿ

t“1

v1,tv
1
2,t `R8

with ||R8||F “ OP p
?
mr{

?
T q. Hence

||
1

T

T
ÿ

t“0

∆Z1,tZ
1
2,t´1 ` pβ

1α ` IrqΓ
11
v2z1 ` Σv1v2||F “ Opp

?
mr
?
T
q (11)

4. mixed stationary/nonstationary block b̄12 “
1
T

∆Z2Z 11 ,´1
With Z2,t “

řt
s“1 v2,s from (15) we get that 1

T

řT
t“1 ∆Z2,tZ

1
1,t´1 “

1
T

řT
t“1 v2,tZ

1
1,t´1 which

leads to

||
1

T

T
ÿ

t“1

∆Z2,tZ
1
1,t´1 ´ Γ1

v2z1||F “ Opp

?
mr
?
T
q (12)

5. purely nonstationary block b̄22 “
1
T

∆Z2Z 12 ,´1
Different from the block b22 in the proof for Theorem 2.1,the increment of Z2,t is no longer
independent of Ft´1 due to the weak dependence of vt “ Qut. Therefore, the standard
discrete approximation of the stochastic integral (see, e.g. Section 2.5 of Chung and
Williams (1990)) can not be directly applied.

10



With Z2,t “
řt
s“1 v2,s from (15) we get that

1

T

T
ÿ

t“1

∆Z2,tZ
1
2,t´1 “

1

T

T
ÿ

t“1

v2,tZ
1
2,t´1 “

1

T

T
ÿ

t“1

v2,t

t´1
ÿ

s“0

v12,s

Define Υt “
řt
s“0 us, due to the assumption that

ř8

j“1 j||Aj||F ă 8, for some K ą 0,
it holds that

utΥ
1
t´1 “ wtΥ

1
t´1 ` A1pwt´1u

1
t´1 ` wt´1Υ1

t´2q

` A2

´

wt´2pu
1
t´1 ` u

1
t´2q ` wt´2Υ1

t´3

¯

` . . .

` AK

´

wt´Kp
K
ÿ

j“1

u1t´jq ` wt´KΥ1
t´K´1

¯

` op1q

By summing up utΥ
1
t´1 over t and dividing the sum by T , the term 1

T

řT
t“1Akwt´kp

řk
j“1 u

1
t´jq

(for 1 ď k ď K) satisfies

||
1

T

T
ÿ

t“1

Akwt´kp
k
ÿ

j“1

u1t´jq ´ AkΣwp

k
ÿ

j“1

A1k´jq||F “ Opp||Ak||F
m
?
T
q

We leave the ||Ak||F in the convergence rate so that the sequence still converge at the rate
of m?

T
after summing over k.

Sum up AkΣwp
řk
j“1A

1
k´jq over k “ 1, . . . , K, i.e.,

K
ÿ

k“1

AkΣwp

k
ÿ

j“1

A1k´jq “ A1ΣwA
1
0

` A2ΣwA
1
1 ` A2ΣwA

1
0

` . . .

` AKΣwA
1
K´1 ` AKΣwA

1
K´2 ` ¨ ¨ ¨ ` AKΣwA

1
0

Ñ Γup1q ` Γup2q ` ¨ ¨ ¨ ` ΓupKq

where Γupkq “ Eputu
1
t´kq. The left terms can be summed up over t and expressed as

1

T

T
ÿ

t“1

´

K
ÿ

j“0

Ajwt´jΥ
1
t´j´1

¯

“

K
ÿ

j“0

Aj

´ 1

T

T
ÿ

t“1

wt´jΥ
1
t´j´1

¯

By the same argument as in proof for Theorem 2.1, we conclude that

||
1

T

T
ÿ

t“1

wt´jΥ
1
t´j´1 ´

ż 1

0

dMwM
1
||F “ Opp

mplog T q3{4plog log T q1{2

T 1{4
q

where Mw denotes the m-dimensional Brownian motion with the same covarianc matrix
as wt. According to Theorem 4.1, we can conclude that

||
1

T

T
ÿ

t“1

utΥ
1
t´1 ´

ż 1

0

dMM1
´

8
ÿ

k“1

Γupkq||F “ Opp
mplog T q3{4plog log T q1{2

T 1{4
q (13)
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The convergence rate of those terms to
ř8

k“1 Γupkq is m?
T

, dominated by the rate of strong
invariance principle and thus ignored here.

The desired result can be achieved by pre- and post-multiplying utΥ
1
t´1 by β1 or α1K.

6. mixed stationary/nonstationary block χ̄12 “
1
T

Z1 ,´1Z 12 ,´1
From (15) we get that

1

T

T
ÿ

t“1

∆Z1,tZ
1
2,t´1 “

1

T

T
ÿ

t“1

pβ1αqZ1,t´1Z
1
2,t´1 `

1

T

T
ÿ

t“1

v1,tZ
1
2,t´1

which we rearrange as

1

T

T
ÿ

t“1

Z1,t´1Z
1
2,t´1 “ pβ

1αq´1
p

1

T

T
ÿ

t“1

∆Z1,tZ
1
2,t´1 ´

1

T

T
ÿ

t“1

v1,tZ
1
2,t´1q .

Using (11) for the first term on the right, the strong invariance principle of Theorem 4.1
for the second term as above and ||pβ1αq´1||2 “ Oprτ1q by Assumption 4.2 it holds that

||
1

T

T
ÿ

t“1

Z1,t´1Z
1
2,t´1 ` pβ

1αq´1
´

pβ1α ` IrqΓ
11
v2z1 ` Σv1v2 ` Γ0

12 `

ż 1

0

dM1M
1
2

¯

||F

“ O
´

rτ1

d

mr

T
`
mrplog T q3{2plog log T q

?
T

¯

(14)

7. mixed stationary/nonstationary block χ̄21 “
1
T

`

1
T

Z2 ,´1Z 11 ,´1
˘

By similar argument as in the independent case for block χ21, it is sufficient to work here
withe conservative upper bound OP pr

τ1q from (14) for each element in the inner bracket.
We thus obtain

||
1

T 2

T
ÿ

t“1

Z2,t´1Z
1
1,t´1||F “ Opp

?
mrrτ1

T
q (15)

8. purely nonstationary block χ̄22 “
1
T

`

1
T

Z2 ,´1Z 12 ,´1
˘

As before, we show the distance between 1
T 2

řT
t“1 Z2,t´1Z

1
2,t´1 and

ş1

0
dM2M2. Element-

wise, we have

1

T 2

T
ÿ

t“1

Zi
2,t´1Z

j
2,t´1 ´

ż 1

0

M2,ipsqM2,jpsqds

“

T
ÿ

t“1

ż t
T

t´1
T

p
1
?
T
Zi

2,t´1q

´ 1
?
T
Zj

2,t´1 ´M2,jpsq
˘

ds

`

T
ÿ

t“1

ż t
T

t´1
T

´ 1
?
T
Zi

2,t´1 ´M2,ipsq
¯

pM2,jpsqqds

12



We have shown that | 1?
T
Zi

2,t´1´M2,ip
t´1
T
q| “ Opp

plog T q3{4plog log T q1{2

T 1{4 q and for any Brownian

motion element in Mpsq, max t´1
T
ďsď t

T
|Mjpsq´Mjp

t´1
T
q| “ Opp

b

log T
T
q. Thus in total, we

get

||
1

T 2
Z2,t´1Z

1
2,t´1 ´

ż 1

0

M2M
1
2||F “ Oppm

plog T q3{4plog log T q1{2

T 1{4
q (16)

Now the first part of the initial claim follows from (10)-(13) and the second part from
(9) and (14)-(16). In the same manner as the proof of Theorem 2.1, we can define χ̄

composed of the blocks χ̄11 ´ χ̄22 and ξ “ χ̄´1. Then the final result for rΨ follows from
direct calculations.

5 Proof of Theorem 4.3

Proof. Define β0 “

„

β1

β1K



. We thus obtain for β0
rΠ1

˜

β1rΠ1

β1K
rΠ1

¸

“

ˆ

Ir
1
T
β1αK

0 1
T
β1KαK

˙

´

Q´1
rΨ
¯1

(17)

“

ˆ

Ir
1
T
β1αK

0 1
T
β1KαK

˙

´

αpβ1αq´1
rΨ11 ` βKpα

1
KβKq

´1
rΨ21 αpβ1αq´1

rΨ12 ` βKpα
1
KβKq

´1
rΨ22

¯1

From (17) and Theorem 4.2, we get

||β1rΠ1 ´ α1‹||F “ Opp

c

mr

T
q

||β1K
rΠ1||2 “ Opp

rτ1

T
q

The l2 norms of rΨ21 and rΨ22 may increase with rτ1
?
m, which slows down the converging

rate of the irrelevant basis.
Due to the unitary invariant property of singular values, we have

σjpβ0
rΠ1q “ σjpSrΠ

1
q “ σjp rRq

which implies that

|σjp rRq ´ σjpα‹q| “ Opp

c

mr

T
q for j “ 1, . . . , r (18)

by matrix perturbation theory (Mirsky version, Theorem 4.11 of Stewart and Sun (1990))

and (??). The column-pivoting step in QR decomposition makes the rR11 a well-conditioned

matrix, thus the largest r singular values in rR are contributed by rR1, the first r-columns.
Besides, the upper-triangular structure of rR excludes linear dependence between any two
rows. Therefore, we can conclude that

σrp rRq ď

g

f

f

e

m
ÿ

j“k

rRpk, jq2 ď σ1p rRq for k “ 1, . . . , r (19)
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The matrix perturbation theory result (18) provides further bounds for l2 norm of each

row in rR1, i.e.,

σrp rRq ě σrpα‹q ´Opp

c

mr

T
q

σ1p rRq ď σ1pα‹q `Opp

c

mr

T
q

Also by the upper-triangular structure and column-pivoting, we can derive that
g

f

f

e

m
ÿ

j“k

rRpk, jq2 “ Opp
rτ1

T
q for k “ r ` 1, . . . ,m (20)

Moreover, (20) leads to the conclusion that

|| rR22||F “ Opp

?
m

T
rτ1q (21)

The difference between rR1 and rR is rR22. Therefore, we can also conclude

|σjp rR1q ´ σjp rRq| “ Opp

?
mrτ1

T
q, j “ 1, .., r

and thus

|σjp rR1q ´ σjpα‹q| “ Opp

c

mr

T
q for j “ 1, . . . , r (22)

(17) can be further written as
˜

β1rΠ1

β1K
rΠ1

¸

“

˜

β1 rS1
rR11 β1 rS1

rR12 ` β
1
rS2
rR22

β1K
rS1
rR11 β1K

rS1
rR12 ` β

1
K
rS2
rR22

¸

(23)

with the after QR-decomposition components.
By equating the (17) and (23) we also have

´

β1K
rS1
rR11 β1K

rS1
rR12 ` β

1
K
rS2
rR22

¯

“
1

T
pβ1KαKq

´

αpβ1αq´1
rΨ12 ` βKpα

1
KβKq

´1
rΨ22

¯1

which is equivalent to

β1K
rS1 “ ´

”

0 β1K
rS2
rR22

ı

rR11p
rR1

rR11q
´1

`
1

T
pβ1KαKq

´

αpβ1αq´1
rΨ12 ` βKpα

1
KβKq

´1
rΨ22

¯1
rR11p

rR1
rR11q

´1

The singular values of rR1 can be approximated by those of α. Therefore we conclude that
||β1K

rS1||F “ Opp
mrτ1`2τ2

T
q.
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6 Proof of Theorem 4.4

Proof. Denote rS 1Yt´1 “

„

Z̆1,t´1

Z̆2,t´1



where Z̆1,t´1 is the projection of Yt´1 onto the subspace

generated by rS1. Because the distance between rS1 and β converges at the rate of T , faster
than other error terms mentioned above, we use Z1,t´1 instead of Z̆1,t´1 in this proof.

While both Z̆2,t´1 and Z2,t´1 are non-stationary process, we can also use Z2,t´1 instead

of Z̆2,t´1 to keep the proof easier to read. Besides, we do not distinguish different matrix
representations of α̂.
Define α0 “ rα, 0s, α̂ “ α ` Σuz1Σ´1

z1 , α̂0 “ rα̂, 0mˆm´rs, ût “ ut ´ pα̂ ´ αqZ1,t´1. Then
EpZ1,t´1û

1
tq “ 0. δR and δR1 are defined as before. We have the same Lasso criterion

function as in Theorem 2.3 which leads to the identical KKT optimality conditions Thus
the Karush-Kuhn-Tucker (KKT) condition for group-wise variable selection from (A.26)
is

´
1
?
T

T
ÿ

t“1

wt rZ
1
1,t´1 `

?
TδR1

1

T

T
ÿ

t“1

rZ1,t´1
rZ 11,t´1 “ ´r

λ̄1,T

2
?
T

ᾱp, 1q

||ᾱp, 1q||2
, . . . ,

λ̄r,T

2
?
T

ᾱp, rq

||ᾱp, rq||2
s (24)

||

´

T
ÿ

t“1

´2
1

T
wt rZ

1
2,t´1 ` 2

?
TδR1

1

T 3{2
rZ1,t´1

rZ 12,t´1

¯

j
||2 ă

λ̄r`j,T
T

(25)

where λ̄j,T “
λrankT

µ̃γj
and the subscript j denotes the jth column.

According to the definition of ût, ||
1
T

řT
t“1 ûtZ

1
1,t´1||F “ Opp

a

mr
T
q.

Rewrite

r
λ̄1,T

2
?
T

α̂p, 1q

||α̂p, 1q||2
, . . . ,

λ̄r,T

2
?
T

α̂p, rq

||α̂p, rq||2
s “

λrankT

2
?
T
r

α̂p, 1q

||α̂p, 1q||2µ̃
γ
1

, . . . ,
α̂p, rq

||α̂p, rq||2µ̃
γ
r
s “

λrankT

2
?
T
Vα

Define

Sz1z1 “
1

T

T
ÿ

t“1

Z1,t´1Z
1
1,t´1 Suz1 “

1
?
T

T
ÿ

t“1

ûtZ
1
1,t´1

Sz1z2 “
1

T 3{2

T
ÿ

t“1

Z1,t´1Z
1
2,t´1 Suz2 “

1

T

T
ÿ

t“1

ûtZ
1
2,t´1

Then we can derive that

?
TδR1 “ ´

λrankT

2
?
T
VαS

´1
z1z1 ` Suz1S

´1
z1z1

as
λrankT rτ2γ`

1
2

?
T

Ñ 0, ||δR1||F “ Opp
a

mr
T
q.

To study the tail properties of elements in Suz2, we need the following results based
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on Beveridge-Nelson decomposition.

ut´qu
1
t “ p

8
ÿ

j“0

Ajwt´q´jqp
8
ÿ

k“0

Akwt´kq
1
“

8
ÿ

j“0

8
ÿ

k“0

Ajwt´q´jw
1
t´kA

1
k

“

8
ÿ

j“q

q´1
ÿ

k“0

Aj´qwt´jw
1
t´kA

1
k `

8
ÿ

j“q

8
ÿ

k“q

Aj´qwt´jw
1
t´kA

1
k

“

8
ÿ

j“q

q´1
ÿ

k“0

Aj´qwt´jw
1
t´kA

1
k `

8
ÿ

k“q

Ak´qwt´kw
1
t´kA

1
k

`

8
ÿ

j“q

8
ÿ

i“1

Aj`i´qwt´j´iw
1
t´jA

1
j `

8
ÿ

j“q

8
ÿ

i“1

Aj´qwt´jw
1
t´j´iA

1
j`i

The term
ř8

k“q Ak´qwt´kw
1
t´kA

1
k can be further decomposed as

8
ÿ

k“q

Ak´qwt´kw
1
t´kA

1
k

“

8
ÿ

k“q

Ak´qwt´qw
1
t´qA

1
k ´

8
ÿ

k“q`1

Ak´qwt´qw
1
t´qA

1
k

`

8
ÿ

k“q`1

Ak´qwt´q´1w
1
t´q´1A

1
k ´

8
ÿ

k“q`2

Ak´qwt´q´1w
1
t´q´1A

1
k

` . . .

`

8
ÿ

k“q`K

Ak´qwt´q´Kw
1
t´q´KA

1
k ´

8
ÿ

k“q`K`1

Ak´qwt´q´Kw
1
t´q´KA

1
k

` . . .

“

8
ÿ

k“q

Ak´qwt´qw
1
t´qA

1
k

´ p

8
ÿ

k“q`1

Ak´qwt´qw
1
t´qA

1
k ´

8
ÿ

k“q`1

Ak´qwt´q´1w
1
t´q´1A

1
kq

´ . . .

´ p

8
ÿ

k“q`K`1

Ak´qwt´q´Kw
1
t´q´KA

1
k ´

8
ÿ

k“q`K`1

Ak´qwt´q´K´1w
1
t´q´K´1A

1
kq

´ . . .

Therefore, if we sum up
ř8

k“q Ak´qwt´kw
1
t´kA

1
k over t, only

ř8

k“q Ak´qwt´qw
1
t´qA

1
k remains

16



and the other terms get deleted.

1

T

T
ÿ

t“1

8
ÿ

k“q

Ak´qwt´kw
1
t´kA

1
k

“
1

T

T
ÿ

t“1

8
ÿ

k“q

Ak´qwt´qw
1
t´qA

1
k `Opp

1

T
q

“

8
ÿ

k“q

Ak´qp
1

T

T
ÿ

t“1

wt´qw
1
t´qqA

1
k `Opp

1

T
q

The expectation of 1
T

řT
t“1

ř8

k“q Ak´qwt´kw
1
t´kA

1
k is thus

ř8

k“q Ak´qΣwA
1
k. Each el-

ement in
řT
t“1pwtw

1
t ´ Σwq constitute a martingale process due to the independence of

wt. The bounded second moment of elements in wtw
1
t ´ Σw is ensured by the p4 ` δq-th

moment condition for wt or et. The martingale property of the other terms in
řT
t“1 ut´qu

1
t

can be proved similarly since given i ‰ j, 1
T

řT
t“1wt´iw

1
t´j converges to zero due to the

independent wt. To sum up, we have shown that each element in

1
?
T

T
ÿ

t“1

´

ut´qu
1
t ´ Eput´qu

1
tq

¯

(26)

has bounded second moment. Because this result holds for a general q ě 0, after linear
combination, we can also show that each element in

1
?
T

T
ÿ

t“1

´

Z1,t´1u
1
t ´ EpZ1,t´1u

1
tq

¯

has bounded second moment. This is also true if we sum up (26) over q. However, to
ensure the convergence, we must divide the new result by

?
T , i.e., each element in

1
?
T

T
ÿ

t“1

´ 1
?
T

t
ÿ

q“1

ut´qu
1
t ´

1
?
T

t
ÿ

q“1

Eput´qu
1
tq

¯

(27)

has bounded second moment. Summing up over q is well-defined due the fast convergence
rate of Aj according to our assumption. Therefore, it holds also for

1

T

T
ÿ

t“1

´

Z2,t´1v
1
t ´ EpZ2,t´1v

1
tq

¯

(28)

From the block 6 in the proof of Theorem 4.3, the l2 norm of 1
T

řT
t“1 Z1,t´1Z

1
2,t´1 is

inflated by rτ1 approximating l2 norm of pβ1αq´1, which make it more difficult to exclude
the irrelevant groups compared to the i.i.d case.

To exclude the irrelevant part, KKT condition is satisfied if

||pSuz1S
´1
z1z1Sz1z2 ´ Suz2qk||2 ă

λrankT

2T
µ̃´γr`k ´

λrankT

2
?
T
||pVαS

´1
z1z1Sz1z2qk||2 (29)

17



λrankT

2
?
T
||pVαS

´1
z1z1Sz1z2qj||2q ď

λrankT

2
?
T
||VαS

´1
z1z1Sz1z2||F

ď
λrankT

2
?
T
||Vα||F ||S

´1
z1z1||2||Sz1z2||2

“ Op

´λrankT rτ1`τ2γ`
1
2

T

¯

Thus the RHS of (29) is dominated by the first term. The LHS of (29) is dominated
by Suz2 since the l2 norm of Suz1S

´1
z1z1Sz1z2 converges to zero at the rate of rτ1?

T
as Sz1z2.

Denoting Ni as element in Suz2 and rNi as the perturbation of 1
T

řT
t“1 ûtZ2,t´1 from the

expectation. By the same argument as above, we have

Pp

d

m
ÿ

i“1

N2
i ą

λrankT

2T
µ̃´γr`kq

ď Pp
m
ÿ

i“1

N2
i ą

ˆ

λrankT

2T
µ̃´γr`k

˙2

q

ď

m
ÿ

i“1

Pp|Ni| ą
λrankT

2T
?
m
µ̃´γr`kq

ď

m
ÿ

i“1

Pp| rNi| ` |c| ą
λrankT

2T
?
m
µ̃´γr`kq

ď C̄0r
2τ1m

ˆ ?
mrτ1γ

λrankT T γ´1

˙2

“ C̄0

ˆ

mrτ1pγ`1q

λrankT T γ´1

˙2

To make all the non-stationary parts excluded from the final estimator, we require that

λrankT T γ´1

m3{2rτ1pγ`1q
Ñ 8
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Figure 1: CDS data of Germany, France and Italy
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Figure 2: Significant cointegration relations
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Figure 3: FEVD from Italy. The FEVD of Italy to itself is plotted as zero to highlight
its contribution to others.
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