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Abstract

We consider classes of reward-risk optimization problems that arise from differ-
ent choices of reward and risk measures. In certain examples the generic problem
reduces to linear or quadratic programming problems. We state an algorithm based
on a sequence of convex feasibility problems for the general quasi-concave ratio
problem. We also consider reward-risk ratios that are appropriate in particular for
non-normal assets return distributions and are not quasi-concave.
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1 Introduction

An accepted theory of asset choice under uncertainty is expected utility. Expected utility
representation of agent’s preferences is present il there exists a function v € U such that
a random wealth X is preferred to a random wealth Y i and only if Fu(X) > Eu(Y).
The class U is characterized by investors’ preferences; for instance, if they are assumed
to be non-satiable and risk-averse, then U contains non-decreasing, concave functions.
The problem which an investor solves is selecting the random wealth maximizing his
expected utility. There are two basic approaches to the problem ol portiolio selection
under uncertainty stemming from this theory. One of them is the stochastic dominance
approach, based on the axiomatic model of risk-averse preferences. Unfortunately, the
optimization problems that arise are not easy to solve in practice. The other is reward-
risk analysis. According to it, the portiolio choice is made with respect to two criteria
— the expected portfolio return and portfolio risk. A portfolio is preferred to another
one if it has higher expected return and lower risk. There are convenient computational
recipes and geometric interpretations of the trade-off between the two criteria. A
disadvantage of the reward-risk analysis is that it cannot capture the richness of the
stochastic dominance approach. As a matter of fact, the relationship between the two
approaches is an ongoing research topic (see Hanoch and Levy (1969) and Ogryczak
and Ruszczynski (2001) and the references therein).

Related to the reward-risk analysis is the reward-risk ratio optimization. Since the
publication of the Sharpe ratio, see Sharpe (1966, 1994) and also Ziemba et al. (1974),
which is based on the mean-variance analysis, some new periormance measures such
as the STARR ratio, the Minimax measure, Sortino-Satchell ratio, Farinelli-Tibiletti
ratio and most recently the Rachev ratio, the Generalized Rachev ratio and the modified
Sharpe ratio have been proposed (for an empirical comparison, see Biglova et al. (2004),
Rachev et al. (2005) and the references therein). For additional information on the
modified Sharpe ratio, see Ziemba (2005). The new ratios take into account empirically
observed phenomena, that assets returns distributions are fat-tailed and skewed, by
incorporating proper reward and risk measures. For example, in Ziemba (1974) the
mean-dispersion ratio, which is an analogue of the Sharpe ratio, is derived as the proper
ratio assuming stock returns follow the heavy-tailed stable-Paretian distribution.

In this paper, we focus on general reward-risk ratio optimization. We begin with
a briel description of the Markowitz problem, the related Sharpe ratio optimization
and a formulation of a general reward-risk ratio problem. In Section 4, we develop a
simplification of the generic problem in the case ol positive homogeneous concave and
convex, reward and risk measures respectively under some technical conditions. We
show how some ratio optimization problems reduce to more simple ones in Sections
5 and 6. In Section 7, an algorithm for a general quasi-concave ratio problem is
considered. Finally, in the last two sections, we discuss the Rachev and Generalized
Rachev ratio.



2 The mean-variance analysis and the Sharpe ratio

The classical mean-variance framework introduced by Markowitz (1952, 1959) and de-
veloped further in Markowitz (1987) is the first proposed model of the reward-risk type
and we shall brielly describe it. Suppose that at time ¢, = 0 we have an investor who
can choose to invest among a universe ol n assets. Having made the decision, he keeps
the allocation unchanged until the moment ¢; when he can make another investment de-
cision based on the new information accumulated up to ¢;. The vector ol assets returns
r=(ry,...,r,)7 is stochastic with expected value Er = (Ery,...,Er,)T. The result of
the investment decision is a portiolio with composition w = (wy, ..., w,)T where w; is
the portiolio weight corresponding to the i-th item. The weights of all portiolio items
sum up to I, wle =" ,w; =1 where e = (1,1,...,1)T € R". The expected portiolio
return is

My = sz’Eﬁ' =wlEr.
i=1

A key point in Markowitz’s approach is that the standard deviation of portfolio return
o, is assumed to be the measure of risk. Let X = {cov(r;,r;)}7,_, be the covariance
matrix of the random asset returns, then

2 T
o, = E wywjicov(ry, ry) = w' Xw.

Z‘?j

Sometimes the investor faces certain exogenous constraints. For instance, a certain
subset of the assets is not allowed to constitute more than a given fraction of total
portfolio value. A portiolio that satisiies all constraints in the selection problem will be
called admissible or feasible. Where appropriate, we shall denote the set of all feasible
portiolios by X.

The main principle behind the mean-variance analysis' can be summarized briefly in
two ways:

1. From all feasible portiolios with a given upper bound on o,, Iind the ones that
have maximum expected return g,;

2. From all leasible portiolios with a given lower bound on p,, lind the ones that
have minimum risk op;

Behind the two formulations of the principle, we can find two optimization problems

max w!Er
subject to wle =1 (1)
wl'Yw < R*
Lb < Aw < Ub

'For a description, see for example Ziemba and Board (1996)
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and

min - w! Xw
subject to wle =1 (2)
wTEr > R,
Lb < Aw < Ub

where R* is the upper bound on portiolio risk, R, is the lower bound on portiolio
return, A € R¥" is a matrix, Lb € RF is a vector of lower bounds and Ub € RF
is a vector of upper bounds. The set of k double linear inequalities Lb < Aw < Ub
generalizes all exogenous constraints. The solution of Problem (1) or Problem (2)
represents the optimal portiolio or the portiolio that is most prelerable among the set
of all feasible portfolios. The originally proposed problem by Markowitz is Problem (2)
and it is known as the Markowitz problem. For the general dualty theorems of the type
of Problems (1) and (2), see Rachev and Riischendorf (1998). See also, Ziemba and
Vickson (2006). The optimal portfolio w® found in this way is a function of the imposed
bounds R* or R, depending on whether we consider Problem (1) or Problem (2). Let
us choose Problem (2) for the sake of being unambiguous. Then as we have explained
w® = w°(R,). Changing the parameter R, we obtain the set of all optimal portfolios,
or the mean-variance efficient set. We denote it with &,. The curve (w°T Er, w°T Xw®)
where w® € &, is called the efficient frontier.

There is a third way to arrive at the mean-variance elficient set by considering the
optimization problem

max w!Er — \w!'Xw

subject to  w’e =1 (3)
Lb < Aw < Ub

where A\ > 0 is a parameter. In this representation, the objective function w’ Er—\w? Xw
is interpreted as a utility function and A is called the risk-aversion parameter. Since it
is possible to show that the three problems are equivalent (see, for example, Ziemba
and Vickson (2006), Rockafellar and Uryasev (2002) and Palmquist et al. (2002)),
the mean-variance eflicient set can be obtained by the problem above via varying the
risk-aversion parameter.

Suppose that we have received the portiolios from the mean-variance efficient set
and that we can compare and choose among all of them. Are we indifferent towards all
these portiolios? We can compare them in terms of their expected return for a unit of
risk, that is we can compare the ratios

wl Er
SR = s )

for all portiolios w® € &,. We would prefer the portiolio with the highest ratio as it
provides the highest expected return for a unit of risk. That is we solve the problem
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Figure 1: The ellicient Irontier and the tangent portiolio. Here r; is a positive risk-iree
rate.

max wiEr (5)
wel A/ wTYw

Geometrically, the point on the elficient frontier that corresponds to the solution of
Problem (5) is where a straight line passing through the origin is tangent to the efficient
frontier (see Figure 1). The optimal portiolio received is called the tangent portfolio.
The optimal portiolio is known as the Markowitz market portfolio, or can also be called
tangent portfolio with zero risk-free rate (see Black (1972)). If the risk-free rate is
non-zero, then we maximize the excess return for a unit of risk, (w? Er —r;)/vVwTSw.
The solution is illustrated on Figure 1.

The ratio defined in equation (4) is a version of the reward-to-variability ratio called
the Sharpe ratio, hence the notation. It was first introduced to measure the performance
ol mutual funds and was originally proposed as the ratio between the expected excess
return (the expected return of the fund above a benchmark portfolio return) and the
standard deviation of the returns of the fund, see Sharpe (1966, 1994).

3 The p-eificient frontier and the p-tangent portiolio

In recent years, significant efforts have been dedicated to building extensions to the clas-
sical mean-variance analysis. The principal reason is that it leads to optimal decisions
only when the vector ol assets returns follows the multivariate normal distribution,
ie. r € N(Er,Y), and there is ample empirical evidence against that assumption?.

2See Ziemba (1974) and also Rachev and Mittnik (2000) and the references therein for extensions
compatible with heavy-tailed models.



The extensions involve including different risk measures in the optimization problems.
The deficiencies of the standard deviation as a risk measure were acknowledged by
Markowitz who was the lirst to suggest the semi-standard deviation as a substitute,
Markowitz (1959). A common criticism is that standard deviation symmetrically penal-
izes loss as well as profit.

An example of a class of risk measures proposed is the class of the coherent risk
measures, see Artzner et al. (1998). A functional p(-) on the space of real-valued random
variables is called a coherent risk measure il it is:

l. monotonous: X, Y e V;Y > X = pY) <p(X)
2. sub-additive: X, Y. X +Y eV = pX+Y)<pY)+p(X)
3. positively homogeneous: X € V,h > 0,hX € V. = p(hX) = hp(X)

4. translation invariant: X e V,ae R = p(X +a)=p(X)—a

These axioms are desirable for the purpose of risk management. [t is possible to
find a representation of coherent risk measures in terms of a functional defined on
classes of probability measures, for details see Artzner et al. (1998). Relaxing the
positive homogeneity assumption, we obtain the more general class of convex risk
measures. Representation theorems for convex risk measures can be found in Follmer
and Schied (2002a), see also Rockafellar and Ziemba (2000), and for a more extensive
treatment, see Follmer and Schied (20020). In this paper, we do not rely on the strong
representation results. We use only the delining axioms.

The mean-variance principle can be extended for a general risk measure p(-), not
necessarily coherent, and the corresponding optimization problems can be re-stated. For
example, Problem (2) becomes:

min  p(w’r)
subject to w'e =1 6)
wTEr > R,
Lb < Aw <UD

The related mean-risk efficient set &, is obtained by varying the bound R, and the
efficient frontier is the curve (w” Er, p(w”r)), where w € &,. The same reasoning as in
the case of the mean-variance model shows that the most preferable portiolio in the set
&, is among the solutions of

w? Er
T

max
wes,  plw

(7)

~—

r

The ratio in the objective should be well-defined, that is the denominator should not
turn into zero for any leasible portiolio. Otherwise the objective becomes unbounded
and Problem (7) makes no sense. Throughout the paper, we will always assume that
the risk functional is strictly positive for all feasible portiolios.



[f a solution of Problem (7) exists, it is called the p-market portfolio or p-tangent
portfolio with zero risk-free rate. II a solution exists, it is not necessarily unique. The
following simple result holds.

Proposition 1. The solutions of Problem (7) and

i wl Er
w o plwr) (8)
subject to wle =1
Lb < Aw < Ub

coincide as well as the objective function values at the solution points.
Proof. First since £, C X = {w : wle =1, Lb < Aw < Ub}, it follows that

wl Er wl Er
max max
wes, p(wrr) = wex p(wTr)

(9)

Suppose that the solution of Problem (8) is attained at w € X'/&,. Then solving Problem
(6) with R, = w” Er we obtain w° € &, such that p(w°’r) < p(w’r). Therefore

w! Er w°T Er

p(wT Er) = p(wl Er) (10)

since Wl Er < wTEr is also true because of the expected return constraint in the
optimization problem. We also know that

wl Er w! Er < w°l Er < wl Er
max = max ———
weX p(wTEr)  p(@?Er) = p@Er) — weé p(wTEr)

The equality holds because w is assumed to be a solution of Problem (8) and the last
inequality holds because it is not guaranteed that the global maximum of Problem (7)
is attained at w°. Combining equation (10) above with equation (9), we can see that the
inequalities are satislied as equalities. Therefore w € &, and the corresponding objective
function values coincide. O

We can find p-tangent portfolios by considering directly Problem (8) and maximizing
the corresponding performance measure without finding first the set &,.

3.1 General reward-risk ratio optimization

Optimization of reward-risk measures is not a new topic. A multitude of performance
measures have been proposed in the literature, some of them with non-linear reward
measures, see Biglova et al. (2004), Rachev et al. (2005) and the references therein.
Here we discuss the general reward-risk ratio optimization problem



max ——————
w P wTT' — 'r'b) (11)
subject to w'e =

where pu(-) is a general non-linear reward measure, p(-) is a risk measure and r, is
stochastic and denotes the returns of a benchmark portiolio. We assume diiferent
properties of u(-) and p(-) and explore the possible simplification of the problem that
would facilitate the numerical solution. In the sequel we treat Problem (11) as an
alternative to Problem (8) in which we use active portiolio returns, i.e. portfolio
returns relative to a benchmark portfolio. At times we will omit 7, in the notation for
the sake of brevity.

Our analysis will be based on (quasi-) convex functions, their optimal properties and
extensions of some techniques for programming with fractional objectives (see Charnes
and Cooper (1962)). We briefly recall that a function f: D C R® — R is convex if

flary + (1= a)ay) < af(z) + (1 —a)f(zz), acl01]

where x1,29 € D and the domain D is a convex set. A function f : D Cc R* — R
is quasi-convex if all sub-level sets {z : f(z) < t} for ¢ fixed are convex. A function
f is concave (quasi-concave) if —f is convex (quasi-convex). Every convex (concave)
function is quasi-convex (quasi-concave). The converse is not true. We denote by R*+
all strictly positive real numbers, i.e. R*" ={z € R: z > 0}.

First we establish the next simple

Proposition 2. /f y: Dy C R* — R*" is a concave function and p : Dy C R" —
R** is a convex function then
a) the ratio u/p: D1 N Dy — RT™ s quasi-concave;
b) the ratio p/u: D1 N Dy — RYT is quasi-convex;

c) the following relationship holds

arg max @ = arg min pz)

p(x) v p(w)’

x € DN Dy

Proof. The proofs of a) and b) follow from a more general result in Mangasarian (1970).

c) Let r(z) = p(z)/u(x). Suppose that z° = argminr(z), x € Dy N D,. Since by
assumption r(x) > 0, the diflerence
1 1 r(x) — r(z°)

@) @) e O TEPn D

and therefore 2° = argmaxr~'(x), z € D; N D,. The converse is also true.
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Part c) in Proposition 2 is correct even if we do not have the assumptions of con-
vexity. The only important property is that the ratio is positive. Unfortunately parts a)
and b) cannot be made stronger under the assumed general properties of the numerator
and the denominator. For some specific choices of u(x) and p(x), it could be proved that
the corresponding ratios in a) or b) are concave or convex respectively. Nevertheless
the quasi-convex (quasi-concave) functions preserve some of the nice properties of the
convex (concave) functions with respect to their extrema, see Boyd and Vandenberghe
(2004). If the quasi-convex (quasi-concave) function has a univariate argument, it is
easy to give a geometric description of its properties. It has one global minimum (max-
imum) and it is composed of two monotonic parts. The difference from the class of
convex (concave) functions is that the two monotonic parts are not strictly monotonic,
that is the graph of a quasi-convex (quasi-concave) function might have some ”ilat”
sections, which makes its optimization a more involved affair. Generally an optimization
problem with quasi-convex (quasi-concave) objective can be solved by decomposing it
into a sequence of convex optimization problems.

In case the domains D; and D, are open sets and both p and p are differentiable, then
instead of a quasi-concave (-convex) ratio we get a pseudo-concave (-convex) ratio. For
more details on pseudo- and quasi-convexity, see Mangasarian (1970). Note that pseudo-
convex functions are also quasi-convex and, therefore, all results in our paper hold for
the smaller class as well. The property which distinguishes the two classes is that
the local extrema of a pseudo-convex function are also global, which is not necessarily
true for a quasi-convex function. This property makes the differentiable pseudo-convex
functions better positioned for numerical optimization with general methods for convex
programming because the minima satisly the Kuhn-Tucker conditions. In the paper,
we do not draw special attention to the class of pseudo-convex [unctions because our
approach is constructed for the more general class of quasi-convex [unctions.

4 Reward-risk ratio of the form ,u(wTr) / p(wT?“>

In this section we consider performance measures that have the general form p(w®r)/p(w™r)
where p(-) is a reward measure and p(-) is a risk measure. The reward measure is as-
sumed to be a functional on the space of real-valued random variables that is

1. positive homogeneous: p(tX) =tu(X), t>0

2. concave: p(aX;+ (1 —a)Xs) > ap(Xy) + (1 — a)u(X2), «a€]|0,1]

The risk-measure is a functional on the space ol real-valued random variables which is
assumed to be:

1. positive homogeneous: p(tX) =tp(X), ¢t>0
2. sub-additive: p(X; + X3) < p(X1) + p(X2)

9



These two properties guarantee that p(-) is a convex functional. Throughout Section 4,
the reward and the risk measure are presumed to satisfy the above properties.

Both the reward and the risk of a portfolio with composition (ws,...,w,) will be
regarded as functions on the set of admissible compositions. In the general situation,
when we consider portiolio performance with respect to a benchmark, it is easy to show
that both [unctions are concave and convex accordingly. We are not providing the proof
as it is straightiorward.

Proposition 3. Suppose that u(-) and p(-) are functionals satisfying the above
conditions. Then the reward function p(wlr —ry) : X C R® — R is concave and the
risk function p(wTr —ry) : X C R® — R™ is convex, provided that the domain X is a
convex set.

Combining the above result with Proposition 2 we have the next

Corollary 1. Suppose that u(-) and p(-) are functionals as in Proposition 3. Then
the general performance ratio optimization problem (11) is a quasi-concave problem.

Because of the assumed positive homogeneity of the reward and the risk measure,
Problem (11) can be simplified and reduced to convex optimization problems.

Proposition 4. The general performance measure optimization Problem (11) is
equivalent to the following two problems

I(na%( w(xtr —try) I(le)l plalr —try)
x,t x,t
subject to  p(xTr —tr) <1 subject to  pu(xTr —try) > 1
(A) 2le=t (B) 2Te=t
tLb < Ax < tUb tLb < Ax < tUb
t>0 t>0

in the following sense. If the pair (z9,t%) is a solution to Problem (A) and (z%,t%)
is a solution to Problem (B), then w® = z9/t% = xB/tO solves Problem (11). Moreover
pw(xslr —t9ry) = p(wrr —ry) /p(wTr — rb) = p H(a¥'r — tyry). Conversely, if w° is a
solution to Problem (11) and to = p HwTr — 1), then the pair (t°w®,t°) is a solution
to Problem (A). If t° = p=Y(wTr — 1), then (t°w°,t°) is a solution to Problem (B).

Problem (B) is a convex problem and Problem (A) can be easily transformed into a
convex problem by changing the sign of the objective and considering minimization.

The proof of Proposition 4 is given in the Appendix. One of the key assumptions
is that the reward measure is strictly positive for the feasible portiolios. Certainly
this is very restrictive as one might argue that there could be [easible portiolios with
negative excess reward, u(w’r —r,) < 0. In case the set X' contains portfolios of both
types — with positive and negative excess reward — then obviously the optimal solution
does not belong to the set of the latter. Thus we might consider the optimization over
X N {w : p(wTr —ry) > e >0} which is a convex set and does not change the nature of
the problem. The parameter ¢ is such that the intersection is non-empty. Therelore the
proper less restrictive assumption for yu(-) is that there should exist at least one w € X
such that p(w™r —ry) > 0.
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Another important assumption is that the risk measure is a positive functional for
all feasible portfolios. II p(-) is not bounded away irom zero for all feasible portiolios,
i.e. there exists w € X such that p(w’r —r,) = 0, then Proposition 4 does not
hold. In this case the variable ¢ in Problem (A) explodes since ¢t = p~*(wlr — 1),
which makes the problem unbounded. The solution of Problem B will be a portiolio
w € X such that p(w?r —r,) = 0 because for the other portfolios the objective is strictly
positive. Certainly, due to the assumed convexity, existence of a feasible portiolio w with
p(wTr — 1) < 0 means that there exists a feasible portiolio v, such that p(v"r —r,) = 0.
As a result, we can conclude that strict positivity of the risk measure for all feasible
portiolios is crucial for the stated equivalence between the three problems.

Concerning the risk functional, our analysis is primarily based on the properties
ol positive homogeneity and sub-additivity. Therefore, irom mathematical viewpoint,
it is possible to replace the risk functional by any positive homogeneous, sub-additive
functional which is strictly positive for the admissible portiolios and Proposition (4) will
still hold. For example, one can use the class ol deviation measures, see Rockafellar
et al. (2005) and Rockafellar et al. (2006). They are by definition non-negative for
all random variables. Deviation measures are not risk measures and thus they capture
different aspects of the portiolio return distribution. In effect, the optimization problems
involving deviation measures are, generally, different in nature than those involving risk
measures. Nevertheless all results in the paper remain valid when p(-) is a deviation
measure. One example is the Sharpe ratio problem in which the denominator is a
symmetric deviation measure. The Sharpe ratio problem is considered in Section 6.

5 Reward-risk ratio of the form w’ Er/p(w'r)

If we choose as a reward measure the mathematical expectation, then p(-) becomes a
linear functional?.

The performance measures with a linear reward functional arise naturally from
general optimal portfolio problems like Problem (6). Assuming the same properties
for the risk measure as in the previous section, Proposition 4 transforms into

Proposition 5. The general performance measure optimization Problem (11) is
equivalent to the [ollowing two problems

r(na§< zTEr —tEmr, I(Illr)l plalr —try)
x,t z,t
subject to  p(xTr —tr) <1 subject to 2TEr —tEr, =1
(Al) 2Te =t (BI) rle=t
tLb < Ax < tUb tLb < Ax < tUb
t>0 t>0

in the sense that if the pair (z9,t%) is a solution to Problem (Al) and (x%,t%) is a
solution to Problem (BI), then w® = z%/t% = x%/t% solves Problem (11). Moreover

3Actually a much stronger result holds. If the reward functional is assumed to be linear, then it is
necessarily the mathematical expectation. This is the Riesz representation theorem, see DeGiorgi (2004).

11
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Figure 2: The ellicient Irontier, a case with a non-unique tangent portolio. Here r; is a
positive risk-free rate.

oL Er —tyEry = (Wl Er — Ery) / p(w®Tr — rb) p Y (2% r —tym,). Conversely, if w° is a
soluz‘zon to Problem (11) and t° = p~Y(w°T'r —ry), then the pair (t°w°t°) is a solution
to Problem (Al). If t° = (w°T Er — Ery,) ™}, then (t°w°,t°) is a solution to Problem (BI).

Proof. The claim follows trivially from Proposition 4 replacing the general reward mea-
sure pu(-) with the mathematical expectation. For more details, see the proof of Propo-
sition 4 in the Appendix. O

We take advantage of the linearity property and in Problem (Bl) the additional
constraint is equality in contrast to the additional constraint in Problem (B). From
numerical viewpoint, it makes Problem (Bl) more attractive than Problem (Al).

The connection with the optimal portiolio problem makes interesting the question of
the interplay between Problem (Al) and Problem (Bl) and how that is related to the
efficient frontier and its graphical representation. It is possible to show that il both
problems have two different solutions, then any convex combination of them is again a
solution.

Proposition 6. I/ (z',t!) and (2?,?) are two distinct solutions of Problem (Al) or
Problem (Bl), then (2* t*) = Az, tl) + (1 = N\)(2%,t?), A € [0,1] is also a solution to
Problem (Al) or Problem (BI).

The proof is given in the Appendix. Two distinct solutions are possible ii the risk
measure is not strictly convex. In terms of the efficient frontier, it means that there
are linear sections and a portfolio that maximizes the performance measure happens to
be in the linear section (see Figure 2). Because of the established equivalence of both
problems in Proposition 5, from practical viewpoint we can choose to solve one or the
other. If we solve both and we arrive at two distinct solutions then it follows that we

12



have such a case.

Actually Figure 2 represents the general view of the efficient frontier, it is not a
special case. This is proved in a more general situation in Section 7.

6 Particular examples

We can easily relate the general problems above to some specific reward-risk ratios
considered by practitioners. In those specific cases, the optimization problems can be
further simplified.

6.1 The Sharpe ratio

The Sharpe ratio optimization problem can be reduced to two problems — one of type
A and one of type B in which the functional p(-) is the standard deviation of portfolio
returns. This is just one example in which p(-) is not a risk measure but a deviation
measure. In the general case, the variance of the excess return is

w r—7p) E szn + E wywjcov(r;, ;) + 2 E wicov(ry, —1p) + Dy
i#]

where DX stands for the variance of the random variable X. In matrix form

St B . o i | ow
(w r — fr’b) = (—]_,'LU) Zl(_law)> 21 - > !
Obyr

of is the variance of the benchmark asset ry,

op = (cov(ry, 1), covV(7p,72), . .., COV(TH, 7))

is the vector of covariances of the returns of the benchmark asset with the returns of the

other assets r = (ry,7,...,7,)" and ¥ = {cov(r;,7;)}},_, is the covariance matrix of
the assets’ returns. The notation (—1,w) stands for the vector column (=1, wy, ..., w,)"
and (—1,w)? is the corresponding vector row.
The performance measure optimization problem is obtained from Problem (8)
wl Er — Ery
max T
v/ (=1w) T (—1, w) (12)
subject to wle =1

Lb< Aw < Ub
The result is contained in the next
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Proposition 7. The performance measure optimization Problem (12) is equivalent
to the following two problems

I(na%( 2T Er —tEr,
x,t
subject to  (—t,2)T8(—t,x) <1
(SR A) xle=t
tLb < Ax < tUb
t>0

and

1&1111;1 (_tu x)Tzl(_tv I)
z,t
subject to 2TEr —tEr, =1
(SR B) rTe=t
tLb < Ax < tUb
t>0

in the sense that if the pair (z9,t%) is a solution to Problem (SR A) and (x%,1%) is a
solution to Problem (SR B), then w° = x9/t% = x%/t% solves Problem (12). Moreover

2T Er — 9 Ery = (' Er — Ery) /v/(—1,w°)TS (—1, w°)
-1
- (V)
-1

Conversely, if w® is a solution to Problem (12) and t° = <\/(—1,w0)T21(—1,w0)> ,

then the pair (t°w®,t°) is a solution to Problem (SR A). If t° = (w°T Er — Er,)~%, then
(t°w°, t°) is a solution to Problem (SR B).

Proof. When p((z,t)) = \/(—t,z)T%(—t,x) in the problem of type A in Proposition 5
we have the constraint (—¢,z)T%(—¢,2) < 1. Raising both sides of the inequality to the
second power does not change the optimization problem since any (z,t) satislying the
constraint /(—t,z)TY(—t,z) < 1 also satisfies (—¢,2)"S(—t,z) < 1 and vice versa.

In the problem of type B in Proposition 5, the objective is

V(—t,2)TS(—t, ) — r(mr)l
z,t

Raising the objective to the second power does not change the optimal solution points.
This is a direct consequence of the fact that ¥ is a covariance matrix and is positive
semi-definite, i.e. (—t,z)T3(—t,2) > 0 for any (xz,t), and that the function f(u) = u? is
strictly monotonic if u > 0. O

Problem (SR B) is quadratic and can be solved as a quadratic programming problem.
The reciprocal of the objective function value obtained at an optimal solution point does
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not equal the maximal Sharpe ratio but the squared maximal Sharpe ratio. If the pair
(xp,tp) solves Problem (SR B), then the reciprocal of the objective function is

(=t ) S1 (<t 25)) " = (Fh(~Lwp) S (~1wp))
(=

1 ’UJB TE —1 U)B) -1
whLEr — Erb)

2
Er—Erb
—1 U)B TE ( 1,’UJB)

For the Markowitz problem, the functional p(-), which is represented by the standard
deviation, is strictly convex il the covariance matrix is non-singular and therefore,
assuming non-singular covariance matrix, Figure 1 presents the general case for the
view of the graph of the elficient irontier.

6.2 The STARR ratio

The expected tail loss (ETL), also known as expected shortfall, is proposed in the
literature as a superior alternative to the industry standard Value-at-Risk (VaR), for
a discussion see Yamai and Yoshiba (2002b,a). If the portiolio return distribution
is continuous, then the ETL coincides with the Conditional Value at Risk (CVaR)
introduced in Rockafellar and Uryasev (2002). In this case, the ETL (or CVaR) of
portfolio return X at the 100(1 — «) percent confidence level is defined as

ETLy(X) = CVaRa(X) = E(—X| — X > VaR,(X)) (13)

where VaR,(X) is delined as VaR,(X) = —inf{z € R: P(X < x) > a} and is the
VaR measure. If the portiolio return distribution is discontinuous and there is a jump at
VaR,(X), the definition of the CVaR should be modified in order for the risk measure
to be coherent. For a discussion, see Acerbi and Tasche (2002) and Rockafellar and
Uryasev (2002). The definition of the CVaR changes to

[e.e]

CVaRa(X):/ tdG x(t) (14)
where

O, t < VaRa(X)
Gx(t) = { (P(-X<t)—(1—a))/a, t>VaR,(X)

Clearly (14) transforms to (13) when there is no jump of the distribution function at
VaR,(X). In the sequel, we will use the notation CVaR and the more general definition
given in (14).
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Considering the optimal portiolio Problem 6, we arrive at the STARR ratio as the
natural reward-risk measure associated with the problem. The STARR ratio is defined
as

B wlEr — Ery
N CVaR,(wTr — 1)

STARR(w) (15)

and is proposed in Martin et al. (2003). Since the CVaR is a coherent risk measure,
it satisfies the conditions that we impose on the risk function p(-) in Section 4 and we
can use Proposition 5 with p(wTr —r,) = CVaR,(wTr —r,). For both problems of type
A and B, we can apply the linearization technique developed in Rockafellar and Uryasev
(2002) when there are scenarios for portfolio items returns.

Suppose that we have N vectors 7% € R", k = 1,..., N with scenarios for the returns
of all portiolio items. They could be N random draws from the joint multivariate
distribution of the assets returns. The portiolio returns scenarios are s, = w’r*,

k=1,2,...,N where w is a concrete vector of weights. Using the scenarios, we can
compute an estimate C'VaR of portiolio CVaR:

- | vl
CVaRa(wTT) = w (—1)S(k) (16)
k=1
where s, kK = 1,..., N denote the sorted portiolio scenarios in increasing order and

[a] is the largest integer smaller than a. It is shown in Rockalellar and Uryasev (2002)
that the same estimate can be obtained via minimization

N
Cma(wTr) = min (9 +— Z [—w"r? — Gr) (17)

where [a]" = max(a,0). Taking advantage of the latter representation and applying the
approach in Rockafellar and Uryasev (2002) to the corresponding optimization problems
from Proposition 5, we obtain the following linearizations:

max ! Er —tEmr,
(w7t7d79)

N
1

bjectto 0+ — > dp, <1

subject to +Naz; <

k=
(STARR A) —alrk 4+ trf —0<dp, k=1,2,...,N
2le =t
tLb < Az <tUb

t>0, d,>0, k=12...N

and
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The tangent portfolios

Expected Portfolio Return

Portfolio Risk, CVaRa(wTr)

Figure 3: The eflicient frontier changes as the parameter « of the CVaR increases,
ap < g <ag<ay; =0

1 N
n 0+—S"d
(i 0) +NaZ;k

subject to  TEr — tEr, = 1

(STARR B) —aTrk +trf —0<dy, k=1,2,...,N
zTe=t
tLb < Ax < tUb
t>0, d>0, k=12...N
In both problems rf, k =1,..., N denote the scenarios for the benchmark portfolio and

d = (di,...,dy) is a vector of additional variables, one for each scenario.

We have assumed in Section 2 that the risk measure p(-) is a positive functional for
all feasible portfolios. Due to the translation invariance property, the CVaR measure can
violate this assumption, as any other coherent risk measure. The CVaR of a portiolio is

CVaR,(w'r) = CVaR,(w' (r — u,) + 11p) = CVaRy(w” (r — p1,)) — 1,

In this expression, CVaR,(w” (r —p,)) is the CVaR of the centralized portfolio returns.
The defining equation (14) implies the inequality

CVaR,(w'r) < CVaRg(w'r), B<a

meaning that we can always choose « to be sufficiently high, such that CVaR,(w'r) =
0 because i, does not depend on «. Geometrically increasing o continuously will shift
the entire efficient frontier to the left until the "tangent” line becomes vertical (see
Figure 3).
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The generic ratio optimization problem also reduces to a set of two linear problems
il p(-) belongs to the larger family of spectral risk measures. The CVaR measure
belongs to this class — it is a spectral measure with constant spectral function. The
linearizations can be received following the same reasoning as in the current sub-section.
For more details on spectral risk measures and the linearization of the optimal portiolio
problem, see Acerbi (2002), Acerbi and Simonetti (2002) and Acerbi (2004).

7 Reward-risk ratio of the form p(w'r)/p(w’r) as a quasi-
concave problem

[t is possible to relax some of the assumed properties of u(:) and p(-) in Section 4 and
still have a quasi-concave ratio optimization problem. Actually, the only properties that
we need are that p(-) be a convex functional, positive for the admissible portfolios and
p(-) — a concave functional also positive for the admissible portfolios. Then Proposition
3 remains valid and using Proposition 2 we can conclude that we have a quasi-concave
problem.

Unfortunately, without the positive homogeneity property we cannot establish the
nice equivalent problems in Proposition 4. Nevertheless we can use that the problem is
quasi-concave and find the global maximum as the generic optimization problem reduces
to a sequence of convex problems (see Boyd and Vandenberghe (2004)). According to
Proposition 2, the ratio optimization Problem (11) can be equivalently re-stated

. p(w'r — 1)
Y
wo p(wTr =) (18)
subject to wle =1
Lb < Aw < Ub

The objective function in the above problem is quasi-convex. Now consider the following
feasibility problem

p(wTr —ry) — tp(wlr —r,) <0
wle=1 (19)
Lb < Aw < Ub

where t is a fixed positive number. For every fixed ¢ > tn, = mingex p(wir —
rp)/p(wTr — 1), the set {w : p(w?r) — tu(w?r) < 0} is convex and therefore we have a
convex feasibility problem. Also for every t > t.;,, Problem (19) is feasible because the
set {w : p(wTr —ry) — tu(wTr — 1) < 0} is non-empty.

A simple algorithm using bisection can be devised on the basis of the above fact.
Suppose that we know an interval [a,b] such that ¢, € [a,b] and we have a tolerance
level e. Then

1. Sett = (a+b)/2.
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2. Solve the feasibility Problem (19).

3. II the problem is feasible, then set b = ¢. Ii the problem is inieasible then set a =t
and go to step 1.

4. Repeat the above steps until b —a < e.

The final interval [a, b] is guaranteed to contain the solution ¢, since ¢y, € [a,b] on
each iteration. In k iterations, the length of the final interval is 27%(b — a) where [a, D] is
the length of the initial interval. Therefore, a total of log,((b — a)/¢) steps are required
until convergence (see Boyd and Vandenberghe (2004) for a general description of the
quasi-convex problem).

Other methods for numerical solution of (18) can be constructed under the additional
assumption of differentiability of the numerator and the denominator. Then, as we
noted, the ratio is a differentiable pseudo-convex function, the minima of which satisfy
the Kuhn-Tucker optimality conditions. Therefore, problem (18) can directly be solved
using numerical methods for convex programming.

In the first section, we related the Sharpe ratio to the Markowitz problem. Next
we related the ratio of the form w? Er/p(w?r) to the more general optimal portfolio
Problem (6). In a similar way now we can associate an optimization problem with the
reward-risk ratio considered in the current section. Let us examine the optimization
problem

max  p(w’r — )
subject to  p(w'r — 1) < R* (20)
wle =1
Lb < Aw < Ub

The optimal vector of weights w° is dependent on the imposed upper bound R*, w® =
w°(R*). Just as in the Markowitz setting, we can call the set of all optimal allocations
the efficient set, denote it with &,, and the curve (u(w?r — ry), p(wTr —m)), w € &,
the elficient frontier. It appears that the corresponding version of Proposition 1 remains

valid

Proposition 8. The solutions of Problem (11) and

Ty _
maxiu(w r=r)

wego p(wlr — 1)

coincide as well as the objective function values at the solution points.
Proof. The same arguments as in Proposition 1 can be applied without modification. O

The geometry of the eflicient frontier under the assumptions of the current section
is described in
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Proposition 9. The efficient [rontier generated by Problem (20) — in which p(-)
is a concave reward measure and p(-) is a convex risk measure — is a concave
monotonically increasing function. That is if R} and R;, R < Rj are two upper
bounds of the risk constraint and R} = AR} + (1 — \)R3, A € [0,1], then

o (w0 (R =) = e ((w (BRI r = 7p) + (1= N (" (R3) 7= 1)

and

(e () =) > (e (B) =)

where w°(R*) denotes the optimal allocation obtained with R* as a risk constraint and
the risk constraint is assumed binding for R* = R} and R* = R;.

The proof is given in the Appendix. Using these two propositions, we can conclude
that the general view of the graph of the efficient frontier is like the one on Figure 2.
Thus the geometric intuition supports the analytic result that in the case of concave
reward measure and convex risk measure, the set of all globally optimal portiolios is
convex.

8 Non-quasi-concave reward-risk ratios

There are reward-risk ratios suggested in literature that are not in the class of the
quasi-concave functions because both the numerator and the denominator are convex.
Such are for instance the Farinelli-Tibiletti ratio and the Generalized Rachev ratio (see
Biglova et al. (2004) and Rachev et al. (2005)). Under certain conditions, it appears
that simplification is possible in some particular examples.

8.1 The Rachev ratio

In this section we consider the problem of the Rachev ratio optimization which is a
special case of the Generalized Rachev ratio. The definition is

_ CVaRy(ry, —w'r)
- OVaRg(wTr — 1)

RR(w) (21)

The reward measure is the CVaR function which is convex and it follows that the
Rachev ratio does not belong to the class of quasi-concave ratios because both the nu-
merator and the denominator are convex and Proposition 2 does not hold. Nevertheless
we can still use the positive homogeneity property of the numerator and the denominator
and simplily the generic problem
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CVaR,(ry — wTr)

e CVaRg(wTr —1y) 22)
subject to wle =1
Lb < Aw < Ub

where both the numerator and the denominator are assumed to be strictly positive
functionals for all admissible portiolios. The result is contained in the next proposition.

Proposition 10. Problem (22) is equivalent to the following two optimization prob-

lems
r(na§( CVaR,(try — 27r)
x,t
subject to CVaRg(x'r —tr) <1
(RR A) rTe=t

tLb < Az < tUb

t>0
and

I(nir)l CVaRg(z"r — try)
x,t

subject to  CVaRy(try, —x'r) > 1
(RR B) oTe =t
tLb < Ax < tUb
t>0

in the sense that if the pair (x%,t%) is a solution to Problem (RR A) and (z%,t%) is a
solution to Problem (RR B), then w°® = z9/t% = :CB/tO solves Problem (22) Moreover
CVaR,(tyry—x% 1) = CVaR,(ry,—wTr) /CVaRg(wTr —ry) = (CVaRg(x% r— t%rb)) L
Conversely, if w° is a solution to Problem (22) and t° = (CVaRg(:BB r—ry))"", then
the pair (t°w®,t°) is a solution to Problem (RR A). If t° = (CVaR,(r, — wTr))~ 1, then
(t°w°, t°) is a solution to Problem (RR B).

Proof. The same arguments from the proof of Proposition 4 can be applied without
modification. O

Both problems in the proposition are not convex. In Problem (RR A), the set of all
admissible portfolios is convex because the sub-level set {(z,t) : CVaRg(z'r —tr,) < 1}
is convex. The objective involves maximization of a convex function and for this reason
the problem is non-convex. In Problem (RR B), the objective is the minimization of a
convex function but the set {(z,t) : CVaR,(tr, — 2Tr) > 1} is non-convex and so is the
entire problem.

Basically the lack of convexity makes it impossible to linearize both CVaR functions
simultaneously in the problems using the approach in Rockafellar and Uryasev (2002)
when we have scenarios for the returns of the assets. Suppose that we try with Problem
(RR A) with r, = 0 to simplify the expressions. The corresponding linearization is
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1
S —
wisnde ' Na ;g ‘
subject to zTrF -5 < g, k=1,2,....N

>0, k=12...N

N
1

k=1
—aTrk —9<d,, k=1,2,...,N
dp >0, k=1,2...N
2Te=t
tLb < Ax < tUb

t>0

Inevitably the objective of the above problem explodes because we have maximization
and there is nothing to bound the variables g, from above. All constraints concerning
those variables are of the type #77¥ — § < g, and therefore all g; increase indefinitely.
There is no such restriction for ¢ as well and it also increases indelinitely. Now suppose
that we try to "fix” the problem by changing the constraints to be z77% —§ > g,. The
new problem could turn out infeasible if for one &, 0 > 27r¥ — § > g;, because we
require all g to be positive.

We propose a linearization introducing binary variables into the optimization. Thus
the resulting problem is a mixed-integer linear programming (MIP) problem. The
linearization is based on equation (16) and on the consideration that if the CVaR estimate
is computed as the average of the largest [Na] observations in the sample multiplied by
negative one, then the average of any other [Na] observations will be smaller than the
CVaR. The above statement transiorms into the optimization problem

| X
max ——=
(90 [Na] ;gk

subject to g, < B\, k=1,2,...,N

g > —wlrk —B(1—-)\,), k=1,2,...,N (24)

g < —wTr* + B(1—),), k=1,2,...,N

Me = [Na]

M €40,1}, g >0, k=1,2,...,N
where r* € R", k =1,..., N are vectors of assets returns scenarios, « is the parameter
of the CVaR function, B is a very large number, such that |w?r*| < B for all scenarios,
and A = (A, A2, ..., Ay) is a vector of binary variables. Let us verify if Problem (24) is

equivalent to the above statement. For this reason, we have to examine two cases:

1. Suppose that A\, = 0. Then
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g <0
g > —w'r* — B
gr < —wTr* + B
g >0

From the lirst and the fourth inequality it follows that g, = 0. The second and the
third are redundant since B is chosen to be very large.

2. Suppose that Ay = 1.

=
oy

<Q
=
IV IA IV OIA
|
g
=
a

~
Sl

e
B
[
g
<

o
B
o

From the last three equalities it follows that g, = —w”r* > 0. The first inequality
is redundant.

Thus the binary variable )\, indicates whether the variable g, is non-zero. If A\, =1
then the auxiliary variable is positive and equals the k-tA scenario of the portfolio return
multiplied by negative one. If it is negative, then it forces the binary variable to become
equal to zero, since g, cannot be negative. Ultimately in the objective function we
have a sum of positive numbers equal to the corresponding portfolio return scenarios
or zeros. The number of the non-zero summands, or respectively the non-zero A, is
controlled by the constraint \Te = [Na| according to which the sum of all \; should

equal [N)]. Certainly C’/VH%Q(wTr) matches the solution of Problem (24).

We have demonstrated that for each w fixed by solving Problem (24) we obtain

Cma(wTr). We can combine Problem (RR A) and Problem (24) as the objective of
the former is also maximization. As a result we have

X
% TVa] 2
subject to g, < B\, k=1,2,...,N
gr >atrk —B(1—-X\), k=1,2,...,N
gk§$TTk+B(1—)\k), k 1,2,...,N
Me =[Na]
M €{0,1}, ¢, >0, k=12,...,N

1N
0+ — d. <1
+Naz ES

k=1
—xTrk—Hgdk, k=1,2,...,N
dp, >0, k=1,2...N
2Te=t
tLb < Az < tUb

t>0.

(25)
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Solving Problem (25) we obtain the global maximum of the Rachev ratio. The
number of binary variables )\, equals the number of scenarios and the computational
burden is much more related to the number of scenarios than to the portiolio size.
Actually, the computational cost of a MIP problem is much higher than that of a
linear problem with continuous variables only. Certainly this approach to the CVaR
linearization is applicable in the STARR ratio optimization problem and in general, in
the optimal portiolio problem with the CVaR as a risk function, but the method of
Rockafellar and Uryasev (2002) is more efficient as it involves continuous variables
only.

8.2 The Generalized Rachev ratio

The Generalized Rachev ratio is defined as

B CVaR (o (rs — wlr)
B CVaRsp(wlr —1y)

GRR(w) (26)

where CVaR ) (X) = E ((max(—X,0))"| = X > VaR,(X)) and VaR,(X) is the VaR
measure. For simplicity we will assume that X has a continuous distribution. The
Rachev ratio is a special case with v = § = 1. The power function in the conditional
expectation does not allow for a straightforward linearization as in the case of the
STARR ratio or the Rachev ratio. Like the Rachev ratio, in the Generalized Rachev
ratio both the numerator and the denominator are convex if v > 1 and § > 1. This result
is contained in the next

Proposition 11. The function CVaR ., 4 (ry — w’r) : X C R*™ — R¥" is convex for
~v > 1, provided that X is a convex set.

The proof is given in the Appendix. As a consequence, the optimization reward-risk
ratio problem for 7,§ > 1 is not quasi-concave. Still it is possible to obtain a pair ol
problems using the homogeneity of the numerator and the denominator. The basic fact
is included in the next

Proposition 12. The functional CVaR, . (X) as defined in equation (26) is posi-
tive homogeneous of degree =, that is

CVCLR(%Q) (tX) = t“’CVaR(%a) (X)
where t > 0.

The proof is given in the Appendix. The generic reward-risk ratio optimization
problem is

CVaR,q)(re — w'r)

max
w  CVaRsp(wlr —ry) 27)
subject to w’e =1

Lb< Aw < Ub
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Both the numerator and the denominator are positive, this is clear from the definition.
Now we can state a similar pair of problems as in the case of the Rachev ratio. Such
simplilication appears possible only il v = 4.

Proposition 13. Problem (27) with v = 0 is equivalent to the [ollowing two opti-
mization problems

r(na§( CVaRs ) (trb — ZETT)
x,t
subject to CVaRg (2'r —try) <1
(GRR A) rTe=t
tLb < Ax < tUb
t>0

and

I(nir)l CVaRsp) (:cTr — trb)
z,t
subject to CVaRa) (try —2'r) > 1
(GRR B) xle=t
tLb < Ax < tUb
t>0

in the sense that if the pair (z%,t%) is a solution to Problem (GRR A) and (2%,1%) is a
solution to Problem (GRR B), then w°® = x4 /t% = x%/t% solves Problem (22). Moreover
CVaR 0 (t9rs—2% 1) = CVaRs50) (r—wr) /CVaR ;g (w'r—r,) = (CVaR g g (a9 r—
tyry)) "t Conversely, if w® is a solution to Problem (22) and t° = (CVaR ;g (wr —
1)), then the pair ((t°)"°w®, (t°)'/%) is a solution to Problem (GRR A). If t° =
(CVaRsa(ry — wTr))~, then ((t°)Y2w?, (t°)Y/°) is a solution to Problem (GRR B).

The proof is given in the Appendix. Neither Problem (GRR A) nor Problem (GRR
B) are convex programming problems for v > 1. We reach this conclusion using the
same analysis as in the case of the Rachev ratio. Nevertheless they could prove to be
beneficial.

[T v # 0, the numerator and the denominator are in different units. For the purpose
of GRR optimization, we can standardize both functions and modify the ratio in equation
(26) as

T\ Y
MGRR(w) - TV o (= w T>)1 - (28)
(C'VaR((;ﬁ) (wTr — rb))

Proposition 12 implies that the numerator and the denominator are both positive
homogeneous of degree 1. It is easy to obtain another pair ol problems using the
reasoning in Proposition 4. Actually, Problems (GRR A) and (GRR B) appear as special
cases.

Proposition 14. Problem (27) with equation (28) as objective is equivalent to the
following two optimization problems
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r(natic CVaR(y,q) (try — 27r)
subject to CVaRp (z7r —try) <1
(MGRR A) rTe=t
tLb < Az < tUb
t>0

and

I(nir)l CVaRsg (2"r — try)
z,t
subject to CVaR(yq (try —2'r) > 1
(MGRR B) 2Te=t
tLb < Ax < tUb
t>0

in the sense that if the pair (29,t%) is a solution to Problem (MGRR A) and (z%,t%) is
a solution to Problem (MGRR B), then w° = z9/t% = x%/t% solves the corresponding
reward-risk ratio problem Moreover (CVaR . (tqry — 2% )Y/ = (CVaR( q)(ry —
wlr))Y7 [ (CVaR 5.5 (w'r — ry))° = (CVaR ;s (x5 r — tBrb)) 18 Conversely, if w°
is a solution to the reward-risk ratio problem and t° = (CVaR ;s (w'r—ry))~°, then
the pair (t°w°,t°) is a solution to Problem (GRR A). If t° = (CVaR ) (rpy —w®l'r)) =7,
then (t°w°,t°) is a solution to Problem (GRR B).

Proof. We show how to deal with the equivalence with Problem (MGRR A). The same
arguments as in Proposition 4 and the substitution ¢ = (CVaRs g (wTr — 1))/ lead
to a maximization problem with objective

(CVaR e (try — 27r))7 — r(na%(
z,t

and risk constraint (CVaRs g (x"r — try))*/° < 1. Raising the objective to the power v
does not change the solution points as the transiormation is strictly increasing. Raising
the inequality to power § does not change the feasibility either. Thus we realize Problem
(MGRR A). O

The objectives of Problems (MGRR A) and (MGRR B) at the optimal points do not
equal the optimal reward-risk ratio values because of the increasing transiorm that we
apply to change them.

The reward-risk ratio MGRR(w) is very similar to the Farinelli-Tibiletti ratio. If we
consider the excess portiolio returns with a non-zero benchmark, the Farinelli-Tibiletti
ratio is defined as (see Farinelli, Tibiletti (2003) and Biglova et. al. (2004)):

1/p
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where (w'r — )% = (max(w?r —ry,0))? and (w'r —r)? = (max(r, — w’r,0))?. Clearly
FT(w) is a special case of MGRR(w) as the conditional expectation can reduce to the
unconditional one.

9 Conclusion

We consider the problem of reward-risk ratio optimization as an optimal portiolio se-
lection problem, imposing different properties on reward and risk measures. When the
mathematical expectation is the reward measure and the risk measure is convex and
linearizable, it is possible to reduce the generic performance measure optimization to
linear programming problems. If the risk measure is not linearizeable, the general
problem reduces to convex programming problems and in the special case of the Sharpe
ratio, to a quadratic problems. Simplification is also possible if the reward functional
is concave. In that case, the quasi-concave ratio optimization problem reduces to a
sequence of convex feasibility problems. In the special case of the Rachev ratio, we pro-
pose a mixed-integer linear program for finding the global maximum. The Generalized
Rachev ratio and a modilied version of it are also considered.
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Appendix
In the Appendix, we give the proofs of some of the Propositions.

e Proof of Proposition 4.

Proof. First we show that Problem (11) is equivalent to Problem (A). The proof is
in two steps. In the first step, we show that Problem (11) is equivalent to

I(na%( w(zTr —try)

xz,t

subject to  p(xTr —try) =1
ZI}'Te =t (29)
tLb < Az < tUb
t>0

Indeed, substituting t = p~'(w?r — ) > 0 and using the assumed positive homo-
geneity, we arrive at the problem above. For any feasible point w in Problem (11),
we have that x = tw is feasible in Problem (29). Thus

Ty _
max plw'r =) < max p(w'r —try)

weX p(wTr —ry) = (zt)ex

where X denotes the set of feasible portfolios in Problem (11) and A} denotes
the set of [easible (z,¢) pairs in Problem (29). Conversely, il (z,t) is leasible in
Problem (29), then w = z/t is leasible in Problem (11) and

T
wir—r

max plw r = ry) > max p(w'r —try)

weX p(wlr —ry) — (at)ex

Combining both inequalities, we see that the function values coincide at the solu-
tions. In addition if w is a solution to Problem (11), then (tw,t) is a solution to

Problem (29) and if (z,t) is a solution to Problem (29) then w = z/t is a solution
to Problem (11).

In the second step, let us consider Problem (29) and Problem (A) where the
risk function constraint has been relaxed. We claim that if (z°,¢°) is a solution
to Problem (29), then p(z°Tr — t°r,) = 1 and therefore the pair is a solution to
Problem (29). Let us assume that the risk constraint is non-binding at the solution
point, that is p(z°Tr — t°ry) = t°p(w’T'r — r,) < 1. Problem A can be restated as

r(na>)< tu(wlr — 1)
w,t
subject to  tp(wlr —ry) <1

twle =t
tLb < Atw < tUb
t>0

Obviously, multiplying ¢ by any constant a such that 1 < a < t°p Y (wlr — 1)
does not change the feasibility of (at°w?,at®) and
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Ty — rp) > to,u(w"Tr — 1)

at’ p(w’
since according to the assumed properties of p(-), it is strictly positive. Therefore
we arrive at a contradiction that (z° ¢°) is a solution. It follows that at a solution
point, the risk constraint is binding.

The equivalence of Problem (B) and Problem (11) can be established first by using
Proposition 2, part (¢) and then by applying the same reasoning as above to the
problems:

Ty _
min M min  p(z’r — try)
w o p(wTr —ry) (,t)
subject to subject to  p(zTr —try) =1
wle =a and rTe=t
Lb < Aw < Ub tLb < Ax < tUb

t>0

We arrive at Problem (B) by changing the reward constraint to p(z7r — tr,) > 1.
Using the same arguments as above, it is easy to show that it is binding at the
solution. O

Proof of Proposition 6.

Proof. We prove the claim for Problem (B1). Then the result holds for Problem
(A1) because of the established equivalence between them in Proposition (5).

It is straightforward to verify that (z*,t*) satisfies all constraints in the problem.
We show how to deal with all of them:

— the first one: 2" Er — tEr, = 1.

2 TEr — ' Ery = M2 TEr — t'Ery) + (1 = \) (2 Er — t*Ery) =1

The first equality follows since z* and #* are convex combinations of !, 22

and t!,t? respectively. The second equality holds because of the assumption
that (x!,¢') and (2%, ¢*) are optimal solutions and therefore are feasible points
and satisly all constraints.

— the second one: z7e = t.

Since both points (z!,¢!) and (22, t?) are feasible, then z'Te = ¢! and 2?Te =
t2. Therefore

Me'Te 4+ (1= Na?Te =M 4+ (1 = N2
and it follows that z*Te = ¢*.

— the third one: tLb < Az < tUb.
Since both points (z!,¢!) and (z?,¢?) are feasible, then t'Lb < Az' < #Ub and
t2Lb < Az* < t*Ub. Multiplying by X and (1 — \) respectively and summing
parts by parts we obtain
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A+ (1 =L < Az + (1= N)2?) < (M + (1= N)Ub

which is the same as t*Lb < Azx* < t*Ub.

Using once again the assumption that both points are solutions, it follows that

px*Tr —t'ry) = p(x®'r — £21}) = puin

The assumed convexity of the objective (see Proposition 3) implies that

(e — 2 ) = pN (& Tr — thry) + (1 = N) (2™ r — t21y))
< Ap(x'Tr — ') + (1 = Np(2*r — 213) = prain

Strict inequality is not possible since py, is the minimum of the objective over all
feasible vectors. Therefore p(2*r —t 1) = puin and we have proved the claim. [

Proof of Proposition 9.

Proof. The monotonic property is easiest to establish. Since R} < Rj and p(w™r —
1) is a convex function of w (see Proposition 3), then X} = {w : p(wTr — 1) <
Ri,wle=1,Lb < Aw < Ub} C Xy = {w : p(wTr — 1) < Ry, wle =1,Lb < Aw <
Ub}. Thus

géz}é(u (wTr — rb) < {Bré%éu (wTr — rb)

The risk constraint is binding at the solution points which means that p((w’(R;))Tr—
1) = RY, i =1,2. Let us construct the portfolio w* = Aw?(R%) + (1 — \)w°(R}),

A = [0,1]. The two portiolios w°(R}) and w°(R}5) satisfy all constraints because
they are optimal solutions and are feasible points. All linear constraints in the
problem form a convex set, therefore the convex combination w* satisfies all linear
constraints. In addition,

p(w 7 = 1) < o (W (B 7 =ry) + (1= o ((w?(B5) 7 =7,
— AR} +(1—- R}

and

p(w e —ry) > A <(w0(RT))T7‘ - Tb) + (1= A <(wO(R;))T " Tb)

The inequalities follow because p(w?r—r;) and pu(w?r—r,) are respectively convex
and concave functions of w. II we solve the optimization problem with R* = R} =
AR} + (1 — A\)R;, we obtain the optimal portfolio w’(R}) with reward

p (@R = 1) = (T =)
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which, combined with the above inequality of the reward proves the claim. More-
over, the risk constraint is binding at w®(R}). Assume the contrary, that

p ((w(R)) v =) < Ry

and let Xy = {w : p(wTr — ) < R}, wle =1,Lb < Aw < Ub}. Since R; < R} <
R; and p(wTr —ry) is a convex function of w, X\ C X,. But then

p (W B v —ry) = p (W (R) 7= 1) < B3

and we have a contradiction with the assumed equality p((w’(R3))Tr —r,) = R3.

L
Proof of Proposition 11.
We will use the following result in the proof of Proposition 11.
Lemma 1. Suppose that the functional Gy (X) is defined as
Gr.o(X) = E(H(max(X, 0))[X > ¢.(X)) (30)

where X is a real-valued random variable with a continuous distribution, q.(X)
is the e-quantile of X, H(-) is a non-decreasing, convex function from [0, 0] to
[0, 00] and vanishes at the origin. Then Gy .(X) is convex, in the sense that if
Z=aX+(1-a)Y, a€l0,1], then Gy (Z) < aGpu(X)+ (1 —a)Gp(Y).

Proof. We will assume that X and Y are real-valued random variables defined on
a common probability space (2, F, P). Suppose that Z = a X + (1 — a)Y, where
a € [0,1]. Then

L= —aG(X) — (1= a)Gpe(Y) + Gu(2)
= —aG(X) — (1 - a)GyY) + Gye(aX + (1 — a)Y)
= —aB(H(max(X, 0))|[X > ¢(X)) = (1 — a) E(H (max(Y, 0))[Y" > ¢.(Y))
+ E(H(max(Z,0))|Z > ¢.(2))
< —aB(H(max(X,0))[X > ¢.(X)) = (1 = a) E(H (max(Y, 0))[Y" > g(Y))

+aB(H(max(X,0))|Z > ¢(2)) + (1 — a) E(H (max(Y, 0))|Z > ¢.(2))

T 1_a [E(H(max(X,0))1{z5q.(2)) — B(H(max(X, 0))1{xsq.(x)})]

+ i:i [E(H(max(Y,0))1z5q.(2)) — E(H(max(Y,0))1y>q.v))]

=1 i - [B (H(max(X,0)) (Lz>q.2)) — Lpxsaxy))]

+ 1:2 [ (H(max(Y,0)) (Lz>q.2)) = Lysay))] = 1 i A+ i :ZB

The inequality holds because, (1) max(x,0) is convex and thus max(aX + (1 —
a)Y,0) < amax(X,0)+ (1—a)max(Y,0) and (2) H is assumed non-decreasing and
convex, therefore
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H(max(aX + (1 —a)Y,0)) < H(amax(X,0)+ (1 — a) max(Y,0))
< aH(max(X,0)) + (1 — a)H (max(Y,0))

The expressions A and B will be handled separately.

/ H(max(X (w),0)) (Lizw)>a(2)} — Lix(w)>q(x)}) dP

; H(max(X (w),0))f(w)dP + i H(max(X (w),0))f(w)dP

where_ f(w) = 1{Z(w)>q€(Z)} — 1{X(w)>q€(X)}’ ST = {w : X(w) > qe(X)} and also
S1UST = Q. It is easy to see that f(w) <0, w € S; and f(w) >0, w & S;.
Therefore, since H(max(X(w),0)) is non-negative and non-decreasing, we obtain
the bound

A < H(max(ge(X), 0)) f( )dP + H(max(ge(X),0)) s f(w)dpP

(max(g.(X), 0) /f

(max(qe(X), 0)E (Lizw)>q(2)) — L{xX(w)>q.(x)})
(max(q.(X),0))(1—e—1+¢€)=0

|
mmm

Similarly we receive B < 0 and thus finally we arrive at L < 0. As a result, for
any a € [0, 1],

Gue(aX +(1—a)Y) <aGp (X)+(1—a)Gu(Y)

9.0.1 Proof of the main result

Proof. 1t is easy to check that z(y) = y” is convex and non-decreasing for v > 1
and y > 0; (Z/(y) =y~ >0, 2"(y) = v(y — 1)y?2 > 0) and therefore it satisfies
the conditions in Lemma 1.

Then, noticing that

CVaR,o(X) = E((max(—X,0))"| — X > VaR,(X))
— E((max(—X,0))"| = X > —qu(X))
— E((max(—=X,0))"| = X > g1_a(~X))
= Gz ,(1—a) ( X)
we are ready with the prool making use of the result in Lemma 1. O
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e Proof of Proposition 12.
Proof. According to the definition, for any ¢t > 0
CVaR 0 (tX) = E ((max(—tX,0))"| —tX > VaR,(tX))
/OO (max(—z,0))” foix(z)dx

VaRa(tX)

o (5) 5

QI*—‘

QI*—‘

1 y
= /V aRa(x>(maX( ty,0))" f-x (y) dy
- (max(—y, 0))"fx () dy
VaRa(X)

where fx(z) is the probability density function of the random variable X. Hence

CVaR(, o (tX) =1"FE ((max(—X,0))"| = X > VaR,(X))
= tFYCVaR(%a) (X)

and we have proved the claim. O
e Next we give a proof of Proposition 13.

Proof. We sketch the proof of equivalence with Problem (GRR A). Using the
homogeneity property in Proposition 12 and substituting ¢ = (CVaR g (w'r —
1)) ~° we obtain

r(na>)( CVaRsa) (trb — tw 7’)
w,t

subject to  CVaRsg (tw'r —try) =1
wle =1
Lb< Aw < Ub
t>0

We multiply by ¢ the second and the third constraint and then change the variables
x = tw. In elfect we have

max CValRsa (trb — ZETT)

(z,t)
subject to  CVaRsg) (z7r —try) =1
rTe=t (31)
tLb < Az < tUDb
t>0

The same reasoning as in the prool of Proposition 4 establishes the equivalence
of Problem (27) with Problem (31). That is, if (z°,¢°) is a solution of Problem
(31), then w® = z°/t° is a solution to Problem (27) and conversely, il w® is a
solution to Problem (27) then the pair (w°t°, t°) solves Problem (31) with ¢° =
(CVCLR(&@) (wOTT — Tb))_é.
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Also in the same way as in the proof of Proposition 4, we can show that it
is possible to relax the risk constraint to CVaRg (¢7r —tr,) < 1 since it is
necessarily binding. Indeed, due to the homogeneity property stated in Proposition
12, we can rewrite the entire problem as

I(na:;; t‘;CVaR((;’a) (rb — wTr)
w,t
subject to  #°CVaRp) (w'r —m) <1

twle =1t
tLb < Atw < tUb
t>0

We assume that the solution is attained at (z°,¢°) which is such that (t°)°CVaR; g (w* r—
rp) < 1. Now let us consider the pair (at’w®, at®) where

1<a<((t°)°CVaRg (w’r— Tb))_w

The point (at’w?, at®) is feasible and

(to)‘;CVaR(M) (rb — wOTr) < a‘s(to)‘SCVaR((;,a) (rb — ’LUOTT’>

because a® > 1. This inequality shows that the objective function value increases
at (at’w® at®) and therefore (t°w° t°) = (2°,¢°) is not the solution according to
the assumption. Because of the established contradiction, the risk constraint is
satisiied as equality at the solution point.

The equivalence with Problem (GRR B) is proved with the same arguments applied
to the problems

CVCLR(CW) (wTT - Tb)

min
w CV&R(&Q) (Tb - 'UJTT) (32)
subject to  wle =1
Lb < Aw < Ub

and

r(nir)l CVaRsp) (:L’TT — trb)

x,t

subject to  CVaRsq (try —z'r) =1
2Te=t
tLb < Ax < tUb

t>0

where ¢t = (CVaR s q)(ry—w?r)) ™ and then considering the relaxation CVaRsq) (tr,—
xTr) > 1 of the risk constraint. The fact that Problem (32) is equivalent to the
generic ratio optimization, Problem (27) follows from the same arguments as in
the proof of Proposition 2, part (c). Actually the result there is not dependent on
any assumption of convexity.

O
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