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ABSTRACT

Although asset return distributions are known to be conditionally leptokur-

tic, this fact was rarely addressed in the recent GARCH model literature. For this

reason, we introduce the class of smoothly truncated stable distributions (STS dis-

tributions) and derive a generalized GARCH option pricing framework based on

non-Gaussian innovations. Our empirical results show that (1) the model’s perfor-

mance in the objective as well as the risk-neutral world is substantially improved

by allowing for non-Gaussian innovations and (2) the model’s best option pricing

performance is achieved with a new estimation approach where all model param-

eters are obtained from time-series information whereas the market price of risk

and the spot variance are inverted from market prices of options.



The failure to explain observed option prices is well-known for option pricing models

which are solely based on time series information. For this reason, the option pricing

research in the recent years has mainly focused martingale models: The stochastic dy-

namic of the underlying is directly specified under some pricing or martingale measure

Q and all model parameters are estimated by calibrating the model to observed market

prices of liquid options. Prominent examples include the stochastic volatility model of

Heston (1993), more generally the affine jump diffusions proposed by Bakshi and Chen

(1997) and Duffie, Pan, and Singleton (2000), and recently Carr, Geman, Madan, and

Yor (2003) and Carr and Wu (2004) defined an option pricing framework with time-

changed Lévy processes. In order to obtain the quasi-closed form solution for the option

price in form of a generalized Fourier transform for the distribution of the terminal

stock price, these models typically impose a Markovian structure for the stock returns

contradicting empirical evidence.

Attempts to overcome this drawback were made in the GARCH option pricing lit-

erature. The GARCH-models of Duan (1995, 1999) and Heston and Nandi (2000) and

more recently Duan, Ritchken, and Sun (2004), Christofferson and Jacobs (2004b) and

Christofferson, Heston, and Jacobs (2004) are examples which take care of the non-

Markovian structure of asset returns. To the best of our knowledge, Heston and Nandi

were the first who promoted an estimation procedure for GARCH model parameters

which is based on both sources of available information: Historical prices for the un-

derlying and market quotes of options. The authors show that the gain of using the

time series information to filter the spot variance from past returns is substantial with

respect to the out-of-sample pricing performance. From a statistical viewpoint, the

Heston-Nandi model and most of its extensions could be criticized for ignoring the con-

ditional leptokurtosis and skewness of financial returns. Another drawback arises from

the special form of the volatility filter which is used to retrieve the spot variance from
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past return observations given the set of risk-neutral parameters. As it will later be

discussed in detail, the filter faces some identifiability problem and is only applicable by

making an ad hoc choice for the market price of risk parameter governing the change of

measure. This choice can create a bias in the estimate of the spot variance.

This is exactly the gap which we fill in: We present a time series model which

combines statistical reliability with market consistent derivative pricing. To this goal,

we need a probability distribution which is able to describe the major characteristics

of the conditional return distribution. We address this issue by introducing the class

of smoothly truncated stable distributions (STS-distributions). STS-distributions are

obtained by smoothly replacing the upper and lower tail of an arbitrary stable cumulative

distribution function by two appropriately chosen normal tails. Consequently the density

of a smoothly truncated stable distribution consists of three parts. Left of some lower

truncation level a and right of some upper truncation level b, it is described by two

possibly different normal densities. In the center, the density equals the one of a stable

distribution. As a result, STS distributions lay in the domain of attraction of the

Gaussian distribution and possess even a finite moment generating function while offering

at the same time a flexible tool to model extreme events. We will see that exactly this

ability to assign a reasonable amount of probability to extreme events distinguishes the

STS-distributions from concurrent probability distributions with heavier tails than a

normal distribution but finite moment generating function. As a consequence, the speed

of convergence to the normal distribution is extremely slow – a phenomenon which is

well-known from empirical return distributions.

In a second step, we build a general NGARCH stock price model allowing for non-

Gaussian innovation distributions. The model is mainly inspired by the Duan (1995)

framework. The only conditions on the innovation distribution are that it is a continuous

probability distribution with support on the whole real line which has zero mean, unit
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variance, and finite moment generating function. The dynamic of the log-returns is

defined in a way such that the expected mean rate of return allows for the familiar

decomposition into risk-free return minus dividends plus risk premium. The CAPM-like

relation that the risk premium is proportional to the amount of risk measured in terms

of volatility is maintained. This relation justifies the notion “market price of risk” for

the model parameter describing the proportionality factor. In the most general case, the

risk-free rate, the dividend rate as well as the market price of risk parameter are allowed

to follow their own predictable stochastic processes. Supported by some recent evidence

provided in the literature (see e.g. Christofferson and Jacobs 2004b) and our own findings

in the empirical part, we propagate a parsimonious asymmetric GARCH(1,1) dynamic

(NGARCH) as introduced by Engle and Ng (1993) for describing the evolution of the

conditional variance. For the pricing of derivatives we will need a risk-neutral version

of our time series model. We renounce to present an economical justification for the

specific form of change of measure as the usual assumptions on investors’ preferences

seem to restrictive for practical purposes. Giving up these necessities, we are able to

formulate a general form of change of measure which even allows for different residual

distributions under the objective and the risk-neutral measure.

The STS-NGARCH model is tested along three different dimensions. We investigate

the model’s fit to a 14 years long history of S&P 500 log-returns. Not too surprisingly,

we find that the model provides a better fit – judged on the log-likelihood and the

Kolmogorov-Smirnov and Anderson-Darling distance between the empirical and theo-

retical residual distribution – than the NGARCH model with Gaussian or other non-

Gaussian innovation distributions. In a second step we compare the model’s ability to

forecast the October ’87 crash. NGARCH models with different innovation distribu-

tions are fitted to a data series ending on the trading day before the crash. Interestingly,

a variant of the STS-NGARCH model with a predetermined STS distribution is the
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only model that assigns a reasonable probability to the event which took place on the

next trading date, namely the Black Monday. However, the most interesting analysis

is performed by comparing the impact of the model specification and the distributional

assumption on the ability to explain market prices of S&P 500 index options. We ex-

amine three different estimation methodologies for the STS-NGARCH model. The first

(“MLE”) is only based on time series information, the second (“MLE/fitted”) is mainly

based on time series information but tries to eliminate its deficiencies. The market price

of risk parameter λ – well-known to difficult to estimate and time varying – as well as

the spot variance are backed out from a set of market prices of liquid options. The idea

is to use the ML-estimates wherever they are known to be accurate and temporarily sta-

ble and to use the market data to make inferences about the time varying parameters.

The third methodology (“NLS”) is a slight variation of the Heston-Nandi approach. All

parameters except from the spot variance are determined from the market prices of op-

tions through a non-linear least square optimization with respect to the sum of squared

dollar pricing errors. The spot variance is filtered from the time series information. Our

results which are also supported by other studies such as (Ritchken and Hsieh 2000),

show that the resulting optimization problem is numerically difficult to handle and the

resulting parameter estimates obtained by the non-linear least square methodology are

unstable through time. Moreover, the resulting parameter estimates depend heavily on

the choice of loss function which is applied in the optimization procedure (Christofferson

and Jacobs 2004a). For these reasons, the suggested “MLE/fitted” procedure seems to

be an interesting alternative and our in-sample and out-of-sample pricing performance

comparison support this idea. Judged on the sum of squared relative and absolute

pricing errors, the “MLE/fitted” methodology yields better results than the “NLS” ap-

proach. To assess the overall pricing performance of the STS-NGARCH variants, we

adopt common practice and compare the different models with the ad hoc Black-Scholes
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model as introduced in (Dumas, Fleming, and Whaley 1998). The result show that in

the out-of-sample study, the “MLE/fitted” outperforms the ad hoc Black-Scholes model.

We renounce to present any results connected to the hedging performance of the differ-

ent models. Even if this has been common practice in related publications, we think

that the hedging performance is not an issue, an option pricing model should be judged

on as long as liquid market prices are available. The reason is that any option pricing

model which reproduces the actual observed price – especially the Black-Scholes model

applied with the implied volatility of the specific option – will lead to the optimal hedge

ratio. This fact follows directly from the homogeneity of option prices with respect to

strike price and underlying spot price and the Euler formula.

The remainder of the article is organized as follows. In Section 1 we introduce the

class of smoothly truncated stable distributions (STS-distributions) and we present a

generalized NGARCH option pricing model with non-Gaussian innovations. The empir-

ical results are discussed in Section 2. Firstly, we examine the statistical fit of the model

to the S&P 500 under the objective measure. Secondly, we provide evidence that the

model predicts reasonable probabilities for crash events such as in October 1987. Finally,

we report the results of applying the STS-NGARCH-model to explain market prices of

S&P 500 index options. Section 3 concludes and discusses possible directions of future

research whereas the appendix contains the proofs of the main theoretical results.

1. The Model

1.1. Smoothly Truncated α-Stable Distributions

We introduce a special class of truncated α-stable distributions which we babtized as

smoothly truncated stable distributions (henceforth denoted as STS distributions).1 The
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name is due to the special form of tail truncation, which guarantees a continuously

differentiable distribution function for the truncated α-stable distribution. Formally, we

have:

Definition 1. Let gθ denote the density of an α-stable distribution with parameter-

vector θ = (α, β, σ, µ) and hi, i = 1, 2 denote the densities of two normal distributions

with mean νi and standard deviation τi, i = 1, 2. Furthermore, let a, b ∈ R be two

real numbers with a ≤ m ≤ b, where m denotes the mode of gθ . The density of a

STS distribution is defined by:

f(x) =


h1(x) for x < a

gθ(x) for a ≤ x ≤ b

h2(x) for x > b

. (1)

In order to guarantee a well-defined continuous probability density, the following condi-

tions are imposed:

h1(a) = gθ(a) and h2(b) = gθ(b) (2)

and

p1 :=

a∫
−∞

h1(x) dx =

a∫
−∞

gθ(x) dx and

∞∫
b

h2(x) dx =

∞∫
b

gθ(x) dx =: p2 (3)

The family of STS distributions will be denoted by S, the subclass of standardized

STS distributions by S0. Elements of S are denoted by S
[a,b]
α (σ, β, µ).

Definition 1 requires some discussion. Firstly, we mention that the special choice

of parametrization of stable distributions we refer to, equals the one used in the book

by Samorodnitsky and Taqqu (1994). This reference can be consulted for an introduc-

tion to stable distributions whose discussion is omitted in the present article. For a

discussion of the different possible parameterizations and their special properties and

advantages, the reader is referred to the standard reference (Zolotarev 1986). Secondly,
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the density f in equation (1) is indeed a continuous and bell-shaped probability den-

sity with a smooth distribution function and therefore the chosen name is justified. A

further investigation reveals, that STS distributions actually form a six parameter dis-

tribution family. In other words, given an arbitrary STS distribution S
[a,b]
α (σ, β, µ), then

the parameters (νi, τi) of the two involved normal distributions are uniquely defined by

the two equations (2) and (3). In order to provide the explicit formulas we need some

notations. Let us denote by gθ and Gθ the density and cumulative distribution function

of the stable distribution with parameters θ = (α, β, σ, µ) which represents the center of

the STS distribution S
[a,b]
α (σ, β, µ). Let further p1 = Gθ(a) and p2 = 1 − Gθ(b) denote

the the “cut-off-probabilities” defined in equation (3) and finally let the density and

cumulative distribution function of the standard normal distribution be denoted as ϕ

and Φ respectively. Then, the parameters (νi, τi) of the normal distributions describing

the tails of the STS-distribution S
[a,b]
α (σ, β, µ) can be obtained from the following two

equations:

τ1 =
ϕ (Φ−1(p1))

gθ(a)
and ν1 = a− τ1Φ

−1(p1) (4)

τ2 =
ϕ (Φ−1(p2))

gθ(b)
and ν2 = b + τ2Φ

−1(p2) (5)

A derivation of formulas (4) and (5) is provided in Appendix A. The interpretation of the

expression for the two standard deviations τ1 and τ2 is rather intuitive: τ1 equals the ratio

of two density values. In the numerator we have the value of the standard normal density

evaluated at the p1 quantile of a standard normal distribution. In the denominator we

recognize the corresponding term for the stable distribution with parameter vector θ.

The reader may notice that due to the relation p1 = Gθ(a) the quantity a indeed equals

the p1-quantile of the stable distribution Gθ. The analogous argument works for τ2.

A useful property of α-stable distributions – and normal distributions in particular

– is their scale and translation invariance, which is transmitted to the class of STS dis-
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tributions: For c, d ∈ R and X ∼ S
[a,b]
α (σ, β, µ) we have that the random variable

Y = cX + d as an affine transform of the random variable X is again STS distributed,

i.e. Y ∼ S
[ã,b̃]
α̃ (σ̃, β̃, µ̃) ∈ S. The impact of the affine transformation on the distribu-

tion parameters is summarized in the following equation (the derivation is provided in

Appendix A):

ã = ca + d, b̃ = cb + d, α̃ = α, σ̃ = |c|σ, (6)

β̃ = sign(c)β, µ̃ =

 cµ + d α 6= 1

cµ− 2
π
c log |c|σβ + d α = 1

. (7)

Equations (6) and (7) identify the parameters a, b and µ as location parameters whereas

σ serves a scale parameter in the case α 6= 1.

Later in this paper, we will use standardized STS distributions to model the inno-

vation process of a generalized GARCH stock price model. Therefore it is necessary, to

have an efficient procedure to calculate the mean EX and the second moment EX2 of

a STS distributed random variable. The following two equations (8) and (9) provide

expressions for the first two moments of an arbitrary STS distributed random variable

X (the derivation is provided in Appendix A):

EX = ap1 − τ1

(
Φ−1(p1)p1 + ϕ(Φ−1(p1))

)
+ . . .

. . . +

b∫
a

xgθ(x) dx + . . .

. . . + bp2 + τ2

(
Φ−1(p2)p2 + ϕ(Φ−1(p2))

)
(8)

EX2 = (τ 2
1 + ν2

1)p1 − τ1(a + ν1)ϕ(Φ−1(p1)) + . . .

. . . +

b∫
a

x2gθ(x) dx + . . .

. . . + p2(ν
2
2 + τ 2

2 ) + τ2(ν2 + b) · ϕ(Φ−1(p2)) (9)
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As before, ϕ denotes the density and Φ the distribution function of the standard normal

distribution. p1 = Gθ(a) and p2 = 1−Gθ(b) denote the “cut-off-probabilities” defined in

equation (3) and gθ (Gθ) is the density (cumulative distribution function) of the α-stable

distribution with parameter-vector θ = (α, β, σ, µ). We will sometimes use relations (8)

and (9) to effectively calculate the truncation levels a and b of standardized STS distribu-

tions. For practical applications, the subclass S0 ⊂ S of standardized STS distributions

can be treated for all relevant parameter combinations as it was uniquely defined by the

vector of stable parameters θ = (α, β, σ, µ) due to moment matching conditions. In the

following, we casually calculate the truncation levels given the four stable parameters

such that the resulting distribution is standardized. Figure 1 illustrates this procedure.

Insert Figure 1 somewhere around here

The graph in Figure 1 shows the influence of the distribution parameters (α, σ, β, µ)

on the truncation level a and b if they are determined by moment matching conditions

such that the resulting STS distribution is standardized. Keeping the other stable pa-

rameters constant, we can see that the left truncation level a decreases and the right

truncation level b increases monotonically with increasing α. This observation follows

mathematical intuition. For small values of α, the α-stable distribution is extremely

heavy-tailed. If we want the variance of the distribution to equal one, than the trunca-

tion of the heavy stable tails has to be carried out near to the mode of the distribution.

If α increases, the truncation levels can move out into the tails. The effect of a change

in the value of σ can easily be understood given the fact that σ represents the scale

parameter of the stable distribution part. If σ increases and the other stable parameters

are kept constant, the variation of the center distribution increases and therefore the

truncation has to be accomplished near to the center to guarantee a variance of one.
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Additionally to the first two moments discussed so far, STS distributions possess

finite moments of arbitrary order and even exponential order. The latter property is

important when log-returns of a financial asset are described by an STS distribution in

order to guarantee a finite mean for the asset price and – as a consequence – finite prices

for derivatives such as European options. Nevertheless, even if STS distributions possess

thin tails in the mathematical sense, they are powerful in describing the distribution of

financial variables which are typically leptokurtic and possibly admit skewness. Table

1 presents an ad hoc comparison of the left tail probabilities of a standard normal and

an exemplary chosen standardized STS distribution. We emphasize the fact that both

distribution have zero mean and unit variance. We observe that the STS distribution

assigns significantly higher tail probabilities than the standard normal distribution (up

to a factor of approximately 1017 for the probability of realizing a value smaller or equal

to −10).

Insert Table 1 somewhere around here

One could argue that the standard normal distribution is not a challenging bench-

mark for comparing tail probabilities. Therefore, we continue the illustration by com-

paring the tail probabilities of standardized STS distributions with those of popular

heavy-tailed distributions such as the standardized generalized extreme value distribu-

tion (GED), the standardized t distribution and the standardized skewed t distribution.

Because an analytic comparison is not feasible, we have chosen the quantile-quantile

plot as mean of illustration. The results are presented in Figure 2.

Insert Figure 2 somewhere around here

All distributions apart from the stable distribution which is included for pure com-

parison purposes possess zero mean and unit variance and the parameter values for the
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different distributions are chosen “reasonably”, in the sense that they could arise from a

time series estimation of financial data. The graph shows that the specific STS distribu-

tion assigns the highest tail probabilities within the examined range of 0.00001-quantiles

to 0.1-quantiles. This result seems surprising as some of the distributions such as the

standardized skewed t distribution possess much heavier tails in the mathematical sense

than the STS distribution. Obviously the presented results depend on the specific chosen

parameterization, and therefore we provide further insights by illustrating the influence

of the distribution parameters α and β on the quantiles of the corresponding standard-

ized STS distribution.

Insert Figure 3 somewhere around here

From Figure 3 we learn that the probability mass in the tails increases for increasing

α – a result which seems to contradict the intuition. For the pure stable distribution

the opposite relation holds true as in this case α measures the tail thickness. Less

surprisingly, the left tail probabilities increase with increasing left-skewness.

So far we can state, that the family of STS distributions provides an impressive mod-

eling flexibility and turns out to be a viable alternative against many popular heavy-

tailed distributions. These observations raise the hope – which will be tested in the

empirical part of this article – that a time series model based on STS distributed inno-

vations may significantly improve the statistical fit to real financial data in comparison

to models based on the normal or alternative non-normal distributions.

For practical applications the class of STS distributions needs to be generalized

to the multivariate setting. This generalization is beyond the scope of the present

article, but we outline one out of several plausible ways by mimicking the construction

of the multivariate Gaussian distribution. In an initial step, let us consider a random

vector Y = (Y1, Y2, . . . , Yd) with independent components and each component follows an
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arbitrary standardized STS distribution, i.e. Yi ∼ S
[ai,bi]
αi (βi, σi, µi) ∈ S0. Next, consider

a real matrix A ∈ Rd×d and a real vector b ∈ Rd and define a general multivariate

STS distributed random vector X by:

X = AY + b (10)

The vector X has mean vector b and variance-covariance matrix Σ = A · A∗, where A∗

denotes the transpose of matrix A. Generally, the marginal distributions of X will no

longer belong to the class of STS distributions. Nevertheless, a parameter estimation is

possible on the basis of a two-step procedure where the generating vector Y is recovered

from the observations of X with the help of a consistent estimate Σ̂ for the variance-

covariance matrix Σ by inverting the transformation in equation (10). This is always

possible as long as matrix A possesses full rank or more precisely as long as the estimate

for the variance-covariance matrix Σ̂ is positive definite.

1.2. A Generalized NGARCH Option Pricing Model

In this subsection we introduce a general option pricing model containing most of the

GARCH-stock price models proposed in the literature as particular cases. We enhance

the existing models in a way that we allow for alternative i.e. non-Gaussian distributions

in the innovation process while keeping the intuitive decomposition of the expected

rate of return into risk free rate plus risk proportional risk premium. Formally, the

log-returns of the underlying are assumed to follow the following dynamic under the

objective probability measure P :

log St − log St−1 = rt − dt + λtσt − g(σt) + σtεt, t ∈ N, εt
iid∼ F. (11)

St denotes the price of the underlying ex dividend at date t and rt and dt denote the

continuously compounded risk free rate of return and dividend rate respectively for the
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period [t− 1, t]. Both quantities as well as λt are assumed to be predictable, but can in

general be modeled by separate stochastic processes. F denotes the marginal distribution

of the innovation process and we assume that F is a standardized continuous probability

distribution whose support equals the whole real line R and whose moment generating

function m is finite. g represents the logarithmic moment generating function of F , i.e.

we have g(u) = log
∫

exp(ux)dF . The conditional variance σ2
t is assumed to follow an

asymmetric NGARCH(1, 1)-process:2

σ2
t = α0 + α1σ

2
t−1(εt−1 − γ)2 + β1σ

2
t−1, t ∈ N. (12)

where we assume α1(1 + γ2) + β1 < 1 in order to guarantee the existence of a strong

stationary solution with finite unconditional mean (this is a natural extension of the

classical condition obtained by Nelson (1990) for the GARCH(1,1) and by Bougerol

and Picard (1992) for the GARCH(p, q) model, see e.g. Duan (1997) for details). The

choice of this particular GARCH specification is motivated by the empirical findings of

Christofferson and Jacobs (2004b) and Ritchken and Hsieh (2000). The former showed

that the NGARCH model possesses the best out-of-sample option pricing performance

among many different GARCH specifications whereas the latter article reports the su-

perior out-of-sample performance of the NGARCH model with respect to the popular

Heston-Nandi GARCH option pricing model (Heston and Nandi 2000).

From the definition (11) we can deduce some characteristic properties of the process

dynamic for the underlying. First we mention, that if the distribution of the innovations

F equals the standard Gaussian distribution and if we assume constant r, d and λ then

equation (11) reduces to Duan’s option pricing model (For γ = 0 we obtain the model

introduced in (Duan 1995) and in the general case the one treated in (Duan and Wei

1999)). For α1 = β1 = 0 the model boils down to the discrete time Black-Scholes model.
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Similarly as in Duan (1995), other subsequent publications, and well-known from

the Black-Scholes world, can the parameter λt be interpreted as the market price of risk

for the period [t − 1, t]. Therefore, the model specification allows for an economically

meaningful decomposition of the expected one period rate of return µt. More formally,

we have that the expected excess return is proportional to the amount of risk taken by

the investor - measured by the standard deviation:

Et−1

(
Scd

t

St−1

)
= exp(rt + λtσt︸ ︷︷ ︸

=µt

). (13)

where Scd
t denotes the cum dividend price of the underlying at time t. Equation (13) fol-

lows directly from equation (11), the definition of the function g and the predictability of

σt. Equation (13) already explains the occurrence of the logarithmic moment generating

function g in equation (11). It compensates for the nonlinear transformation between

asset price and return and −g(σt) reduces to the familiar −1
2
σ2

t in the case of standard

normally distributed innovations.

The following equation is well-known for the Gaussian innovation case and provides

the link between the skewness of the innovation distribution, the parameter γ, and the

correlation between today’s innovation σtεt and tomorrow’s conditional return variance

σ2
t (the equation is proved in Appendix A):

Cov(σtεt, σ
2
t+1) = α1 · E

(
σ3

t

)
·
(
E

(
ε3
t

)
− 2γ

)
, t ∈ N (14)

Equation (14) will enable us to explain the leverage effect typically inherent to stock

markets as reported by Christie (1982) and Black (1976) in two different ways. On the

one hand, it can be controlled by the skewness of the white noise distribution and on

the other hand by the asymmetry parameter γ.

For the pricing of derivatives we will need a risk-neutral version of the model specifi-

cation (11). A simple left-shift by the amount of the market price of risk applied to the
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distribution of the innovations at every time step enables us to formulate the dynamic

of model (11) in one possible risk-neutral world. The following proposition presents the

natural generalization of this basic idea:

Proposition 2. For any standardized probability distribution G which is equivalent to

the marginal distribution F of the innovations εt, the distribution of the following process

is equivalent to the NGARCH stock price model described in equations (11) and (12):

log St − log St−1 = rt − dt − h(σt) + σtξt, ξt
iid∼ G, (15)

σ2
t = α0 + α1σ

2
t−1(ξt−1 − λt −

h(σt−1)

σt−1

+
g(σt−1)

σt−1

− γ)2 + β1σ
2
t−1. (16)

The corresponding discounted total return process (S̄tr
t )t∈N = (e

−
tP

k=1
rk

Str
t )t∈N with dy-

namic

log S̄tr
t − log S̄tr

t−1 = −h(σt) + σtξt (17)

is a martingale. The total return process – obtained by reinvesting the dividends – is

given by Str
t = e

tP

k=1
dk

St

The important issue about this proposition is that it allows for different innovation

distributions under the objective and the risk-neutral measure. In the case where efficient

calibration procedures and reliable market prices of derivatives are available, it is possible

to estimate the model parameters and the objective distribution F from time-series data

whereas the risk-neutral distribution can be retrieved from market prices. It would be

interesting to see, whether the result of Chernov and Ghysels (2000), who mainly state

that for option pricing purposes time series data possesses virtually no information

content would likewise apply. In the remainder of the present note, we will however

focus on the special case, where F and G coincide and the change of measure takes the

following somewhat simpler form:
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Proposition 3.

1. For a predictable sequence (λt)t∈N of random variables let Qλ denote the probability

measure such that the distribution of the random variables (ξt)t∈N = (εt + λt)t∈N

equals the one of (εt)t∈N under P , i.e. ξt
Qλ

∼ F . Then, the dynamic of the log-return

under Qλ possesses the following form:

log St − log St−1 = rt − dt − g(σt) + σtξt, t ∈ N, ξt
iid∼ F. (18)

and for the conditional variance we obtain:

σ2
t = α0 + α1σ

2
t−1(ξt − λt − γ)2 + β1σ

2
t−1, t ∈ N, (19)

2. The conditional variance remains unaffected by the change of measure:

V Qλ

t−1(log St − log St−1)
a.s.
= V P

t−1(log St − log St−1) (20)

3. Under suitable regularity conditions, the unconditional variance under Qλ will in-

crease but still be finite: If the sequence (λ̃t)t∈N := (λt + γ)t∈N has a constant finite

second moment λ̃2 := EQλ
λ̃2

t which fulfills the condition

λ̃2 <
1− α1 − β1

α1

(21)

and additionally the random variables λ2
t and σ2

t are uncorrelated for t ∈ N, then

the unconditional variance of the innovation process is given by:

V Qλ

(σtξt) = EQλ

σ2
t =

α0

1− (1 + λ̃2)α1 − β1

(22)

The proof of proposition 3 is similar to equivalent results stated by various other

authors ((Duan 1995) being the first) and is provided in the appendix. We would like

to emphasize that the measure Qλ is indeed equivalent to P , which follows from the
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condition that the support of F equals whole R. Similar arguments to those of Duan

(1995) in the derivation of the locally risk-neutral valuation relationship could be found

in order to “prove” that the risk-neutral dynamic in equation (18) is actually the “right”

one for pricing derivatives. As it is discussed in Bates (2003), it is at least questionable

whether the conditions imposed on the existence and the properties of the representative

investor are realistic and can be applied to index option pricing. Another possibility

which is open to the same criticism is to simply assume, that the market option prices

follow some kind of Rubinstein-formula as done in Heston and Nandi (2000). We restrict

our self to an empirical investigation of the usefulness of the presented change of measure:

We will check the quality of the model under the objective probability measure and then

verify whether the option prices obtained with the help of the risk-neutral dynamic as

specified in equation (18) are able to explain the observed prices – at least partially.

2. Empirical Analysis

Similar to previous studies, we test the option pricing model presented in the previous

section on the S&P 500 index market using S&P 500 index options. We are partic-

ularly interested in the following two questions, namely (1) how does the use of the

STS distribution affect the statistical fit and the forecasting properties of the asym-

metric NGARCH stock price model and (2) can the STS distribution provide a step to

improve model’s internal consistency? Therefore,we divide our statistical analysis into

two parts: In the first part, we investigate the statistical properties under the objective

probability measure P whereas the second part examines the model’s ability to explain

observed market prices of liquid options.
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2.1. Data Description

The time series data consists of all 3784 S&P 500 closing prices from January 2, 1990

through May 4, 2005. Dividend data on a daily basis is extracted from the correspond-

ing S&P 500 total return series available from the Chicago Board Options Exchange

(CBOE). As approximation for the risk free rate we use appropriately interpolated T -

Bill rates. Our set of market quotes for S&P 500 index calls consists of 4942 daily

closing prices sampled on all 53 Wednesdays between May 5, 2004 and May 4, 2005

and including all traded options whose time to maturity on the specific Wednesday lays

between 6 and 100 trading days (cf. Dumas, Fleming, and Whaley 1998). The option

price sample contains all maturities between May 2004 and July 2005. As a consequence

it is guaranteed that on each trading day under consideration there are at least three

options “alive”. As in Dumas, Fleming, and Whaley (1998), we take into account only

options with a forward moneyness K/F − 1 between -0.1 and 0.1 where K denotes the

dollar strike and F the forward price for the maturity of the option. Furthermore, all

option prices have to obey the no-arbitrage condition derived from the put-call-parity

(Merton 1973):

Ct(T,K) ≥ e−d·(T−t) · St − e−r(T−t) ·K,

where Ct(T,K) denotes the price at time t for a European call option with strike K

maturing at time T and r denotes continuously compounded risk free rate for the lifetime

of the option and d the corresponding dividend rate. Additionally, option prices violating

the “convex in strike” condition are eliminated. Starting initially with 4942 price quotes

we end up with 1920 remaining option prices after applying these filters. The average

price in the remaining sample is $28.23. The average number of contracts taken into

consideration on each trading day is 36 with a minimum number of 11 and a maximum

number of 58.
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2.2. Results under the objective probability measure

We are interested in answering the following question: To what extent can the use of an

appropriate probability distribution for the innovation process improve the statistical fit

and the forecasting properties of popular GARCH models for stock-returns? We run a

comparison study, where the model candidates differ by their innovation distribution as

well as by the specific GARCH form. Due to the general structure of the generalized

NGARCH model (cf. equation (11) and (12) in section 1.), all models can be expressed

as a special subtype of the generalized NGARCH model. To simplify the estimation

procedure we impose a constant market price of risk λ. As candidates for the inno-

vation distribution F , we will consider the normal distribution, the generalized error

distribution (GED) and the class of STS distribution. From our analysis in subsection

1.1.1 it became clear that the skewed t distribution is the only standardized distribu-

tion which admits comparable tail probabilities as the STS distribution. Therefore, we

take an additional model into consideration which is based on the skewed t distributed

innovations. Due to the infinite moment generating function of skewed t distributions,

the logarithmic moment generating function g in equation (11) will be replaced by σ2
t .

Even if this approach is internally inconsistent, it enables us to evaluate the relative

performance of the STS distribution with respect to a more challenging benchmark. For

all models, the conditional variance of the log-returns is assumed to follow a subtype

of the asymmetric NGARCH model as introduced in equation (12). To emphasize the

importance of the GARCH components (α1, β1) and especially the asymmetric GARCH

component γ on the statistical fit, we will consider the constant conditional variance

case α1 = β1 = 0 and the symmetric GARCH model with γ = 0. In summary, we will

examine and compare the following models:
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DGBM : The model as given by equations (11),(12) with constant market price of risk

λ, standard normally distributed innovations, and constant conditional variance

(α1 = β1 = 0).

Gaussian-GARCH : The model as given by equations (11),(12) with constant market

price of risk λ, with standard normally distributed innovations and symmetric

GARCH conditional variance (γ = 0).

Gaussian-NGARCH : The model as given by equations (11),(12) with constant mar-

ket price of risk λ, with standard normally distributed innovations, and asymmetric

NGARCH conditional variance.

GED-NGARCH : The model as given by equations (11),(12) with constant market

price of risk λ, with standardized GED distributed innovations, and asymmetric

NGARCH conditional variance.

Skewed-t-NGARCH : The model as given by equations (11),(12) with constant mar-

ket price of risk λ, with standardized skewed t distributed innovations, and asym-

metric NGARCH conditional variance. The logarithmic moment generating func-

tion in (11) is replaced by the one of a standard normal distribution.

STS-NGARCH : The model as given by equations (11),(12) with constant mar-

ket price of risk λ, with standard STS distributed innovations, and asymmetric

NGARCH conditional variance. This case is subdivided into two variants: First,

we estimate the model with a fixed STS distribution (STS-NGARCH fixed), where

the predetermined STS distribution has reasonably chosen parameter values. Sec-

ond, we estimated a standardized STS distribution (STS-NGARCH estimated).

All models are estimated by a numerical maximum likelihood routine. We emphasize

the fact that Gaussian quasi maximum likelihood methods are not applicable as the
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distributional assumption enters the dynamic of the conditional mean in form of its

logarithmic moment generating function. For this reason, our estimation methodology

is based on the following intuitive iteration procedure. Let us assume for a moment, that

the parameters of the standardized distribution F governing the innovation process are

known (this is only the case when we assume standard normally distributed innovations).

If we denote by l the logarithm of the corresponding density function, then the standard

argument leads to the following conditional log-likelihood function for the NGACRH

stock price model with innovation distribution F :

L̃(x,y)(λ, α0, α1, β1, γ) =
T∑

t=1

l

(
yt − rt + dt − λσt + g(σt)

σt

)
− 1

2
log(σt). (23)

The conditional variance is recursively obtained from:

σ2
t = α0 + α1σ

2
t−1(εt−1 − γ)2 + β1σ

2
t−1. (24)

yt = log St − log St−1 denotes a series of log-returns rt a corresponding series of risk free

returns and dt the corresponding dividend yields. As usual, the conditional likelihood

function depends on the choice of the starting values ε0 and σ0, but for increasing sample

size the impact of the starting values on the estimation results is negligible. Maximizing

the conditional likelihood function leads to estimates for the unknown model parameters

(λ, α0, α1, β1, γ). From these estimates we can recursively recover the time series of em-

pirical residuals (εt)t=1,...,T . The empirical distribution F̂ of these residuals can now be

used to update the distributional assumption F by estimating new distribution param-

eters. The estimation of the model parameters can now be repeated with the updated

distribution and this gives raise to an iterative procedure. After each iteration step we

calculate the Kolmogorov-Smirnov distance d(F, F̂ ) between the distributional assump-

tion and the empirical distribution of the residuals. We finish the iteration procedure

and the estimation procedure ends as soon as this distance stops decreasing.
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Insert Table 2 somewhere around here

Table 2 summarizes the estimation results for the seven different variants of the

generic generalized NGARCH model. Judged purely on the log-likelihood, the second

variant of the STS-NGARCH-model performs best. The second best performance is

achieved by the inconsistent model which is based on the skewed t distribution fol-

lowed by GED-NGARCH model. The first variant of the STS-NGARCH model where

the innovation process is modeled by using a predetermined STS distribution provides

a comparable fit as the GED-NGARCH model. A completely unsatisfactory fit is pro-

vided by the three models which are based on standard normally distributed innovations

(DGBM, Gaussian GARCH and NGARCH) and these models are rejected by a likeli-

hood ratio test. At the same time, the results show that the NGARCH model is superior

to its classical counterpart - a result which has previously been recognized by other au-

thors. We state without presenting all the estimation results that this fact generalizes

to the alternative distributional assumptions. The difference in performance between

GARCH and NGRACH reduces for the cases where the innovation distribution admits

skewness. The reason is that in these cases the residual distribution is able to explain

part of the leverage effect which can be explained by the parameter γ in the NGARCH

model.

Judged on the distance between the empirical and the theoretical distribution of the

residuals the picture changes slightly. The Kolmogorov-Smirnov test allows us to reject

all Gaussian models and interestingly also the skewed t-NGARCH which provided the

second best value for the log-likelihood. With p-values of 20% and higher, the GED-

NGARCH model as well as the three variants of the STS-NGARCH model cannot be

rejected. As the Kolmogorov-Smirnov statistic measures the uniform distance between

two distribution functions, and as it might be of interest to test the model’s ability to
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appropriately model extreme events, we also provide the corresponding values for the

Anderson-Darling statistic which has its focus on the tails of the distribution. We use the

following discrete version of the Anderson-Darling statistic AD, measuring the distance

between the theoretical distribution function F and the empirical distribution F̂ :

AD(F, F̂ ) = sup
x∈R

|F (x)− F̂ (x)√
F (x)(1− F (x))

(25)

The results coincide with our intuition in the following sense: Models based on the

STS distribution – which was designed to provide a flexible description for empirically

observed tail probabilities – outperform all other distributions. Summarizing the results

and repeating findings of various other authors, we can state the following: Albeit

GARCH-models are well-known to be one of the best-performing models to describe

the evolution of volatility, a satisfactory statistical fit can only be provided when the

distribution of the innovation is non-Gaussian. In a recent study by Barone-Adesi, Engle,

and Mancini (2004) the authors try to circumvent alternative distributional assumptions

by applying a methodology called “filtering historical simulation”, i.e. using the empirical

distribution of the filtered historical residuals for simulation purposes. Christofferson and

Jacobs (2004b) emphasize that the NGARCH model with Gaussian innovations works

has the best option pricing performance but the filtered residuals differ strongly from

the underlying normal assumption. As we have shown, the STS distributions are able to

capture all important properties of the empirical residual distribution and can therefore

help building a consistent model where the theoretical assumption coincides with the

empirical distribution of the filtered residuals. Due to its modeling flexibility, the class

of STS distributions turns out to be a viable alternative to other popular heavy-tailed

distributions.

The following example will emphasize this fact. It deals with one of the most prob-

lematic events from a statistical viewpoint in the recent decades: The October crash
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in 1987. This event has the reputation to be “unexplainable” by every reasonable time

series model. To prove the exceptional power of STS distributions in modeling extreme

events, we compare the different NGARCH stock price models in their ability to “fore-

cast the crash”. The setup for the comparison study is similar to the previous one:

All six models (DGBM, Gaussian GARCH and NGARCH, GED-NGARCH, skewed t-

NGARCH and STS-NGARCH) are fitted to the same data series consisting of 1000

S&P 500 log-returns preceding the crash and ending with the observation on Friday,

October 16, 1987. On the next trading day, namely on the 19th of October, the S&P

500 dropped by more than 20%. Having estimated a specific time series model, we can

express the drop which occured on Black Monday in terms of some implied realisation

for the residual ε̂Oct.19. Given that value of the “crash residual”, we can derive the model

dependent implicit probability p̂ = P (ε ≤ ε̂Oct.19) for such an event. More intuitively,

we can express the information content of the implicit probability p̂ by the quantity

n̂ = 1/(p̂ · 252) which is the average time in years we have to wait for observing such

an event under the specific model assumption. A summary of the results is reported in

Table 3.

Insert Table 3 somewhere around here

First, we observe that from a statistical viewpoint, only the models with non-

Gaussian innovations are competitive. The highest log-likelihood values are achieved by

the GED-NGARCH and skewed t-NGARCH models directly followed by the two variants

of the STS-NGARCH. None of these models can be rejected by the Kolmogorov-Smirnov

test and the values of the Anderson-Darling statistic (0.06-0.08) are similar apart from

the GED-NGARCH model whose value is slightly greater (0.15). Given the fact, that

the skewed t-NGARCH model is inconsistent and only taken into account for compari-

son purposes, we can state that the STS-NGARCH models perform best. Now we focus
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on the ability to “forecast the crash”. We observe that the model implicit probabil-

ity for the Black Monday crash is practically zero in all Gaussian models and also for

the GED-NGARCH model. The skewed t-NGARCH and the estimated STS-NGARCH

models assign a probability which is by magnitudes better but still the average time of

occurrence (800 and 5000 years) is by far bigger than the lifetime of the typical investor.

Interestingly, the situation changes when we focus on the NGARCH model with a prede-

termined STS distribution. The model implicit probability equals approximately 0.0001

which in turn implies a mean time of occurrence of approximately 25 years.

2.3. Explaining S&P 500 Option Prices

In this section we examine the pricing performance of the STS-NGARCH option pricing

model. For the reader’s convenience, the following two equations recapitulate the specific

dynamic under the objective probability measure P which we will assume throughout

this section.

log St − log St−1 = rt − dt + λσt − g(σt) + σtεt, εt
iid∼ S[a,b]

α (σ, β, µ)

σ2
t = α0 + α1σ

2
t−1(εt−1 − γ)2 + β1σ

2
t−1.

This specific version differs from the general model by assuming a constant market price

of risk λ and the special choice for the innovation distribution F . The meaning of the

different parameters is the same as in section 1. Throughout the remainder of this

article, we impose the especially simple form of the risk-neutral measure Q as discussed

in proposition 3 which leads to the following process dynamic under Q:

log St − log St−1 = rt − dt − g(σt) + σtξt, ξt
iid∼ S[a,b]

α (σ, β, µ)

σ2
t = α0 + α1σ

2
t−1(ξt−1 − γ̃)2 + β1σ

2
t−1,
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where γ̃ = γ + λ is the asymmetry parameter under the risk neutral measure. This

dynamic can be used to price any derivative security with underlying S by means of

Monte Carlo simulation. The set of parameters which is needed to simulate paths of the

STS-NGARCH model under Q consists of the six STS distribution parameters, the 4

risk-neutral model parameters and the spot variance h0. We will analyze the following

three estimation methodologies:

MLE : The STS distribution and the model parameters under the objective probability

measure are estimated from a history of log-returns, dividend and interest rates

by the same iterative maximum-likelihood procedure which we already described

and applied in the previous subsection. The spot variance h0 is obtained as a by-

product of the estimation and the risk-neutral asymmetry parameter γ̃ is obtained

as γ̃ = γ + λ.

MLE/fitted : As in “MLE” all distribution and model parameters are estimated from

past information. In a second step, we determine new values of γ̃ and h0 by fitting

the model prices to the available market prices of liquid options. This is done by

minimizing the sum of squared dollar pricing errors over these two parameters.

NLS : This approach can be seen as complementary to the previous one. All model

parameter values are obtained by minimizing the sum of squared dollar pricing

errors between model and market prices. For every choice for the values of the

model parameters, the value of the spot variance is filtered from the time series

information. The STS distribution parameters are exogenously set to the average

values which were obtained by approach “MLE”.

As it is only based on time series information, the advantage of the “MLE” methodology

is that it can even be applied in situations where no reliable market data of derivatives
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is available. The approach “MLE/fitted” is inspired by two empirical findings. First,

the market price of risk parameter λ – which is known to be time varying in reality

– is difficult to estimate and is very likely to be different for the life time of some

derivative contract than for the estimation window. This creates reduced confidence in

the estimated value based on past information and therefore it seems plausible to rely on

an estimate which is based on the forward-looking information provided by option prices.

The reader may notice at this point that determining γ̃ = γ + λ from option prices is

actually equivalent to determining λ, if the value of γ is considered to be given. Second,

the option prices generated with the NGARCH model are very sensitive to the value of

spot volatility. The question is whether the “right value” can be better revealed from

the time series information or from the option market? Filtering of the spot variance

needs a long data history in order to minimize the starting value bias. Therefore, one

could argue that current option prices contain more information on the current level of

volatility than a return from five years ago. The third methodology “NLS” is equivalent

to the approach of Heston and Nandi (2000). These authors enhanced the pure NLS-

methodologies as e.g. applied in (Bakshi, Cao, and Chen 1997) by estimating all model

parameters from the market prices but filtering the spot variance from a series of past log-

returns. The underlying idea for this approach is that GARCH models are well-known

as being excellent in describing the dynamic of volatility. Therefore, one hopes that a

spot volatility estimate based on time series information by applying a GARCH filter

could result in increased estimation accuracy. The disadvantage about this approach

is that from the option prices only risk-neutral parameters can be determined whereas

the available data is supposed to be generated from the objective distribution. As the

values of the objective parameters cannot be retrieved from the risk-neutral ones (in

the risk-neutral world, γ and λ are only observed through their sum as γ̃), the filtering

of volatility will lead to a biased estimate for the spot variance. In our application we
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solve the identifiability problem by setting the market price of risk parameter equal to

its time series estimate.

The three different estimation techniques are compared with respect to their in-

sample and out-of-sample pricing performance. In the in-sample analysis, the estimation

is carried out for each of the 53 Wednesdays in our data sample. For every Wednesday,

the preceding 2500 data points of the daily log-return, dividend and interest rate series

and the closing prices of all liquid options on this particular Wednesday are available for

the estimation. The model option prices are determined by Monte Carlo simulation

with 10’000 paths. We apply the empirical martingale simulation as introduced in

(Duan and Simonato 1998), (Duan, Gauthier, and Simonato 2001) as variance reduction

technique. The increased number of paths per simulation with respect to similar studies

is to account for the STS distributed innovations. As empirical experiments have shown,

the convergence of the option prices is slower than for the classical Gaussian GARCH

model.

For the out-of-sample comparison, the models are only allowed to use the estimation

result of the previous week plus the observations of the log-returns, dividend and interest

rate series between the previous and the current Wednesday. Therefore, the model

parameter estimates of last week are used to price the option contracts of this week.

Only the spot variance can be updated from last week’s spot variance by applying the

GARCH filter to the five returns between the last and the current Wednesday. The

out-of-sample analysis can only be carried out for the last 52 Wednesdays in our sample.

The results of the in-sample estimation are reported in Table 4. As the estimation is

carried out on 53 different trading days, the Table contains the average parameter esti-

mates. For the “MLE” approach, the individual estimate fluctuate very little around the

reported average estimate. The “MLE/fitted” approach does only differ from “MLE” in

the estimates for h0 and γ̃. Even if the estimates for these two parameters do not pos-
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sess the same temporal stability as their ML counterparts – which is certainly expected

due to the heteroskedasticity prevalent in the return series – the optimization problem

is still well-behaved. The situation changes for the “NLS” approach. The empirical

distribution of the NGARCH-parameters turns out to be more or less bimodal. This

phenomenon, which is connected to the difficult structure of the underlying optimization

problem and the fact that our option sample for every single trading day is rather small,

has already been reported by other authors (see e.g. Ritchken and Hsieh 2000). Apart

from the numerical problems, the estimation results of the NLS approach differ strongly

from their time series counterparts – a phenomenon which is well-known and usually de-

noted as internal inconsistency (cf. Bates 1996). Therefore, it will be interesting to see

how the different approaches behave, when we start comparing their ability to explain

observed option prices.

Insert Table 4 somewhere around here

So far we have only talked about different estimation techniques for one and the

same model. Obviously, we also need an objective benchmark which allows us to judge

the absolute performance of the STS-NGARCH option pricing model. As other authors

before, we choose the Ad-Hoc-Black-Scholes (AHBS). Although this model is purely

descriptive and does not try to explain any aspect of the observed market prices, it

is known since Dumas, Fleming, and Whaley (1998) that this model is a challenging

benchmark. The AHBS model is basically a standard Black-Scholes model, but the

variance which is used to price a specific option may depend on strike and time to

maturity of the option. Specifically, we assume the following parametric form for the

implied volatility surface:

σ2(m, τ) = δ0 + δ1 ·m + δ2 · τ + δ3 ·m2 + δ4 ·m · τ + δ5 · τ 2, (26)
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where m = K/F denotes the forward moneyness and τ the time to maturity expressed

as a fraction of a year. For the in-sample evaluation the six parameters are determined

by minimizing the sum of square dollar pricing errors using all available market prices

on the specific trading day. For the out-of-sample pricing comparison the parameter

estimates from the last week are used for pricing.

The resulting root mean squared dollar pricing errors (absolute RMSE) and root

mean squared relative pricing errors (relative RMSE) for the different models in the

in-sample and out-of-sample comparison are provided by Table 5. The greater values of

the absolute RMSE of all models compared to similar studies can be explained by our

specific data set: Due to the poor quality of the out-of-the-money option prices, most

of our market quotes are at-the-money or in-the-money. The absolute valuation errors

for options with greater prices tend to be greater and this explains the increased values

of the RSME. However, the numbers reported for the relative RSME are in accordance

with similar studies. It can be seen that in-sample, the AHBS model outperforms all

three variants of the STS-NGARCH model. These result are similar to other studies

where the AHBS model performs always at least as good as its GARCH competitor.

However, out-of-sample the MLE/fitted model performs best. Interestingly, the NLS

variant performs worse than the MLE/fitted in-sample as well as out-of-sample. This

can be seen as an indicator for our new estimation approach. It seems that the value for

the market price of risk as well as the spot variance can be retrieved from option prices

in a more reliable way than by filtering it from the return series. This might partially

be due to the identification problem which arises in the NLS approach. As mentioned

before, the values of λ and γ cannot be separately identified from option prices, but

only their sum in from of γ̃. Another interesting issue about the pricing performance

results is that the ordering of the different models in the out-of-sample comparison,

depends on the performance criteria. Whereas for the absolute RMSE the pure “MLE”
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approach performs second worst, it it the second best with respect to the relative RSME.

Given the fact that the parameters of the AHBS and “NLS” model are determined by

minimizing the absolute RSME, these results are not too surprising. A recent study of

(Christofferson and Jacobs 2004a), where the authors report about the impact of the

loss function used for the estimation of the model parameters and its impact on the out-

of-sample performance, supports these findings. The already mentioned problem with

the NLS approach is that the estimated parameter values don not only vary through

the different trading dates but also depend significantly on the loss function used for the

minimization procedure. A similar effect has been reported by Ritchken and Hsieh (2000)

who also mentioned the complex structure of the minimization problem. Given the

competitive out-of-sample performance of the “MLE/fitted” and even the pure “MLE”

approach together with the temporal stability of their model parameter estimates, we

believe that these approaches should be revisited in future research.

Insert Table 4 somewhere around here

3. Conclusion

This article introduces the class of smoothly truncated stable distribution (STS distribu-

tion) designed to meet the needs of modeling financial data. STS distributions combine

the modeling power of stable distributions with the appealing property of finite moments

of arbitrary order. In short, a STS distribution is obtained by replacing the fat tails of

the stable density by the thins tails of two appropriately chosen normal distributions.

Furthermore, we enhance the classical NGARCH option pricing model in a way that

it allows for non-normal innovation distributions. In this sense we create an time se-

ries model, which combines the three major characteristics of financial data: volatility
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clustering, leverage effect and conditionally leptokurtic returns. The pricing measure is

constructed in a canonical way and is driven by only by dynamic of the market price of

risk. In its most general case, the model allows for a different distribution of the inno-

vations under the risk-neutral and the objective probability measure, a property which

could be helpful on the way towards an internally consistent option pricing model.

The empirical investigation of the model leads to encouraging results. First, we

show that the use of non-Gaussian innovation distributions significantly improves the

statistical fit of the NGARCH model under the objective probability measure. The

result are exemplified by means of the October crash 1987: A special variant of the

STS-NGARCH model which uses a predetermined STS distribution for the innovation

process is the only process in our study which assigns a realistic probability to the

event which took place on October 19, 1987 and made the S&P 500 drop by more

than 20%. The second part of the empirical part is dedicated to the analysis of the

model’s ability to explain market prices of S&P 500 index options. We compare three

varaints of the STS-NGARCH option pricing model with an ad hoc Black-Scholes model

where the variance used to price the option is determined from a parameteric fit to the

implied volatility surface. Interestingely, we find that the STS-NGARCH model where

the model parameters are estimated from time series information and only the market

price of risk and the spot variance are inverted from option prices performs best on an

out-of-sample basis. These findings could be a basis for future research to investigate the

information content provided by time series information and option prices with respect

to the different parameters of GARCH models.
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4. Figure Legends

The Figure 1 shows how the parameters α, β and σ influence the truncation levels of

standardized STS distributions. The truncation levels a and b are calculated by moment

matching conditions from the stable parameters (α, β, σ, µ) such that the resulting dis-

tribution is standardized. The graph shows in the upper (lower) part the variation of

the right truncation level b (the left truncation level a) depending on α. The different

branches of the plot correspond to different combinations of the skewness parameter β

(β = 0,−0.1,−0.2) and the scale parameter σ (σ = 0.55, 0.6). The magnitude |a| and

|b| of the truncation levels is increasing in α and decreasing in σ. We have |a| > |b| when

β < 0, i.e. when the center distribution admits left-skewness.

Figure 2 contains a plot of the 0.00001−0.1 quantiles of a standard normal distri-

bution against the corresponding quantiles of various standardized probability distribu-

tions. In detail, we consider a standard normal distribution, a generalized extreme value

distribution with parameter ν = 1.3, a standardized t distribution with n = 6 degrees

of freedom, a standardized skewed t distribution with n = 6 degrees of freedom and a

skewness parameter of λ = −0.5 and the previously used standardized STS distribution

S
[−5.92,3.33]
1.85 (0.6,−0.1, 0). For comparison purposes we have also included the correspond-

ing stable distribution with parameter (1.85,−0.1, 0.6, 0), which is not standardized but

possesses an infinite variance. The exhibit aims to exemplify the fact that STS dis-

tributions are light-tailed distributions in the mathematical sense which nevertheless

can possess extreme quantile functions. The illustration provides only one example and

the general behavior depends on the parameterization of the STS as well as the other

distributions.
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Figure 3 contains a plot of the 0.00001−0.1 quantiles of a standard normal distribu-

tion against the corresponding quantiles of different standardized STS distributions. In

Panel (a) we consider the distribution S
[a,b]
α (0.6,−0.1, 0) with different values for α while

fixing the parameters σ, β and µ. Given the specific value for α, the truncation levels a

and b are determined such that the resulting distribution is standardized. In Panel (b)

we consider the distribution S
[a,b]
1.85(0.6, β, 0) with different values for β. Again, for given

β, the truncation levels a and b are determined such that the resulting distribution is

standardized.

36



Appendix A. Proofs

Proof of some statements in section 1:

1. Equations (4) and (5) for the parameters of the normal distributions

describing the tails:

Let p1 and p2 denote the “cut-off-probabilities”, i.e.

p1 :=

a∫
−∞

gθ(x) dx and p2 :=

∞∫
b

gθ(x) dx

and Φ denotes the cumulative distribution function and ϕ the density of the stan-

dard normal distribution. From equation (3) we have:

a∫
−∞

h1(x) dx =

a∫
−∞

1√
2πτ 2

1

e
− (x−ν1)2

2τ2
1 dx

= Φ(
a− ν1

τ1

)
!
= p1

⇒ ν1 = a− τ1Φ
−1(p1).

Inserting this relation into equation (2) yields:

gθ(a) = h1(a) =
1√
2πτ 2

1

e
− (a−ν1)2

2τ2
1

=
1√
2πτ 2

1

e
− (a−(a−τ1Φ−1(p1)))2

2τ2
1

=
1√
2πτ 2

1

e−
(Φ−1(p1))2

2

⇒ τ1 =
ϕ (Φ−1(p1))

gθ(a)

Finally, we have:

τ1 =
ϕ (Φ−1(p1))

gθ(a)
and ν1 = a− τ1Φ

−1(p1) (A1)
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and similar calculations prove equation (5):

τ2 =
ϕ (Φ−1(p2))

gθ(b)
and ν2 = b + τ2Φ

−1(p2) (A2)

2. Translation and scale invariance for STS distributions:

Let X ∼ S
[a,b]
α (σ, β, µ) and for d ∈ R and σ > 0 define Y = cX + d. Then we have:

fY (y) =
1

c
fX

(
y − d

c

)

=


1
c
h1

(
y−d

c

)
for y < ca + d

1
c
gθ

(
y−d

c

)
for ca + d ≤ y ≤ cb + d

1
c

(
y−d

c

)
for y > cb + d

=


h̃1(y) for y < ã

g̃θ(y) for ã ≤ y ≤ b̃

h̃2(y) for y > b̃

Because of the scale and translation invariance of the normal and α-stable distri-

bution, the function h̃1 and h̃2 are equal to the densities of the normal distributions

N (cν1 + d, (cτ1)
2), N (cν2 + d, (cτ2)

2) and g̃θ corresponds to the density of the α-

stable distribution with parameter θ̃ = (α, sign(c)β, |c|σ, cµ + d). The consistency

conditions (2) and (3) remain fulfilled, which completes the proof.

3. Formulae (8) and (9) for the first moments:

Denoting as previously the density of a STS distributed random variable X for

x < a (x > b) by h1 (h2) we have:

EX =

a∫
−∞

xh1(x) dx +

b∫
a

xgθ(x) dx +

∞∫
b

xh2(x) dx

EX2 =

a∫
−∞

x2h1(x) dx +

b∫
a

x2gθ(x) dx +

∞∫
b

x2h2(x) dx
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The statement will be proved for x < a. The case x > b can be verified by analogue

calculations.

a∫
−∞

xh1(x) dx =

a−ν1
τ1∫

−∞

(τ1y + ν1)ϕ(y) dy

= τ1

a−ν1
τ1∫

−∞

yϕ(y) dy + ν1Φ

(
a− ν1

τ1

)

= −τ1ϕ(y)

∣∣∣∣
a−ν1

τ1

−∞
+ ν1Φ

(
a− ν1

τ1

)
= ν1Φ

(
a− ν1

τ1

)
− τ1ϕ

(
a− ν1

τ1

)

and with the definition of ν1 = a− τ1Φ
−1(p1) we get

= ν1p1 − τ1ϕ(Φ−1(p1)) and

= ap1 − τ1

(
Φ−1(p1)p1 + ϕ(Φ−1(p1))

)
.

With partial integration and substitution we get for the second integral:

a∫
−∞

x2h1(x) dx =

a−ν1
τ1∫

−∞

(τ1y + ν1)
2ϕ(y) dy

= τ 2
1

a−ν1
τ1∫

−∞

y2ϕ(y) dy + 2τ1ν1

a−ν1
τ1∫

−∞

yϕ(y) dy + ν2
1

a−ν1
τ1∫

−∞

ϕ(y) dy

= τ 2
1

−yϕ(y)

∣∣∣∣
a−ν1

τ1

−∞
+

a−ν1
τ1∫

−∞

ϕ(y) dy

 + . . .

. . .− 2τ1ν1ϕ(y)

∣∣∣∣
a−ν1

τ1

−∞
+ ν2

1Φ

(
a− ν1

τ1

)
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and again with the definition of ν1 = a− τ1Φ
−1(p1) we have finally

= τ 2
1

(
−Φ−1(p1)ϕ(Φ−1(p1)) + p1

)
− 2τ1ν1ϕ(Φ−1(p1)) + ν2

1p1

= (τ 2
1 + ν2

1)p1 − τ1 (τ1Φ
−1(p1) + 2ν1)︸ ︷︷ ︸

a+ν1

ϕ(Φ−1(p1))

= (τ 2
1 + ν2

1)p1 − τ1(a + ν1)ϕ(Φ−1(p1)).

q.e.d.

Proof of equation (14): From the predictability of σk, k = 1, . . . , t and εk, k =

1, . . . , t− 1 we deduce with the help of the law of iterated expectations:

Cov
(
σtεt, σ

2
t+1

)
= E

(
σtεtσ

2
t+1

)
− E(σtεt)︸ ︷︷ ︸

=0

·E(σ2
t+1)

= E
(
σtεt(α0 + α1σ

2
t (εt − γ)2 + β1σ

2
t )

)
= E

(
α0σtεt + α1σ

3
t (ε

3
t − 2γε2

t + γ2εt) + β1σ
3
t εt

)
= α0E(σt Et−1(εt)︸ ︷︷ ︸

=0

) + α1E(σ3
t (Et−1ε

3
t − 2γ Et−1ε

2
t︸ ︷︷ ︸

=1

+γ2 Et−1εt︸ ︷︷ ︸
=0

)) + . . .

. . . + β1E(σ3
t Et−1(εt)︸ ︷︷ ︸

=0

)

= α1 · E(σ3
t ) ·

(
E(ε3

t )− 2γ
)
.

q.e.d.

Proof of Proposition 2 in section 1: In the discrete time framework, it is enough to

specify the change of measure for the conditional distribution one step ahead. The new

dynamic can be obtained by replacing the random variable εt by ξt − h(σt)
σt

+ λt − g(σt)
σt

.

Under the assumption made in the proposition, this algebraic rearrangement is indeed

expressible by an equivalent change of measure, which follows from the fact that the
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distribution F of εt is equivalent to the distribution G of ξt and from the fact that the

support of both F and G equals the whole real line.

The martingale property of the discounted total return process with risk neutral

dynamic

log S̄tr
t − log S̄tr

t−1 = −h(σt) + σtξt, t ∈ N, ξt
iid∼ G.

is obtained as follows. If we use the predictability of σt and the definition of h as

logarithmic moment generating function corresponding to ξt we get:

EQ
t−1(S̄

tr
t ) = EQ

t−1(S̄
tr
t−1 exp(−h(σt) + σtξt))

= S̄tr
t−1 · exp(−h(σt))︸ ︷︷ ︸

=1/m(σt)

·EQ
t−1 (exp(σtξt))︸ ︷︷ ︸

=m(σt)

= S̄tr
t−1,

where m denotes the moment generating function of the distribution G. As (S̄tr
t )t∈N0

is a discrete stochastic process the martingale property follows from the law of iterated

expectations.

q.e.d.

Proof of Proposition 3 in section 1:

1. The dynamic under the new probability measure Qλ is simply obtained by replacing

εt through ξt − λ.

2. Similarly, the equality of the conditional variances follows directly from the fact

V Qλ

(εt) = 1 = V P (εt).
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3. From the fact that λ̃2
t = (λt + γ)2 and σ2

t are uncorrelated and independent of ξt

we deduce:

EQλ

σ2
t = α0 + α1E

Qλ

(σ2
t−1(ξt−1 − λ̃t−1)

2) + β1E
Qλ

σ2
t−1

= α0 + α1E
Qλ

(σ2
t−1E

Qλ

t−1(ξ
2
t−1 − 2ξt−1λ̃t−1 + λ̃2

t−1)) + . . .

. . . + β1E
Qλ

σ2
t−1

= α0 + α1E
Qλ

(σ2
t−1(1 + λ̃2

t−1)) + β1E
Qλ

σ2
t−1

= α0 + α1(1 + λ̃2)︸ ︷︷ ︸
=:α∗

EQλ

σ2
t−1 + β1E

Qλ

σ2
t−1

Under the assumptions made on the parameters λ̃, α1 and β1 the stationary solu-

tion is given by:

EQλ

σ2
t =

α0

1− α∗1 − β1

,

q.e.d.
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Notes

1The present definition of STS distributions extends earlier versions which were pre-

sented in Menn and Rachev (2005) and Menn (2004). The reader may notice that the

suggested methodology of “smooth truncation” can be generalized in various obvious

ways. Either the tail distribution, as well as the center distribution could be chosen

differently.

2The restriction to the case p = q = 1 has mainly been made for practical reasons:

First, it seems sufficient for our purposes and second it simplifies the exposition. The

generalization to the NGARCH(p, q) case or different GARCH variants is straightfor-

ward.
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Table 1

Comparison of P (X ≤ x) for the Standard Normal and a Standardized

STS Distribution.

Argument x Probability P (X ≤ x)

X ∼ N (0, 1) X ∼ S
[−5.92,3.33]
1.85 (0.6,−0.1, 0)

−10 7.620e− 24 0.0002840

−9 1.129e− 19 0.0004099

−8 6.221e− 16 0.0005860

−7 1.280e− 12 0.0008299

−6 9.866e− 10 0.001164

−5 2.867e− 07 0.001679

−4 3.167e− 05 0.002684

−3 0.001350 0.005307

−2 0.02275 0.01889

−1 0.1587 0.1236

The Table exemplifies the difference in the left tail probabilities P (X ≤ x) of a specific standardized

STS distribution and the standard normal law. The STS distribution exhibits significantly higher tail

probabilities than the standard normal law.
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Table 5

Model Comparison: In- and Out-of-Sample Pricing Performance

Model In-Sample Out-of-Sample

abs. RMSE rel. RMSE abs. RMSE rel. RMSE

Black-Scholes 9.10 8.5% 9.11 8.2%

STS-NGARCH (MLE) 4.13 3.1% 4.10 3.1%

STS-NGARCH (MLE/fitted) 2.29 1.4% 3.17 2.9%

STS-NGARCH (NLS) 2.40 1.7% 3.58 3.7%

Ad-Hoc-BS 1.54 1.1% 3.93 3.2%

The Table reports the root mean absolute and relative pricing error over all 1920 option quotes in

the sample. “In-sample” means that every model is estimated/fitted on every of the 53 Wednesdays

in the sample and the market prices of the specific trading day enter in the parameter estimation.

“Out-of-sample” means that the parameter estimates from the last week are used for pricing. “Black-

Scholes” stands for the classical Black-Scholes model, the STS-NGARCH models differ by the estimation

methodology: “MLE” is only based on time series information, “MLE/fitted” uses mainly the time

series estimates but determines the market price of risk λ and the spot variance h0 from option prices

whereas “NLS” inverts the risk neutral model parameters from observed market prices but filters the

spot variance from the historic time series. “Ad-Hoc-BS” is a benchmark model which uses a parametric

approximation to the implied volatility surface depending on six parameters.
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Figure 1. Truncation Levels of Standardized STS Distributions.
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Figure 2. Quantile Comparison for Different Standardized Distributions.

54



(a) Influence of α

(b) Influence of β

Figure 3. Impact of the Distribution Parameters α and β on the Quantiles.
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