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Preface

This is the first of two volumes concerned with the ill-posed problems in probabil-
ity and statistics. Ill-posed problems are usually understood as those results where
small changes in the assumptions lead to arbitrarily large changes in the conclusions.
Such results are not very useful for practical applications where the presumptions
usually hold only approximately (because even a slightest departure from the as-
sumed model may produce an uncontrollable shift in the outcome). Often, the
ill-posedness of certain practical problems is due to the lack of their precise math-
ematical formulation. Consequently, we can deal with such problems by replacing
a given ill-posed problem with another, well-posed problem, which in some sense is
“close” to the original one.

Our goal is to show that ill-posed problems are not just a mere curiosity in the
contemporary theory of mathematical statistics and probability. On the contrary,
such problems are quite common, and majority of classical results fall into this
class. Our objective is to identify problems of this type, and re-formulate them more
correctly. Thus, we propose alternative (more precise in the above sense) versions of
numerous classical theorems in the theory of probability and mathematical statistics.
In addition, we shall consider some non-standard problems from this point of view.

The following examples illustrate quite prominent ill-posed problems in statistics
and probability theory.

e The classical Central Limit Theorem, as well as the corresponding limit theo-
rem for convergence to a stable law, are ill-posed. Indeed, an arbitrarily small
change (in the uniform metric) of the tail of the underlying distribution leads
to a shift of the domain of attraction: A normal domain of attraction may
convert to a stable one, and vice versa. Alternative versions of these theorems
were proposed in Klebanov et al. (1999), Nagaev (1997). The main idea was
to replace the limiting distribution with an approximation of the pre-limiting
distribution.

e The second example comes from the extreme value theory. It is well-known
that (under certain conditions) the limiting distribution of an appropriately
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normalized minimum of non-negative i.i.d. random variables is Weibull. The
parameters of the limiting Weibull distribution depend on the rate of conver-
gence to zero of the underlying distribution function. An arbitrarily small
change (in the uniform metric) of that distribution function may affect this
rate quite severely, and thus the problem of finding the exact limiting distrib-
ution appears to be ill-posed. The corrected version of this problem appeared
in Klebanov et al. (1999) as well.

The third example of an ill-posed problem is the classical problem of esti-
mating the location parameter of a normal distribution with known standard
deviation. If the distribution of the measurement error is Gaussian, then the
optimal equivariant estimator of the location parameter is provided by the
sample mean. However, if the sample is contaminated with observations from
a heavy-tail distribution and we are using the variance of the limiting distrib-
ution as the loss function, then the sample mean becomes unacceptable, since
its variance may be infinite. This example has led to the theory of robust
estimation, see, e.g., Huber (1981) and Hampel et al. (1986). It is also clear
that this problem is closely related to the one concerning the limiting distri-
bution for sums of i.i.d. random variables. Following the recommendations
of Klebanov et al. (1999), we consider approximations via the pre-limiting
distribution. In this case we can not utilize the variance of the limiting dis-
tribution as the loss function. Thus, a corrected formulation of the problem
of estimating the location parameter is two-folded, involving the pre-limiting
approach as well as the issue of choosing an appropriate loss function.

The forth example concerns estimation of parameters for distributions with
discontinuous densities. For example, consider the problem of estimating the
scale parameter 6 of the uniform distribution on the interval (0, ). It is well
known that the sample maximum X,,., is a consistent estimator of #, and the
normalized sequence n(X,., — #) has a non-singular limiting distribution as
n — oo. However, when we replace the uniform distribution with another one,
which is smooth and arbitrarily close to it (in the uniform metric), then X,,.,
is no longer consistent, and the normalizing constant n needs to be replaced by
\/n. Thus, we again end up with an ill-posed problem. Its corrected version
is based on the replacement of the limiting distribution of the normalized
sequence by the pre-limiting distribution, see Klebanov et al. (1999).

Our last example is related to the problem of specifying a distribution by a
finite number of values of certain functionals, such as moments or the Radon
transformation. The latter is particularly common in the area of computer
tomography. The proof of the ill-posedness here follows from an interesting
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example, discussed in Guttmann et al. (1991). The corrected versions ap-
peared in Khalfin and Klebanov (1994), Klebanov and Rachev (1995), Khalfin
and Klebanov (1996). Some applications to quantum mechanics are discussed
in Klebanov and Rachev (1997a), Klebanov and Rachev (1997).

Ill-posed problems in probability theory such as those in the above examples are
the subject of this volume, which is organized in two parts (statistical part is treated
in a companion volume). In Part I we start with ill- and well-posedness of functional
minimization problems. Then, we introduce new classes of probability distances,
and present a comprehensive treatment of quantitative convergence criteria. We
end Part I with the problem of inverting the Radon transform, which leads to
possible solutions of the computer tomography paradox stated in Guttmann et al.
(1991). Since the questions about the correctness of certain probabilistic problems
may be resolved through appropriate metrics, we include results from the theory of
probability metrics throughout the text.

Part II is devoted to ill-posed problems for sums of random variables. The cen-
tral object of our study is the random summation scheme, which along with the
pre-limit theorems, requires a careful definition and characterization of the limiting
distributions. We define analogs of stable distributions for random sums, and study
their analytical properties. Our main example is the case of geometric summation,
leading to the rich class of geometric stable distributions. These distributions have
the same domains of attraction and tail as the stable laws, but admit a fundamen-
tally different behavior at the mode. The results on geometric stable laws have been
scattered in the literature, and are presented here in a monographic format for the
first time.

A companion volume will be devoted to statistical applications of the pre-limit
theorems. In that volume, we shall present a modified version of the theory of sta-
tistical estimation, and show its connection with the problem of the choice of an
appropriate loss function. It turns out, that the loss function should not be chosen
arbitrarily. As we explain in the present volume, the availability of certain mathe-
matical conveniences, including the correctness of the formulation of the problem of
estimation, lead to rigid restrictions on the choice of the loss function.

The authors thank Prof. George Anastassiou for his interest and helpful re-
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the manuscript. Lev Klebanov’s work was supported by MSM grant 113200008 and
RFFI grants 02-01-00262, 02-01-00483. Tomasz J. Kozubowski is grateful for the
(partial) support provided by the NSF grant DMS-0139927. Sveltozar T. Rachev’s
research was supported by grants from Division of Mathematical, Life, and Physical
Sciences, University of California at Santa Barbara, and the Deutschen Forchungs-
gemeinschaft.



viii

Preface

Lev B. Klebanov

Department of Probability and
Mathematical Statistics
Charles University, Praha, Czech Republic

Tomasz J. Kozubowski

Department of Mathematics and Statistics
University of Nevada, Reno, USA

Svetlozar (Zari) T. Rachev

Chair of Econometrics, Statistics

and Mathematical Finance

School of Economics and Business Engineering
University of Karlsruhe, Germany

and

Department of Statistics and Applied Probability
University of California, Santa Barbara, USA

May 2005



Contents

I

1

Quantitative Convergence Criteria and Probability Metrics

The General Form of Quantitative Convergence Criteria
1.1 Measures of Noncompactness . . . . . . ... ... ... .......
1.2 Well-Posedness of the Functional Minimization
Problem . . . . . . . . L
1.3 The Stability of Distribution Characterizations as a Problem of
Minimizing Functionals . . . . . ... ... . o000
1.4 Metric Comparison and Functional Minimization Problem . . . . . .
1.5 Moduli of Stability and Approximation . . . . . . . . ... ... ...
1.6 Estimates of the Norms of Derivatives of Functions . . . . . . . . ..
1.6.1 The Case of Functions Given on a Real Line; Norm in
Space L, . . .. ...
1.6.2 The Case of Functions Given on a Bounded Interval; Uniform
Norm . . . . . o
1.7 Norm Comparison in Spaces L,(R') and Ly(R') . . ... ... ...

Some Important New Classes of Probability Metrics
2.1  Omne Simple Inequality and Related Probability
Metrics . . . . . . e
2.2 General Classes of Metrics Related to Isometric Imbeddings in Hilbert
SPACE . . o e
2.3 m-Negative Definite Kernels and Metrics . . . . . . . ... ... ...
2.4 N-Metrics and the Problem of Recovering Measures From Potential
2.5 Stability in the Problem of Recovering a Measure from Potential
2.6 N-Metrics in the Study of Certain Problems of
Characterization of Distributions . . . . . . . ... ... ... ....
2.7 Characterization of Distributions Symmetric with Respect to a Group
of Transformations . . . . . . .. .. ... . . L oL
2.8 Commutative Semigroups with Positive Definite Kernel . . . . . ..
2.8.1 General Considerations . . . . ... ... ... ........
2.82 Distances in X . . . . oo
2.8.3 Special Representations . . . . ... ... ... .. ......

X

10
12
12
16

16

20
25

29

29

31
36
40
46



Contents

2.84 Propertiesof Z(t) . . . . . ... Lo 68
2.8.5 Infinitely Divisible Elements . . . . . . . ... ... ... ... 69
2.8.6 Accompanying Infinitely Divisible Elements . . . . . . . . .. 72
2.87 Examples . . . . .. .. 72
2.9 Statistical Estimates Obtained by the Minimal
Distances Method . . . . . . . . ... 75
2.9.1 Estimating a Location Parameter, I . . . . .. ... ... .. 76
2.9.2 Estimating a Location Parameter, II . . . . . . .. .. .. .. 79
2.9.3 Estimating a General Parameter . . . . ... ... ... ... 79
2.9.4 Estimating a Location Parameter, III . . . .. ... ... .. 81
2.9.5 Semiparametric Estimation . . . ... ... ... ....... 82
Convergence in Weak and Strong Metrics 85
3.1 Weak Convergence and its Generalizations . . . . . . ... ... ... 85
3.2 Relations Between Weak Metrics . . . . . . .. ... ... ... ... 95
3.3 Metrization of Bernstein Convergence . . . .. .. ... ... .... 109
3.3.1 Minimal Distances in B({U) . . .. ... ... ... ...... 113
3.3.2 Difference Pseudomoments . . . . . ... ... ... ... .. 114
3.3.3 Minimal Functionals with Metric Structure . . . . .. .. .. 121
3.34 (-Metrics . . . .. oo 122
3.3.5 Lévy-Prokhorov Metric with Weight and Integral Lévy-
Prokhorov Distance . . . .. .. .. ... ... ... .. ... 125
3.3.6 Metricsof Type A . . . . . ... 133
3.4 Metrization a Convergence Between Weak and Bernstein . . . . . . . 135
3.4.1 Metrization of b(q)-Convergence by LH . . . ... ... ... 139
3.4.2  Metrization of b(q)-Convergence of Lévy Metric with
Weight Ly . . .. ..o oo 146
3.5 Strong Metrics and Compactness Criteria for the Hausdorff and
Kolmogorov Metrics . . . . . .. .. .. L oo 146
3.5.1 Topological Properties of the Metric Space . . . . .. .. .. 147
3.5.2  Quantitative Criterion for p-Relative Compactness . . . . . . 156
3.5.3 Some Estimates of Metricp . . . . .. ... ... ... ... 157
3.6 Distances of Type L,(R!) in Densities . . . ... ........... 160
3.7 Distances of Type L,(R!) in Characteristic Functions . . . ... .. 165
Convergence to Prescribed Distributions 169
4.1 Convergence to a Distribution with an Analytic
Characteristic Function . . . . . .. .. ... ... ... ... ... 169
4.2 Moment Metrics . . . . . . . ... L o 186
4.2.1 Estimates of A by Means of doo . . . . . . . . .. ... 188
4.2.2  Estimates of A by Means of dy, a € (0,00) . . .. ... ... 197

4.2.3 Estimates of d, by Means of Characteristic Functions . . . . 199



Contents

5 Ill-Posed Problems in Computer Tomography

11

5.1 The Radon Transform and its Applications to
Computer Tomography . . . .. .. .. .. ... ... ... .....

5.2 Reconstruction of the Density from a Finite Number of Marginals

Limit Theorems and Stability of Random Sums

Stable Probabilistic Schemes

6.1

6.2
6.3
6.4
6.5
6.6

Summation-Stable Distributions . . . . . . . . . ... .. ... ...

6.1.1
6.1.2
6.1.3

Strictly and Symmetric Stable Vectors . . . . . . .. .. ...
Domains of Attraction . . . . . . . . . .. ... ... ..
One Dimensional Case . . . . . . . . . . . . ... ... ...

Max-Stable and Min-Stable Distributions . . . .. ... ... . ...
Multiplication Stable Distributions . . . . . . . .. .. .. ... ...
Geometric Summation Stable Distributions . . . ... ... ... ..
Geometric Max-Stable and Min-Stable Distributions . . . . . . . ..
Geometric Multiplication Stable Distributions . . . . . . . ... . ..

Central Pre-Limit Theorems

7.1 Introduction and Motivating Examples . . . . . . .. ... ... ...
7.2 Central Pre-Limit Theorems . . . . . . .. . ... ... ... .....

v-Infinitely Divisible and Stable Distributions

8.1
8.2
8.3
8.4

8.5
8.6
8.7
8.8

Sums of a Random Number of Random Variables . . . . . . ... ..

Some Limit and Transfer Theorems . . . . . . . . . .. .. ... ...

v-Gaussian Random Variables . . . . . . . . . . ... ... ... ...

Examples of Summation Schemes Admitting v-Strictly
Gaussian Laws . . . . . . .. L oL

A Generalization of the Marcinkiewicz Theorem . . . . . . . . . . ..

v-Infinitely Divisible Random Variables . . . . ... ... ... ...

Accompanying Laws . . . . . . . . . ...

Approximations of Random Sums . . . . . . ... ...

8.8.1
8.8.2
8.8.3

8.8.4
8.8.5
8.8.6

Approximation of Geometric Sums . . . . ... ... ...
Random Sums of Random Vectors . . ... ... .......

Domains of Attraction of Multivariate Geometrically
Stable Laws . . . . . . . . ..

Bounds for Random Sums . . . . . . . .. ... ... ... ..
Domains of Attraction of v—Stable Random Vectors . . . . .
Rate of Convergence . . . . . . . ... ... ... .......

xi

203

203
204

215

219
220
221
221
222
222
223
225
225
227

231
231
234



xii Contents
9 Geometric Stable Distributions on the Real Line 287
9.1 Preliminaries . . . . . . . . . .. ... 288
9.2 Special Cases . . . . . . . . . 290
9.2.1 Strictly GSLaws . . . . . .. .. L L oo 290
9.2.2 Linnik Distributions . . . . . . .. ... ... ... ... ... 291
9.2.3 Symmetric Linnik Distributions . . . . . . . .. .. ... ... 291
9.2.4 Mittag-Leffler Distributions . . . . . . ... .. ... .. ... 292
9.2.5 Skew Laplace Distributions . . . . . ... ... ... .. ... 292

9.3 Stability Properties and Characterizations . . . . . . . . ... .. .. 293
9.4 Representations . . . . . . . . . . ... 301
9.4.1 DBasic Representation . . . . . . . ... ... o000 303
9.4.2 Alternative Representations . . . . . . ... ... ... .... 304
9.4.3 Series Representations . . . . . . ... ... ... ....... 312

9.5 Densities and Distribution Functions . . . . . ... ... ... .. .. 317
9.5.1 Laplace Distributions . . . . .. .. ... ... ... ..... 317
952 General GSLaws . . . . . ... ... ... ... ..., 317

9.6 Moments and Tails . . . . . .. . ... ... ... ... 338
9.6.1 Tail Probabilities . . . . . .. . ... ... ... ... .. ... 338
9.6.2 Moments . . . . . ... 341

9.7 Properties . . . . .. 343
9.7.1 Self-Decomposability . . . . . ... ... ... L. 344
9.7.2 Unimodality . . . ... ... ... . ... ... 345
9.7.3 Infinite Divisibility . . . . . . . ... ... ... ... ... 347

10 Multivariate Geometric Stable Distributions 351
10.1 Preliminaries . . . . . . . . . . .. 351
10.1.1 Approximation . . . . . . .. ... ... 353

10.2 Examples and Special Cases . . . . . . . ... ... ... ... .... 354
10.2.1 Omne Dimensional Case . . . . . . .. ... ... .. ...... 354
10.2.2 Multivariate Laplace Distribution . . . . . . .. .. ... ... 354
10.2.3 Multivariate Linnik Distribution . . . .. ... ... ... .. 356
10.2.4 Improper GS Laws . . . . . . . . . .. ... 358
10.2.5 Strictly GSLaws . . . . . . .. ... o 358
10.2.6 Symmetric GS Laws . . . . . . . .. ... 359

10.3 Basic Properties . . . . . . . . .o 360
10.3.1 Infinite Divisibility . . . . . . . . . . ... .. ... ... ... 360
10.3.2 Linear Combinations . . . . . . . . . ... ... ... ..... 361
10.3.3 Representations . . . . . . . . . . ... ... .. L. 364
10.3.4 Linear Regression. . . . . . . .. ... .. .. L. 367
10.3.5 Association . . . . . . . .. ... 369

10.4 Stability Properties and Characterizations . . . . . . . . ... . ... 370

10.4.1 Geometric Infinite Divisibility . . . . . . . ... ... ... .. 370



Contents

10.4.2 The Inner Characterization . . . . . ... .. ... ... ...
10.4.3 The Stability Property with Respect to Geometric

Convolutions .

10.4.4 A Characterization Through Linear Combinations . . . . . .
10.4.5 Deterministic Sums and Further Stability Properties . . . . .
10.5 Tail Probabilities and Moments . . . . . . . . .. ... ... ... ..
10.5.1 Tail Probabilities . . . . . . . .. .. ..o

10.5.2 Joint Moments

11 Geometric Stable Laws on Banach Space
11.1 Definition and basic properties . . . . . . . . .. .. ... ... ...

11.2 Rate of Convergence .

12 Estimation and Empirical Issues for GS Distributions

12.1 Simulation . . . . . ..
12.1.1 Univariate Laws
12.1.2 Multivariate GS

12.2 Estimation . ... ..
12.2.1 Univariate Laws
12.2.2 Multivariate GS

Laws . . . . . . .

Laws . . . . . . .

13 A Generalization of Stable Laws
13.1 Motivation: a Model with Game-Theoretic Interpretation . . . . . .
13.2 The Analysis of the Basic Functional Equation . . . . . .. .. ...

13.3 A Generalization of the

Basic Equation . . . .. ... .00

14 Characterizations of Distributions in Reliability

14.1 Introduction . . . . . .

14.2 Analytic Solutions of the Main Equation . . . . . . . ... ... ...
14.3 General Solutions of the Main Equation . . . . . .. ... ... ...

14.4 Other Normalizations

14.5 Reconstructing the Reliability Polynomial . . . . . . .. .. .. ...
14.6 Generalizations of the Main Equation . . . . .. .. ... ... ...

14.7 A General Limit Result
Bibliography
Author Index

Index

xiii

371

375
376
381
382
382
388

391
391
394

399
399
399
402
404
404
407

413
413
415
419

423
423
424
427
429
429
430
431

433

463

469




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


