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Abstract

Statistical models of financial data series and algorithms of forecast-
ing and investment are the topic of this research. The objects of research
are the historical data of financial securities, statistical models of stock
returns, parameter estimation methods, effects of self-similarity and mul-
tifractality, and algorithms of financial portfolio selection. The numerical
methods (MLE and robust) for parameter estimation of stable models
have been created and their efficiency were compared. Complex analy-
sis methods of testing stability hypotheses have been created and spe-
cial software was developed (nonparametric distribution fitting tests were
performed and homogeneity of aggregated and original series was tested;
theoretical and practical analysis of self-similarity and multifractality was
made). The passivity problem in emerging markets is solved by introduc-
ing the mixed-stable model. This model generalizes the stable financial
series modeling. 99% of the Baltic States series satisfy the mixed stable
model proposed. Analysis of stagnation periods in data series was made.
It has been shown that lengths of stagnation periods may be modeled by
the Hurwitz zeta law (insteed of geometrical). Since series of the lengths
of each run are not geometrically distributed, the state series must have
some internal dependence (Wald-Wolfowitz runs test corroborates this as-
sumption). The inner series dependence was tested by the Hoel criterion
on the order of the Markov chain. It has been concluded that there are no
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zero order Markov chain series or Bernoulli scheme series. A new mixed-
stable model with dependent states has been proposed and the formulas
for probabilities of calculating states (zeros and units) have been obtained.
Methods of statistical relationship measures (covariation and codifference)
between shares returns were studied and algorithms of significance were
introduced.

Keywords: codifference, covariation; mixed-stable model; portfolio selection;
stable law; pasivity and stagnation phenomenon; Hurwitz zeta distribution; fi-
nancial modeling; self-similarity; multifractal; infinite variance; Hurst exponent;
Anderson–Darling, Kolmogorov–Smirnov criteria

1 Introduction

Modeling and analysis of financial processes is an important and fast develop-
ing branch of computer science, applied mathematics, statistics, and economy.
Probabilistic-statistical models are widely applied in the analysis of investment
strategies. Adequate distributional fitting of empirical financial series has a
great influence on forecast and investment decisions. Real financial data are
often characterized by skewness, kurtosis, heavy tails, self-similarity and multi-
fractality. Stable models are proposed (in scientific literature, [7, 24, 28, 29, 30])
to model such behavior.

Since the middle of the last century, financial engineering has become very
popular among mathematicians and analysts. Stochastic methods were widely
applied in financial engineering. Gaussian models were the first to be applied,
but it has been noticed that they inadequately describe the behavior of finan-
cial series. Since the classical Gaussian models were taken with more and more
criticism and eventually have lost their positions, new models were proposed.
Stable models attracted special attention; however their adequacy in the real
market should be verified. Nowadays, they have become an extremely powerful
and versatile tool in financial modeling [28, 29]. There are two essential reasons
why the models with a stable paradigm (max-stable, geometric stable, α-stable,
symmetric stable and other) are applied to model financial processes. The first
one is that stable random variables (r.vs) justify the generalized central limit
theorem (CLT), which states that stable distributions are the only asymptotic
distributions for adequately scaled and centered sums of independent identi-
cally distributed random variables (i.i.d.r.vs). The second one is that they are
leptokurtotic and asymmetric. This property is illustrated in Figure 1, where
(a) and (c) are graphs of stable probability density functions (with additional
parameters) and (b) is the graph of the Gaussian probability density function,
which is also a special case of stable law.

Following to S.Z. Rachev [29], “the α-stable distribution offers a reasonable
improvement if not the best choice among the alternative distributions that have
been proposed in the literature over the past four decades”.

Each stable distribution Sα(σ, β, µ) has the stability index α that can be
treated as the main parameter, when we make an investment decision, β is the
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Figure 1: Stable distributions are leptokurtotic and asymmetric (here ais a
stability parameter, b - asymmetry parameter, m – location parameter and s is
a scale parameter)

parameter of asymmetry, σ is that of scale, and µ is the parameter of position.
In models that use financial data, it is generally assumed that α ∈ (1; 2]. Stable
distributions only in few special cases have analytical distribution and density
functions. That is why they are often described by characteristic functions (CF).
Several statistical and robust procedures are examined in creating the system
for stock portfolio simulation and optimization. The problem of estimating the
parameters of stable distribution is usually severely hampered by the lack of
known closed form density functions for almost all stable distributions. Most of
the methods in mathematical statistics cannot be used in this case, since these
methods depend on an explicit form of the PDF. However, there are numerical
methods [26] that have been found useful in practice and are described below
in this paper.

Since fat tails and asymmetry are typical of stable random variables, they
better (than Gaussian) fit the empirical data distribution. Long ago in empir-
ical studies [23, 24] it was noted that returns of stocks (indexes, funds) were
badly fitted by the Gaussian law, while stable laws were one of the solutions in
creating mathematical models of stock returns. There arises a question, why
stable laws, but not any others are chosen in financial models. The answer is:
because the sum of n independent stable random variables has a stable and
only stable distribution, which is similar to the CLT for distributions with a
finite second moment (Gaussian). If we are speaking about hyperbolic distribu-
tions, so, in general, the Generalized Hyperbolic distribution does not have this
property, whereas the Normal-inverse Gaussian (NIG) has it [1]. In particular,
if Y1 and Y2 are independent normal inverse Gaussian random variables with
common parameters α and β but having different scale and location parameters
δ1,2 and µ1,2, respectively, then Y = Y1 + Y2 is NIG(α, β, δ1 + δ2,µ1 + µ2). So
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NIG fails against a stable random variable, because, in the stable case, only
the stability parameter α must be fixed and the others may be different, i.e.,
stable parameters are more flexible for portfolio construction of different asym-
metry. Another reason why stable distributions are selected from the list of
other laws is that they have heavier tails than the NIG and other distributions
from the generalized hyperbolic family (its tail behavior is often classified as
”semi-heavy”).

Foreign financial markets and their challenges were always of top interest
for stock brokers. The new investment opportunities emerged after expansion
of the European Union in 2004. Undiscovered markets of the Baltic States
and other countries of Central and Eastern Europe became very attractive for
investors. Unbelievable growth of the gross domestic product (GDP) 3-8% (the
average of the EU is 1.5–1.8% ) and high profitability overcame the risk. But a
deep analysis has not yet been made in those markets. For a long time it has
been known that financial series are the source of self-similar and multifractal
phenomena and numerous empirical studies support that [3, 7]. In this research,
the analysis of daily stock returns of the Baltic States and some world wide
known indexes is made. Financial series in the Baltic States bear two very
important features (compared with the markets of the USA and EU):

1. Series are rather short: 10–12 years (not exceeding 2000 data points), but
only recent 1000–1500 data points are relevant for the analysis;

2. A stagnation phenomenon is observed in empirical data (1993–2005).
Stagnation effects are characterized by an extremely strong passivity: at some
time periods stock prices do not change because there are no transactions at all.

To avoid the short series problem, the bootstrap method was used [14]. The
bootstrap is a method for estimating the distribution of an estimator or test
statistic by treating the data as if they were the population of interest. In a
word, the bootstrap method allows us to ”make” long enough series required in
multifractality and self-similarity analysis, from the short ones.

The second problem, called a “daily zero return” problem, is more serious
than it may seem. The Baltic States and other Central and Eastern Europe
countries have “young” financial markets and they are still developing (small
emerging markets), financial instruments are hardly realizable and therefore
they are often non-stationary, and any assumptions or conclusions may be in-
adequate when speaking about longtime series. Stagnation effects are often
observed in young markets [2, 4]. In such a case, the number of daily zero
returns can reach 89% . A new kind of model should be developed and ana-
lyzed, i.e., we have to include one more additional condition into the model –
the daily stock return is equal to zero with a certain (rather high) probability
p. Anyway, this problem may be solved by extending a continuous model to the
mixed one, where daily returns equal to zero are excluded from the series when
estimating the stability parameters. The series of non-zero returns are fitted
to the stable distribution. Stable parameters are estimated by the maximal
likelihood method. Goodness of fit is verified by the Anderson-Darling distribu-
tional adequacy test. The stability is also tested by the homogeneity test, based
on the fundamental property of stable laws. Unfortunately, because of strong
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passivity, continuous distribution fitting tests (Anderson-Darling, Kolmogorov-
Smirnov, etc) are hardly applicable. An improvement based on mixed distri-
butions is proposed and its adequacy in the Baltic States market is tested. In
this dissertation the Koutrouvelis goodness-of-fit, test based on the empirical
characteristic function and modified χ2 (Romanovski) test, was used.

When constructing a financial portfolio, it is essential to determine relation-
ships between different stock returns. In the classical economics and statistics
(the data have finite first and second moments), the relationship between ran-
dom variables (returns) is characterized by covariance or correlation. However
under the assumption of stability (sets of stock returns are modeled by sta-
ble laws), covariance and correlation (Pearson correlation coefficient) cannot
be applied, since the variance (if the index of stability α < 2) and the mean
(if the index of stability α < 1) do not exist. In this case, we can apply rank
correlation coefficients (ex. Spearman or Kendall [17, 18]) or the contingency co-
efficient. Under the assumption of stability, it is reasonable to apply generalized
covariance coefficients – covariation or codifference. Therefore the generalized
Markowitz problem is solved taking the generalized relationship measures (co-
variation, codifference [30]). It has been showed that the implementation of
codifference between different stocks greatly simplifies the construction of the
portfolio.

Typical characteristics of the passivity phenomenon are constancy periods
of stock prices. The dissertation deals with the distributional analysis of con-
stancy period lengths. Empirical study of 69 data series from the Baltic states
market and modeling experiments have showed that constancy period lengths
are distributed by the Hurwitz zeta distribution instead of geometrical distri-
bution. An improved mixed stable model with dependent states of stock price
returns is proposed.

2 The object of research

The objects of this research are the historical data of financial securities (stock,
equity, currency exchange rates, financial indices, etc.), statistical models of
stock returns, parameter estimation methods, effects of self-similarity and mul-
tifractality, and algorithms of financial portfolio selection.

In this paper, data series of the developed and emerging financial markets
are used as an example. The studied series represent a wide spectrum of stock
market. Information that is typically (finance.yahoo.com, www.omxgroup.com,
etc.) included into a financial database is [34]:

• Unique trade session number and
date of trade;

• Stock issuer;

• Par value;

• Stock price of last trade;

• Opening price;

• High - low price of trade;

• Average price;
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• Closure price;

• Price change % ;

• Supply – Demand;

• Number of Central Market (CM)
transactions;

• Volume;

• Maximal – Minimal price in 4
weeks;

• Maximal – Minimal price in 52
weeks;

• Other related market informa-
tion.

We use here only the closure price, because we will not analyze data as a
time series and its dependence. We analyzed the following r.vs

Xi =
Pi+1 − Pi

Pi

where P is a set of stock prices. While calculating such a variable, we transform
data (Figure 2) from price to return.

The length of series is very different starting from 1566 (6 years, NASDAQ)
to 29296 (107 years, DJTA). Also very different industries are chosen, to repre-
sent the whole market. The Baltic States (64 companies) series studied represent
a wide spectrum of the stock market (the whole Baltic Main list and Baltic I-
list). The length of series is very different, starting from 407 to 1544. The
average of data points is 1402. The number of zero daily stock returns differs
from 12% to 89% , on the average 52% .

Almost all the data series are strongly asymmetric (γ̂1), and the empirical
kurtosis (γ̂2) shows that density functions of the series are more peaked than
that of Gaussian. That is why we make an assumption that Gaussian models
are not applicable to these financial series.

3 The stable distributions and an overview of
their properties

We say [29, 30] that a r.v. X is distributed by the stable law and denote

Figure 2: Data transformation
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X
d=Sα(σ, β, µ) ,

where Sα is the probability density function, if a r.v. has the characteristic
function:

φ(t) =
{

exp
{
−σα · |t|α ·

(
1− iβsgn(t) tan(πα2 )

)
+ iµt

}
, if α 6= 1

exp
{
−σ · |t| ·

(
1 + iβsgn(t) 2

π · log |t|
)

+ iµt
}
, if α = 1 .

Each stable distribution is described by 4 parameters: the first one and most
important is the stability index α ∈(0;2], which is essential when characterizing
financial data. The others, respectively are: skewness β ∈ [−1, 1], a position
µ ∈ R, the parameter of scale σ > 0.

The probability density function is

p(x) =
1

2π

+∞∫
−∞

φ(t) · exp(−ixt)dt.

In the general case, this function cannot be expressed as elementary func-
tions. The infinite polynomial expressions of the density function are well
known, but it is not very useful for Maximal Likelihood estimation because
of infinite summation of its members, for error estimation in the tails, and so
on. We use an integral expression of the PDF in standard parameterization

p(x, α, β, µ, σ) =
1
πσ

∞∫
0

e−t
α

· cos
(
t ·
(
x− µ
σ

)
− βtα tan

(πα
2

))
dt.

It is important to note that Fourier integrals are not always convenient to
calculate PDF because the integrated function oscillates. That is why a new
Zolotarev formula is proposed which does not have this problem:

p(x, α, β, µ, σ) =


α| x−µσ |

1
α−1

2σ·|α−1|

1∫
−θ
Uα(ϕ, θ) exp

{
−
∣∣x−µ
σ

∣∣ a
α−1Uα(ϕ, θ)

}
dϕ, if x 6= µ

1
πσ · Γ

(
1 + 1

α

)
· cos

(
1
α arctan

(
β · tan

(
πα
2

)))
, if x = µ

Uα(ϕ, ϑ) =

(
sin
(
π
2α(ϕ+ ϑ)

)
cos
(
πϕ
2

) ) α
1−α

·

(
cos
(
π
2 ((α− 1)ϕ+ αϑ)

)
cos
(
πϕ
2

) )
,

where θ = arctan
(
β tan πα

2

)
2
απ · sgn(x− µ).

If µ=0 and σ=1, then p(x, α, β) = p(−x, α,−β).
A stable r.v. has a property, tat may be expressed in two equivalent forms:
If X1, X2,. . . , X n are independent r.vs. distributed by Sα(σ, β, µ), then

n∑
i=1

Xi will be distributed by Sα(σ · n1/a, β, µ · n).
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Figure 3: Logarithm of the probability density function S1.5(1, 0, 0)

If X1, X2,. . . , X n are independent r.vs. distributed by Sα(σ, β, µ), then

n∑
i=1

Xi
d=
{
n1/α ·X1 + µ · (n− n1/α), ifα 6= 1
n ·X1 + 2

π · σ · β · n lnn, ifα = 1
.

One of the most fundamental stable law statements is as follows.
Let X1, X2,. . . ,Xn be independent identically distributed random variables

and

ηn =
1
Bn

n∑
k=1

Xk +An,

where Bn¿0 and An are constants of scaling and centering. If Fn(x) is a cu-
mulative distribution function of r.v. ηn, then the asymptotic distribution of
functions Fn(x), as n→∞, may be stable and only stable. And vice versa: for
any stable distribution F (x), there exists a series of random variables, such that
Fn(x) converges to F (x), as n→∞.

The pth moment E|X|p =
∫∞
0
P (|X|p > y)dy of the random variable X

exists and is finite only if 0 < p < α. Otherwise, it does not exist.
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3.1 Stable processes

A stochastic process {X(t), t ∈ T} is stable if all its finite dimensional distribu-
tions are stable [30].

Let {X(t), t ∈ T} be a stochastic process. {X(t), t ∈ T} is α-stable if and

only if all linear combinations
d∑
k=1

bkX(tk) (here d ≥1 t1, t2, . . . , td ∈ T, b1, b2,. . . ,bd

– real) are α-stable. A stochastic process {X(t), t ∈ T} is called the (standard)
α-stable Levy motion if:

1. X(0) = 0 (almost surely);

2. {X(t): t ≥0} has independent increments;

3. X(i)−X(s) ∼ Sα((t− s)1/α, β, 0), for any 0 < s < t <∞ and 0 < α ≤ 2,
−1 < β < 1.

Note that the α-stable Levy motion has stationary increments. As α = 2,
we have the Brownian motion.

3.2 Parameter Estimation Methods

The problem of estimating the parameters of stable distribution is usually
severely hampered by the lack of known closed form density functions for al-
most all stable distributions [3]. Most of the methods in mathematical statistics
cannot be used in this case, since these methods depend on an explicit form of
the PDF. However, there are numerical methods that have been found useful in
practice and are described below. Given a sample x1,. . . ,xn from the stable law,
we will provide estimates α̂, β̂,µ̂, and σ̂of α, β, µ, and σ. Also, some empirical
methods were used:

• Method of Moments (empirical CF);

• Regression method.

3.2.1 Comparison of estimation methods

We simulated a sample of 10 thousand members with the parameters α = 1.75,
β = 0.5, µ = 0 and σ = 1. Afterwards we estimated the parameters of a stable
random variable with different estimators. All the methods are decent, but the
maximal likelihood estimator yields the best results. From the practical point-
of-view, MLM is the worst method, because it is very time-consuming. For large
sets (∼10.000 and more) we suggest using the regression (or moments) method
to estimate α, β and σ, then estimate µ by MLM (optimization only by µ).
As a starting point you should choose α, β, σ and sample mean, if α > 1 and
a median, otherwise, for µ. For short sets, use MLM with any starting points
(optimization by all 4 parameters).
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3.3 A mixed stable distribution model

Let Y ∼ B(1, p) and X ∼ Sa [2]. Let a mixed stable r. v. Z take the value
0 with probability 1 if Y = 0, else Y = 1 and Z = X. Then we can write the
distribution function of the mixed stable distribution as

P (Z < z) = P (Y = 0) · P (Z < z|Y = 0) + P (Y = 1) · P (Z < z|Y = 1)
= p · ε(z) + (1− p) · Sα(z) (1)

where ε(x) =
{

0, x ≤ 0
1, x > 0 , is the cumulative distribution function (CDF) of

the degenerate distribution. The PDF of the mixed-stable distribution is

f(x) = p · δ(x) + (1− p) · pα(x),

where δ(x) is the Dirac delta function.

3.3.1 Cumulative density, probability density and characteristic func-
tions of mixed distribution

For a given set of returns {x1, x2, · · · , xn}, let us construct a set of nonzero
values {x̄1, x̄2, · · · , x̄n−k}. The equity ZMP1L (Žemaitijos pienas), from Vilnius
stock exchange is given as an example (p=0,568). Then the likelihood function
is given by

L(x̄, θ, p) ∼ (1− p)kpn−k
n−k∏
i=1

pα(x̄i, θ) (2)

where θ is the vector of parameters (in the stable case, θ = (α, β, µ, σ)). The
function (1 − p)kpn−kis easily optimized: pmax = n−k

n . So we can write the
optimal CDF as

F (z) =
n− k
n

Sα(z, θmax) +
k

n
ε(z), (3)

where the vector θmax of parameters is estimated with nonzero returns.
The probability density function

p(z) =
n− k
n

pα(z, θmax) +
k

n
δ(z). (4)

Finally we can write down and plot (Figure 6) the characteristic function
(CF) of the mixed distribution.

φmix(t) =
n− k
n
· φ(t) +

k

n

The empirical characteristic function φ̂(t,X) = 1
n

n∑
j=1

eitXj .
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Figure 4: CDF of ZMP1L

Figure 5: PDF and a histogram of ZMP1L
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Figure 6: Empirical, Gaussian, Stable mixed, and Stable continuous CF of
ZMP1L

Table 1: Results of goodness-of-fit tests (accepted/rejected cases)
Fit
Method

Gaussian mixed Gaussian stable mixed stable

Modified χ2 0/64 7/64 0/64 52/64
Empirical CF 0/64 0/64 12/64 52/64
Anderson – Darling 0/64 - 0/64 -

3.3.2 Mixed model adequacy

There arises a problem when we are trying to test the adequacy hypothesis for
these models. Since we have a discontinuous distribution function, the classic
methods (Kolmogorov–Smirnov, Anderson-Darling) do not work for the contin-
uous distribution, and we have to choose a goodness–of–fit test based on the
empirical characteristic function [20, 21], or to trust a modified χ2 (Romanovski)
method [18]. The results (see Table 1) of both methods are similar (match in
48 cases).

The CF-based test of Brown and Saliu [6] is not so good (89% of all cases were
rejected, since they are developed for symmetric distributions). A new stability
test for asymmetric (skewed) alpha-stable distribution functions, based on the
characteristic function, should be developed, since the existing tests are not
reliable. Detailed results of stable-mixed model fitting are given in Table 2.

One can see that when the number of “zeros” increases, the mixed model
fits the empirical data better.

A mixed-stable model of returns distribution was proposed. Our results show
that this kind of distribution fits the empirical data better than any other. The
implementation of this model is hampered by the lack of goodness-of-fit tests
for discontinuous distributions. Since adequacy tests for continuous distribution
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Table 2: Mixed model fit dependence on the number of zeros in series
Number of
“zeros”

Number of
such series

Fits mixed model
(χ2, % )

Fits mixed model
(Empirical CF, % )

0,1-0,2 2 100 100
0,2-0,3 2 100 100
0,3-0,4 8 25,00 25,00
0,4-0,5 17 64,71 94,12
0,5-0,6 14 71,43 100
0,6-0,7 15 86,67 100
0,7-0,8 4 100 100
0,8-0,9 2 100 100

functions cannot be implemented, the tests, based on the empirical characteristic
function and a modified χ2 test, are used.

3.4 Modeling of stagnation intervals in emerging stock
markets

We analyzed the following r.vs Xi = 0 , if Pi+1 = Pi and Xi = 1 , if Pi+1 6= Pi ,
where {Pi} is a set of stock prices and {Xi} is set of discrete states, representing
behavior of stock price (change=1 or not=0).

3.4.1 Empirical study of lengths distribution of zero state runs

Theoretically if states are independent (Bernoulli scheme), then the series of
lengths of zero state runs should be distributed by geometrical law. However,
the results of empirical tests do not corroborate this assumption. We have fitted
the series distribution of lengths of zero state runs by discrete laws (generalized
logarithmic, generalized Poisson, Hurwitz zeta, generalized Hurwitz zeta, dis-
crete stable). The probability mass function of Hurwitz zeta law is

P (ξ = k) = νs,q (k + q)−s ,

where νs,q =
( ∞∑
i=0

(i+ q)−s
)−1

, k ∈ N ,q¿0, s¿1. The parameters of all discrete

distributions were estimated by the maximal likelihood method.

3.4.2 Transformation and distribution fitting

First of all, we will show how financial data from the Baltic States market are
transformed to subsets length of zero state series and then we will fit each of
the discrete distributions mentioned in above section. Carvalho, Angeja and
Navarro have showed that data in network engineering fit the discrete logarith-
mic distribution better than the geometrical law. So we intend to test whether
such a property is valid for financial data from the Baltic States market.
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Figure 7: Data transformation

Table 3: Distribution of zero state series
Signi-
ficance
level

Hurwitz
zeta

Generalized
Hurwitz
zeta

Generalized
logarithmic

Discrete
stable

Poissson Generalized
Poissson

Geomet-
rical

0.01 94.74% 96.49% 63.16% 26.32% 0.00% 1.75% 1.75%
0.025 91.23% 91.23% 50.88% 22.81% 0.00% 1.75% 1.75%
0.05 87.72% 84.21% 42.11% 17.54% 0.00% 1.75% 1.75%
0.1 80.70% 78.95% 31.58% 12.28% 0.00% 1.75% 1.75%

A set of zeros between two units is called a run. The first run is a set of
zeros before the first unit and the last one after the last unit. The length of
the run is equal to the number of zeros between two units. If there are no zeros
between two units, then such an empty set has zero length (Fig. 7).

To transform our data (from the state series, e.g., 010011101011100110)
the two following steps should be taken: (a) extract the zero state runs (e.g.,
0,00,0,0,000,0) from the states series; (b) calculate the length of each run (1,2,0,0,
1,1,0,0,3,0,1,). After the transformation, we estimated the parameters of each
discrete distribution mentioned above and tested the nonparametric χ2 distri-
bution fitting hypothesis.

As mentioned above, theoretically this series should be distributed by ge-
ometrical law, however, from Table 3 we can see that other laws fit our data
(57 series) much better. It means that zero state series from the Baltic States
market are better described by the Hurwitz zeta distribution.

This result allows us to assume that zero-unit states are not purely inde-
pendent. The Wald–Wolfowitz runs test [22] corroborates this assumption for
almost all series from the Baltic States market. The inner series dependence
was tested by the Hoel [15] criterion on the order of the Markov chain. It has
been concluded that there are no zero order series or Bernoulli scheme series.
95% of given series are 4th-order Markov chains with φ=0.1% significance level.
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Figure 8: Simulation of passive stable series

3.4.3 The mixed stable model with dependent states

Since the runs test rejects the randomness hypothesis of the sequence of states,
the probability of states (zeros and ones) depends on the position in the se-
quence. If the lengths of states sequences are distributed by Hurwitz zeta law,
then the probabilities of states are

P (Xn = 1|..., Xn−k−1 = 1, Xn−k = 0, ..., Xn−1 = 0︸ ︷︷ ︸
k

) =
pk

1−
k−1∑
j=0

pj

, n ∈ N, k ∈ Z0,

where pk are probabilities of Hurwitz zeta law; P (X0=1) = p0. It should be
noted that P (Xn = 0|...) = 1− P (Xn = 1|...), n, k ∈ Z0 .

With the probabilities of states and distribution of nonzero returns we can
generate sequences of stock returns (interchanging in the state sequence units
with a stable r.v.) see Fig. 8.

So, the mixed-stable modeling with dependent states is more advanced than
that with independent (Bernoulli) states, it requires parameter estimation by
both the stable (α, β, µ, σ) and Hurwitz zeta (q, s) law.

4 Analysis of stability

Examples of stability analysis can be found in the works of Rachev [5, 16, 31]
and Weron [35]. In the latter paper, Weron analyzed the DJIA index (from
1985-01-02 to 1992-11-30, 2000 data points in all). The stability analysis was
based on the Anderson–Darling criterion and by the weighted Kolmogorov cri-
terion (D‘Agostino), the parameters of stable distribution were estimated by
the regression method proposed by Koutrouvelis [19]. The author states that
DJIA characteristics perfectly correspond to stable distribution.

Almost all data series are strongly asymmetric (γ̂1), and the empirical kur-
tosis (γ̂2) shows that density functions of series are more peaked than Gaussian.
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Figure 9: Distribution of α and β (developed markets)

That is why we make an assumption that Gaussian models are not applicable
to these financial series. The distribution (Figure 9) of α and β estimates shows
that usually α is over 1.5 and for sure less than 2 (this case 1.8) for financial
data.

Now we will verify two hypotheses: the first one – H1
0 is our sample (with

empirical mean µ̂ and empirical variance σ̂) distributed by the Gaussian dis-
tribution. The second – H2

0 is our sample (with parameters α, β,µ and σ)
distributed by the stable distribution. Both hypotheses are examined by two
criteria: the Anderson–Darling (A-D) method and Kolmogorov–Smirnov (K-S)
method. The first criterion is more sensitive to the difference between empiri-
cal and theoretical distribution functions in far quantiles (tails), in contrast to
the K-S criterion that is more sensitive to the difference in the central part of
distribution.

The A-D criterion rejects the hypothesis of Gaussianity in all cases with the
confidence level of 5% . Hypotheses of stability fitting were rejected only in 15
cases out of 27, but the values of criteria, even in the rejected cases, are better
than that of the Gaussian distributions.

To prove the stability hypothesis, other researchers [13, 25] applied the
method of infinite variance, because non–Gaussian stable r.vs has infinite vari-
ance. The set of empirical variances S2

n
of the random variable X with infinite

variance diverges.
Let x1,. . .xn be a series of i.i.d.r.vs X. Let n ≤ N < ∞ and x̄n be the

mean of the first n observations, S2
n = 1

n

n∑
i=1

(xi − x̄n)2, 1 ≤ n ≤ N . If a
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Figure 10: Series of empirical variance of the MICROSOFT company (13-03-86
– 27-05-05)

distribution has finite variance, then there exists a finite constant c¡∞ such that
1
n

n∑
i=1

(xi − x̄n)2 → c (almost surely), as n→∞. And vice versa, if the series is

simulated by the non–Gaussian stable law, then the series S2
n

diverges. Fofack
[11] has applied this assumption to a series with finite variance (standard normal,
Gamma) and with infinite variance (Cauchy and totally skewed stable). In the
first case, the series of variances converged very fast and, in the second case,
the series of variances oscillated with a high frequency, as n → ∞. Fofack and
Nolan [12] applied this method in the analysis of distribution of Kenyan shilling
and Morocco dirham exchange rates in the black market. Their results allow us
to affirm that the exchange rates of those currencies in the black market change
with infinite variance, and even worse – the authors state that distributions of
parallel exchange rates of some other countries do not have the mean (α¡1 in
the stable case). We present, as an example, a graphical analysis of the variance
process of Microsoft corporation stock prices returns (Figure 10).

The columns in this graph show the variance at different time intervals, the
solid line shows the series of variances S2

n
. One can see that, as n increases,

i.e. n → ∞, the series of empirical variance S2
n

not only diverges, but also
oscillates with a high frequency. The same situation is for mostly all our data
sets presented.
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4.1 Stability by homogeneity of the data series and aggre-
gated series

The third method to verify the stability hypothesis is based on the fundamental
statement. Suppose we have an original financial series (returns or subtraction
of logarithms of stock prices) X1, X2,. . . ,Xn. Let us calculate the partial sums

Y1,Y2,. . . ,Y[n/d], where Yk =
k·d∑

i=(k−1)·d+1

Xi, k=1. . . [n/d], and d is the number

of sum components (freely chosen). The fundamental statement implies that
original and derivative series must be homogeneous. Homogeneity of original
and derivative (aggregated) sums was tested by the Smirnov and Anderson
criteria (ω2).

The accuracy of both methods was tested with generated sets, that were
distributed by the uniform R(−1,1), Gaussian N(0,1/

√
3), Cauchy C(0,1) and

stable S1.75(1, 0.25, 0) distributions. Partial sums were scaled, respectively, by√
d,
√
d, d, d1/1.75. The test was repeated for a 100 times. The results of this

modeling show that the Anderson criterion (with confidence levels 0.01, 0.05
and 0.1) is more precise than that of Smirnov with the additional confidence
level.

It should be noted that these criteria require large samples (of size no less
than 200), that is why the original sample must be large enough. The best
choice would be if one could satisfy the condition n/d > 200.

The same test was performed with real data of the developed and emerging
markets, but homogeneity was tested only by the Anderson criterion. Partial
series were calculated by summing d = 10 and 15 elements and scaling with
d1/α.

One may draw a conclusion from the fundamental statement that for inter-
national indexes ISPIX, AMEX, BP, FCHI, COCA, GDAXI, DJC, DJ, DJTA,
GE, GM, IBM, LMT, MCD, MER, MSFT, NIKE, PHILE, S&P and SONY the
hypothesis on stability is acceptable.

4.2 Self–similarity and multifractality

As mentioned before, for a long time it has been known that financial series are
not properly described by normal models [31, 32]. Due to that, there arises a
hypothesis of fractionallity or self–similarity. The Hurst indicator (or exponent)
is used to characterize fractionallity. The process with the Hurst index H = 1/2
corresponds to the Brownian motion, when variance increases at the rate of

√
t,

where t is the amount of time. Indeed, in real data this growth rate (Hurst
exponent) is higher. As 0.5 < H ≤ 1, the Hurst exponent implies a persistent
time series characterized by long memory effects, and when 0 ≤ H < 0.5, it
implies an anti-persistent time series that covers less distance than a random
process. Such behavior is observed in mean – reverting processes[32].

There are a number of different, in equivalent definitions of self-similarity
[33]. The standard one states that a continuous time process Y = {Y (t), t ∈ T}
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Figure 11: Self-similar processes and their relation to Levy and Gaussian pro-
cesses

is self-similar, with the self-similarity parameter H(Hurst index), if it satisfies
the condition:

Y (t) d=a−HY (at), ∀t ∈ T, ∀a > 0, 0 ≤ H < 1, (5)

where the equality is in the sense of finite-dimensional distributions. The canon-
ical example of such a process is Fractional Brownian Motion (H = 1/2 ). Since
the process Y satisfying (5) can never be stationary, it is typically assumed to
have stationary increments [8].

Figure 11 shows that stable processes are the product of a class of self-similar
processes and that of Levy processes [9]. Suppose a Levy process X = {X(t), t ≥
0}. Then X is self-similar if and only if each X(t) is strictly stable. The index
α of stability and the exponent H of self-similarity satisfy α = 1/H.

Consider the aggregated series X(m), obtained by dividing a given series of
length N into blocks of length m and averaging the series over each block.

X(m)(k) =
1
m

km∑
i=(k−1)m+1

Xi,here k = 1, 2 . . . [N/m].

Self-similarity is often investigated not through the equality of finite-dimensional
distributions, but through the behavior of the absolute moments. Thus, consider
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AM (m)(q) = E

∣∣∣∣∣ 1
m

m∑
i=1

X(i)

∣∣∣∣∣
q

=
1
m

m∑
k=1

∣∣∣X(m)(k)− X̄
∣∣∣q

If X is self-similar, then AM (m)(q) is proportional to mβ(q), which means
that lnAM (m)(q) is linear in lnm for a fixed q:

lnAM (m)(q) = β(q) lnm+ C(q). (6)

In addition, the exponent β(q) is linear with respect to q. In fact, since
X(m)(i) d=m1−HX(i), we have

β(q) = q(H − 1) (7)

Thus, the definition of self-similarity is simply that the moments must be
proportional as in (6) and that β(q) satisfies (7).

This definition of a self-similar process given above can be generalized to that
of multifractal processes. A non-negative process X(t) is called multifractal
if the logarithms of the absolute moments scale linearly with the logarithm
of the aggregation level m. Multifractals are commonly constructed through
multiplicative cascades [10]. If a multifractal can take positive and negative
values, then it is referred to as a signed multifractal (the term “multiaffine”
is sometimes used instead of “signed multifractal”). The key point is that,
unlike self-similar processes, the scaling exponent β(q) in (6) is not required
to be linear in q. Thus, signed multifractal processes are a generalization of
self-similar processes. To discover whether a process is (signed) multifractal or
self-similar, it is not enough to examine the second moment properties. One
must analyze higher moments as well.

However this method is only graphical and linearity is only visual.
Finally, only 9 indices are self-similar: ISPX, AMEX, FCHI, GDAXI, DJC,

DJ, DJTA, NIKKEI, S&P.

Hurst exponent estimation. There are many methods to evaluate this in-
dex, but in literature the following are usually used [33]:

• Time-domain estimators,

• Frequency-domain/wavelet-domain estimators,

The methods: absolute value method (absolute moments), variance method
(aggregate variance), R/S method and variance of residuals are known as time
domain estimators. Estimators of this type are based on investigating the power
law relationship between a specific statistic of the series and the so-called ag-
gregation block of size m.

The following three methods and their modifications are usually presented
as time-domain estimators:

Periodogram method;
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Whittle;
Abry-Veitch (AV).
The methods of this type are based on the frequency properties of wavelets.
All Hurst exponent estimates were calculated using SELFIS software, which

is freeware and can be found on the web page http://www.cs.ucr.edu/∼tkarag.

4.3 Multifractality and self-similarity in the financial mar-
kets

In the case of The Baltic States and other Central and Eastern Europe financial
markets, the number of daily zero returns can reach 89% . Anyway, this prob-
lem may be solved by extending a continuous model to the mixed one, where
daily returns equal to zero are excluded from the series when estimating the
stability parameters. The series of non-zero returns are fitted to the stable dis-
tribution. Stable parameters are estimated by the maximal likelihood method.
Goodness-of-fit is verified by the Anderson-Darling distributional adequacy test.
The stability is also tested by the homogeneity test, based on the fundamen-
tal property of stable laws. The summation scheme is based on the bootstrap
method in order to get larger series. Multifractality and self-similarity are in-
vestigated through the behavior of the absolute moments. The Hurst analysis
has been made by the R-S method.

We have investigated 26 international financial series focusing on the issues
of stability, multifractality, and self-similarity. It has been established that
the hypothesis of stability was ultimately rejected in 14.81% cases, definitely
stable in 22.22% , and the rest are doubtful. It is important to note that, even
in the case of rejection, the value of the A-D criterion was much better for
stability testing than for the test of Gaussian distribution. No series was found
distributed by the Gaussian law.

The stable model parameters were estimated by the maximal likelihood
method. The stability indexes of stable series are concentrated between 1.65
and 1.8, which confirms the results of other authors that the stability param-
eter of financial data is over 1.5. Asymmetry parameters are scattered in the
area between -0.017 and 0.2.

The investigation of self-similarity has concluded that only 66.67% of the
series are multifractal and the other 33.33% concurrently are self-similar.

The Hurst analysis has showed that the methods of R/S and Variance of
Residuals are significant in the stability analysis. Following these two methods,
Hurst exponent estimates are in the interval H ∈ (0.5; 0.7), which means that
the stability index α ∈ (1.42; 2). If the Hurst exponent is calculated by the R/S
method, H ∈ (0.5; 0.6), then α ∈ (1.666; 2).

The stable models are suitable for financial engineering; however the analysis
has shown that not all (only 22% in our case) the series are stable, so the model
adequacy and other stability tests are necessary before model application. The
studied series represent a wide spectrum of stock market, however it should be
stressed that the research requires a further continuation: to extend the models.
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The analysis of stability in the Baltic States market has showed that 49
series of 64 are multifractal and 8 of them are also self-similar. If we removed
zero returns from the series, there would be 27 multifractal series, concurrently
9 of them are self-similar.

5 Relationship measures

In constructing a financial portfolio it is essential to determine relationships
between different stock returns [28]. However, under the assumption of stabil-
ity (sets of stock returns are modeled by stable laws), the classical relationship
measures (covariance, correlation) cannot be applied. Therefore the general-
ized Markowitz problem is solved by generalized relationship measures (covari-
ation, codifference). We show that implementation of the codifference between
different stocks greatly simplifies the construction of the portfolio. We have
constructed optimal portfolios of ten Baltic States stocks.

In the classical economic statistics (when the distributional law has two first
moments, i.e., mean and variance), relations between two random variables (re-
turns) are described by covariance or correlation. But if we assume that financial
data follow the stable law (empirical studies corroborate this assumption), co-
variance and especially correlation (Pearson) cannot be calculated. In case when
the first (α < 1) and the second (α < 2) moments do not exist, other correlation
(rank, e.g., Spearmen, Kendall, etc. [17]) and contingency coefficients are pro-
posed. However, in the portfolio selection problem Samorodnitsky and Taqqu
suggest better alternatives, even when mean and variance do not exist. They
have proposed alternative relation measures: covariation and codifference.

If X1 and X2 are two symmetric i.d. [30] (with α1 = α2 = α) stable random
variables, then the covariation is equal to

[X1, X2]α =
∫
S2

s1s
〈α−1〉
2 Γ (ds),

where α¿1 , y〈α〉 = |y|αsign (α) and Γ is a spectral measure of (X1, X2).
In such a parameterization, the scale parameter σαX1

of symmetric stable r.v.
can be calculated from [X1, X1]α = σαX1

. If α = 2 (Gaussian distribution), the
covariation is equal to half of the covariance [X1, X2]2 = 1

2Cov (X1, X2) and
[X1, X1]2 = σ2

X1
becomes equal to the variance of X1. However, the covariation

norm of X ∈ Sα (α¿1) can be calculated as ‖X‖ = ([X,X]α)1/α . If X ∼
Sα (σ, 0, 0) (SαS case), then the norm is equivalent to the scale parameter of the
stable distribution ‖X‖α = σ .

In general case [27] the codifference is defined through characteristic func-
tions

codX,Y = ln (E exp{i(X − Y ))})− ln (E exp{iX})− ln (E exp{−iY })
= ln

(
E exp{i(X−Y )}

E exp{iX}·E exp{−iY }

)
= ln

(
φX−Y
φX ·φ−Y

)
,
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or empirical characteristic functions

codX,Y = ln


n ·

n∑
j=1

ei(Xj−Yj)

n∑
j=1

eiXj ·
n∑
j=1

e−iYj


The codifference of two symmetric (SαS ) r.vs X and Y (0 < α ≤ 2) can be

expressed through the scale parameters

codX,Y = ‖X‖αα + ‖Y ‖αα − ‖X − Y ‖
α
α

If α = 2, then codX,Y = Cov (X,Y ) .
Samorodnitsky and Taqqu have showed that(

1− 2α−1
)

(‖X‖αα + ‖Y ‖αα) ≤ codX,Y ≤ ‖X‖αα + ‖Y ‖αα,

here 1 ≤ α ≤ 2, and, if we normalize (divide by ‖X‖αα + ‖Y ‖αα ), we will get a
generalized correlation coefficient.

In the general case [27], the following inequalities

(
1− 2α−1

)
ln
(

1
E exp{iX}·E exp{−iY }

)
≤ codX,Y

= ln
(

E exp{i(X − Y )}
E exp{iX} · E exp{−iY }

)
≤ ln

(
1

E exp{iX} · E exp{−iY }

)
are proper, and if we divide both sides by ln (E exp{iX} · E exp{−iY }), we

will get the following system of inequalities for the correlation coefficient

(
1− 2α−1

)
≤ corrX,Y =

ln
(
E exp{iX}·E exp{−iY }

E exp{i(X−Y )}

)
− ln (E exp{iX} · E exp{−iY })

≤ 1

If 0 < α ≤ 1 this correlation coefficient is only non-negative, and if α =
2, β = 0 , then −1 ≤ corrX,Y = ρX,Y ≤ 1 is equivalent to the Pearson
correlation coefficient.

5.1 Significance of codifference

The significance of the Pearson correlation coefficient is tested using Fisher
statistics, and that of Spearmen and Kendall coefficients, respectively, are tested
using Student and Gaussian distributions. But likely that there are no codiffer-
ence significance tests created. In such a case, we use the bootstrap method (one
of Monte-Carlo style methods). The following algorithm to test the codifference
significance is proposed:
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1. Estimate stable parameters (α, β, σ and µ) and stagnation probability p
of all equity returns series;

2. Estimate relation matrix of measure ρ (covariation or codifference) for
every pair of equities series;

3. Test the significance of each ρij by the bootstrap method:

i. generate a pair of two ith and jth mixed-stable (with estimated pa-
rameters) series, and proceed to the next step;

ii. calculate the kth relation measure ρkij , between the ith and jth series;

iii. repeat (i) and (ii) steps for k = 1, ..., N (for example, 10000) times;

iv. construct ordered series of estimates ρ(k)
ij ;

v. if ρ([N ·0.025])
ij ≤ ρij ≤ ρ

([N ·0.975])
ij , then the significance of ρij is rejected

with the confidence level 0.05, i.e., it is assumed that ρij = 0 .

vi. repeat 3i–3v steps for each pair of equities i and j.

Covariation and codifference are calculated for ten equities with the longest
series (MNF1L, LDJ1L, VNF1R, NRM1T, MKO1T, GZE1R, ETLAT, VNG1L,
SNG1L, TEO1L). The correlation tables are presented for the series of equalized
length 1427.

However, in portfolio the theory covariance (or equivalent measure) is more
useful, since in that case, there is no need to know the variance. The generalized
covariance tables are calculated for previously mentioned series.

6 Conclusions

Parameter estimation methods and software has been developed for models
with asymmetric stable distributions. The efficiency of estimation methods was
tested by simulating the series. Empirical methods are more effective in time,
but the maximal likelihood method (MLM) is more effective (for real data) in
the sense of accuracy (Anderson-Darling goodness-of-fit test corroborate that).
It should be noted that MLM is more sensitive to changes of the parameters α
and σ.

Empirical parameters of the Baltic States series and developed market series
(respectively 64 and 27 series) have been estimated. Most of the series are very
asymmetric (0.1 < |γ1| < 30), and the empirical skewness (γ2 6= 0) suggests
that the probability density function of the series is more peaked and exhibits
fatter tails than the Gaussian one. The normality hypothesis is rejected by the
Anderson-Darling and Kolmogorov-Smirnov goodness-of-fit tests.

Distribution of the stability parameter α and asymmetry parameter β in the
series of developed markets shows, that usually 1.5 < α < 2 and the parameter
β is small. Distribution of the stability parameter in the series of the Baltic
States market (full series) shows that usually α is lower than 1.5 and close to 1.
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But if we remove the zero returns from the series, the parameter α is scattered
near 1.5, while the parameter β is small usually, but positive.

An experimental test of the series homogeneity shows that for the stable
series with asymmetry, the Anderson test is more powerful than the Smirnov
one. The Anderson test for 27 series from the developed markets shows that 21
series are homogeneous with their aggregated series and only 2 series (64 at all)
from the Baltic States market (and only when the zero returns are removed)
are homogeneous with their aggregate series (they do not obey the fundamental
stable theorem).

The analysis of self-similarity and multifractality, by the absolute moments
method, indicates that all 27 series (from the developed markets) are multifrac-
tal and concurrently 9 of them are self-similar. On the other hand, 49 series
(from the Baltic States market) are multifractal and 8 of them are also self-
similar, but if we remove the zero returns from the series, then remain only 27
multifractal and 9 self-similar series. This is because the series becomes too
short for multifractality analysis.

A mixed stable model of returns distribution in emerging markets has been
proposed. We introduced the probability density, cumulative density, and the
characteristic functions. Empirical results show that this kind of distribution
fits the empirical data better than any other. The Baltic States equity lists are
given as an example.

The implementation of the mixed-stable model is hampered by the lack of
goodness-of-fit tests for discontinuous distributions. Since adequacy tests for
continuous distribution functions cannot be implemented, the tests based on
the empirical characteristic function (Koutrouvelis) as well as modified χ2, are
used. The experimental tests have showed that, if the stability parameter α
and the number of zero returns are increasing, then the validity of the tests is
also increasing. 99% of the Baltic States series satisfy the mixed stable model
proposed (by the Koutrouvelis test).

The statistical analysis of the Baltic States equity stagnation intervals has
been made. Empirical studies showed that the length series of the state runs
of financial data in emerging markets are better described by the Hurwitz zeta
distribution, rather than by geometrical. Since series of the lengths of each
run are not geometrically distributed, the state series must have some internal
dependence (Wald-Wolfowitz runs test corroborates this assumption). A new
mixed-stable model with dependent states has been proposed and the formu-
las for probabilities of calculating states (zeros and units) have been obtained.
Adequacy tests of this model are hampered by inner series dependence.

The inner series dependence was tested by the Hoel [15] criterion on the
order of the Markov chain. It has been concluded that there are no zero order
series or Bernoulli scheme series. 95% of given series are 4th-order Markov
chains with φ = 0.1% significance level.

When constructing an optimal portfolio, it is essential to determine pos-
sible relationships between different stock returns. However, under the as-
sumption of stability (stock returns are modeled by mixed-stable laws) tra-
ditional relationship measures (covariance, correlation) cannot be applied, since
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(1, 27 < α < 1, 78). In such a case, covariation (for asymmetric r.v.) and cod-
ifference are offered. The significance of these measures can be tested by the
bootstrap method.

A wide spectrum of financial portfolio construction methods is known, but in
the case of series stability it is suggested to use a generalized Markowitz model.
The problem is solved by the generalized relationship measures (covariation,
codifference). Portfolio construction strategies with and without the codiffer-
ence coefficient matrix are presented. It has been shown that the codifference
application considerably simplifies the construction of the optimal portfolio.
Optimal stock portfolios (with 10 most realizable Baltic States stocks) with and
without the codifference coefficient matrix are constructed.
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