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1 IntroductionAn accepted theory of asset choice under uncertainty is expected utility. Expected utilityrepresentation of agent's preferences is present if there exists a function u ∈ U such thata random wealth X is preferred to a random wealth Y if and only if Eu(X) ≥ Eu(Y ).The class U is characterized by investors' preferences; for instance, if they are assumedto be non-satiable and risk-averse, then U contains non-decreasing, concave functions.The problem which an investor solves is selecting the random wealth maximizing hisexpected utility. There are two basic approaches to the problem of portfolio selectionunder uncertainty stemming from this theory. One of them is the stochastic dominanceapproach, based on the axiomatic model of risk-averse preferences. Unfortunately, theoptimization problems that arise are not easy to solve in practice. The other is reward-risk analysis. According to it, the portfolio choice is made with respect to two criteria� the expected portfolio return and portfolio risk. A portfolio is preferred to anotherone if it has higher expected return and lower risk. There are convenient computationalrecipes and geometric interpretations of the trade-off between the two criteria. Adisadvantage of the reward-risk analysis is that it cannot capture the richness of thestochastic dominance approach. As a matter of fact, the relationship between the twoapproaches is an ongoing research topic (see Hanoch and Levy (1969) and Ogryczakand Ruszczynski (2001) and the references therein).Related to the reward-risk analysis is the reward-risk ratio optimization. Since thepublication of the Sharpe ratio, see Sharpe (1966, 1994) and also Ziemba et al. (1974),which is based on the mean-variance analysis, some new performance measures suchas the STARR ratio, the Minimax measure, Sortino-Satchell ratio, Farinelli-Tibilettiratio and most recently the Rachev ratio, the Generalized Rachev ratio and the modifiedSharpe ratio have been proposed (for an empirical comparison, see Biglova et al. (2004),Rachev et al. (2005) and the references therein). For additional information on themodified Sharpe ratio, see Ziemba (2005). The new ratios take into account empiricallyobserved phenomena, that assets returns distributions are fat-tailed and skewed, byincorporating proper reward and risk measures. For example, in Ziemba (1974) themean-dispersion ratio, which is an analogue of the Sharpe ratio, is derived as the properratio assuming stock returns follow the heavy-tailed stable-Paretian distribution.In this paper, we focus on general reward-risk ratio optimization. We begin witha brief description of the Markowitz problem, the related Sharpe ratio optimizationand a formulation of a general reward-risk ratio problem. In Section 4, we develop asimplification of the generic problem in the case of positive homogeneous concave andconvex, reward and risk measures respectively under some technical conditions. Weshow how some ratio optimization problems reduce to more simple ones in Sections5 and 6. In Section 7, an algorithm for a general quasi-concave ratio problem isconsidered. Finally, in the last two sections, we discuss the Rachev and GeneralizedRachev ratio.
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2 The mean-variance analysis and the Sharpe ratioThe classical mean-variance framework introduced by Markowitz (1952, 1959) and de-veloped further in Markowitz (1987) is the first proposed model of the reward-risk typeand we shall briefly describe it. Suppose that at time t0 = 0 we have an investor whocan choose to invest among a universe of n assets. Having made the decision, he keepsthe allocation unchanged until the moment t1 when he can make another investment de-cision based on the new information accumulated up to t1. The vector of assets returns
r = (r1, . . . , rn)T is stochastic with expected value Er = (Er1, . . . , Ern)T . The result ofthe investment decision is a portfolio with composition w = (w1, . . . , wn)

T where wi isthe portfolio weight corresponding to the i-th item. The weights of all portfolio itemssum up to 1, wTe =
∑n

i=1 wi = 1 where e = (1, 1, . . . , 1)T ∈ Rn. The expected portfolioreturn is
µp =

n
∑

i=1

wiEri = wTEr.A key point in Markowitz's approach is that the standard deviation of portfolio return
σp is assumed to be the measure of risk. Let Σ = {cov(ri, rj)}n

i,j=1 be the covariancematrix of the random asset returns, then
σ2

p =
∑

i,j

wiwjcov(ri, rj) = wT Σw.Sometimes the investor faces certain exogenous constraints. For instance, a certainsubset of the assets is not allowed to constitute more than a given fraction of totalportfolio value. A portfolio that satisfies all constraints in the selection problem will becalled admissible or feasible. Where appropriate, we shall denote the set of all feasibleportfolios by X .The main principle behind the mean-variance analysis1 can be summarized briefly intwo ways:1. From all feasible portfolios with a given upper bound on σp, find the ones thathave maximum expected return µp;2. From all feasible portfolios with a given lower bound on µp, find the ones thathave minimum risk σp;Behind the two formulations of the principle, we can find two optimization problems
max

w
wT Ersubject to wT e = 1
wT Σw ≤ R∗

Lb ≤ Aw ≤ Ub

(1)1For a description, see for example Ziemba and Board (1996)3



and
min

w
wT Σwsubject to wT e = 1
wT Er ≥ R∗

Lb ≤ Aw ≤ Ub

(2)where R∗ is the upper bound on portfolio risk, R∗ is the lower bound on portfolioreturn, A ∈ Rk×n is a matrix, Lb ∈ Rk is a vector of lower bounds and Ub ∈ Rkis a vector of upper bounds. The set of k double linear inequalities Lb ≤ Aw ≤ Ubgeneralizes all exogenous constraints. The solution of Problem (1) or Problem (2)represents the optimal portfolio or the portfolio that is most preferable among the setof all feasible portfolios. The originally proposed problem by Markowitz is Problem (2)and it is known as the Markowitz problem. For the general dualty theorems of the typeof Problems (1) and (2), see Rachev and R�uschendorf (1998). See also, Ziemba andVickson (2006). The optimal portfolio wo found in this way is a function of the imposedbounds R∗ or R∗ depending on whether we consider Problem (1) or Problem (2). Letus choose Problem (2) for the sake of being unambiguous. Then as we have explained
wo = wo(R∗). Changing the parameter R∗ we obtain the set of all optimal portfolios,or the mean-variance efficient set. We denote it with Eo. The curve (woT Er, woTΣwo)where wo ∈ Eo is called the efficient frontier.There is a third way to arrive at the mean-variance efficient set by considering theoptimization problem

max
w

wT Er − λwT Σwsubject to wT e = 1
Lb ≤ Aw ≤ Ub

(3)where λ > 0 is a parameter. In this representation, the objective function wT Er−λwT Σwis interpreted as a utility function and λ is called the risk-aversion parameter. Since itis possible to show that the three problems are equivalent (see, for example, Ziembaand Vickson (2006), Rockafellar and Uryasev (2002) and Palmquist et al. (2002)),the mean-variance efficient set can be obtained by the problem above via varying therisk-aversion parameter.Suppose that we have received the portfolios from the mean-variance efficient setand that we can compare and choose among all of them. Are we indifferent towards allthese portfolios? We can compare them in terms of their expected return for a unit ofrisk, that is we can compare the ratios
SR(wo) =

woT Er√
woT Σwo

(4)for all portfolios wo ∈ Eo. We would prefer the portfolio with the highest ratio as itprovides the highest expected return for a unit of risk. That is we solve the problem4
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Figure 1: The efficient frontier and the tangent portfolio. Here rf is a positive risk-freerate.
max
w∈Eo

wT Er√
wTΣw

(5)Geometrically, the point on the efficient frontier that corresponds to the solution ofProblem (5) is where a straight line passing through the origin is tangent to the efficientfrontier (see Figure 1). The optimal portfolio received is called the tangent portfolio.The optimal portfolio is known as the Markowitz market portfolio, or can also be calledtangent portfolio with zero risk-free rate (see Black (1972)). If the risk-free rate isnon-zero, then we maximize the excess return for a unit of risk, (wTEr − rf )/
√

wTΣw.The solution is illustrated on Figure 1.The ratio defined in equation (4) is a version of the reward-to-variability ratio calledthe Sharpe ratio, hence the notation. It was first introduced to measure the performanceof mutual funds and was originally proposed as the ratio between the expected excessreturn (the expected return of the fund above a benchmark portfolio return) and thestandard deviation of the returns of the fund, see Sharpe (1966, 1994).3 The ρ-efficient frontier and the ρ-tangent portfolioIn recent years, significant efforts have been dedicated to building extensions to the clas-sical mean-variance analysis. The principal reason is that it leads to optimal decisionsonly when the vector of assets returns follows the multivariate normal distribution,i.e. r ∈ N(Er, Σ), and there is ample empirical evidence against that assumption2.2See Ziemba (1974) and also Rachev and Mittnik (2000) and the references therein for extensionscompatible with heavy-tailed models. 5



The extensions involve including different risk measures in the optimization problems.The deficiencies of the standard deviation as a risk measure were acknowledged byMarkowitz who was the first to suggest the semi-standard deviation as a substitute,Markowitz (1959). A common criticism is that standard deviation symmetrically penal-izes loss as well as profit.An example of a class of risk measures proposed is the class of the coherent riskmeasures, see Artzner et al. (1998). A functional ρ(·) on the space of real-valued randomvariables is called a coherent risk measure if it is:1. monotonous: X, Y ∈ V ; Y ≥ X =⇒ ρ(Y ) ≤ ρ(X)2. sub-additive: X, Y, X + Y ∈ V =⇒ ρ(X + Y ) ≤ ρ(Y ) + ρ(X)3. positively homogeneous: X ∈ V, h > 0, hX ∈ V =⇒ ρ(hX) = hρ(X)4. translation invariant: X ∈ V, a ∈ R =⇒ ρ(X + a) = ρ(X) − aThese axioms are desirable for the purpose of risk management. It is possible tofind a representation of coherent risk measures in terms of a functional defined onclasses of probability measures, for details see Artzner et al. (1998). Relaxing thepositive homogeneity assumption, we obtain the more general class of convex riskmeasures. Representation theorems for convex risk measures can be found in F�ollmerand Schied (2002a), see also Rockafellar and Ziemba (2000), and for a more extensivetreatment, see F�ollmer and Schied (2002b). In this paper, we do not rely on the strongrepresentation results. We use only the defining axioms.The mean-variance principle can be extended for a general risk measure ρ(·), notnecessarily coherent, and the corresponding optimization problems can be re-stated. Forexample, Problem (2) becomes:
min

w
ρ(wT r)subject to wT e = 1
wT Er ≥ R∗

Lb ≤ Aw ≤ Ub

(6)The related mean-risk efficient set Eo is obtained by varying the bound R∗ and theefficient frontier is the curve (wTEr, ρ(wT r)), where w ∈ Eo. The same reasoning as inthe case of the mean-variance model shows that the most preferable portfolio in the set
Eo is among the solutions of

max
w∈Eo

wT Er

ρ(wT r)
(7)The ratio in the objective should be well-defined, that is the denominator should notturn into zero for any feasible portfolio. Otherwise the objective becomes unboundedand Problem (7) makes no sense. Throughout the paper, we will always assume thatthe risk functional is strictly positive for all feasible portfolios.6



If a solution of Problem (7) exists, it is called the ρ-market portfolio or ρ-tangentportfolio with zero risk-free rate. If a solution exists, it is not necessarily unique. Thefollowing simple result holds.Proposition 1. The solutions of Problem (7) and
max

w

wT Er

ρ(wT r)subject to wT e = 1
Lb ≤ Aw ≤ Ub

(8)coincide as well as the objective function values at the solution points.Proof. First since Eo ⊂ X = {w : wT e = 1, Lb ≤ Aw ≤ Ub}, it follows that
max
w∈Eo

wT Er

ρ(wT r)
≤ max

w∈X

wTEr

ρ(wT r)
(9)Suppose that the solution of Problem (8) is attained at w ∈ X /Eo. Then solving Problem(6) with R∗ = wT Er we obtain wo ∈ E0 such that ρ(woT r) ≤ ρ(wT r). Therefore

wT Er

ρ(wT Er)
≤ woT Er

ρ(woT Er)
(10)since wT Er ≤ woT Er is also true because of the expected return constraint in theoptimization problem. We also know that

max
w∈X

wTEr

ρ(wT Er)
=

wT Er

ρ(wT Er)
≤ woT Er

ρ(woT Er)
≤ max

w∈Eo

wTEr

ρ(wT Er)The equality holds because w is assumed to be a solution of Problem (8) and the lastinequality holds because it is not guaranteed that the global maximum of Problem (7)is attained at wo. Combining equation (10) above with equation (9), we can see that theinequalities are satisfied as equalities. Therefore w ∈ Eo and the corresponding objectivefunction values coincide.We can find ρ-tangent portfolios by considering directly Problem (8) and maximizingthe corresponding performance measure without finding first the set Eo.3.1 General reward-risk ratio optimizationOptimization of reward-risk measures is not a new topic. A multitude of performancemeasures have been proposed in the literature, some of them with non-linear rewardmeasures, see Biglova et al. (2004), Rachev et al. (2005) and the references therein.Here we discuss the general reward-risk ratio optimization problem7



max
w

µ(wTr − rb)

ρ(wT r − rb)subject to wT e = 1
Lb ≤ Aw ≤ Ub

(11)where µ(·) is a general non-linear reward measure, ρ(·) is a risk measure and rb isstochastic and denotes the returns of a benchmark portfolio. We assume differentproperties of µ(·) and ρ(·) and explore the possible simplification of the problem thatwould facilitate the numerical solution. In the sequel we treat Problem (11) as analternative to Problem (8) in which we use active portfolio returns, i.e. portfolioreturns relative to a benchmark portfolio. At times we will omit rb in the notation forthe sake of brevity.Our analysis will be based on (quasi-) convex functions, their optimal properties andextensions of some techniques for programming with fractional objectives (see Charnesand Cooper (1962)). We briefly recall that a function f : D ⊂ Rn → R is convex if
f(αx1 + (1 − α)x2) ≤ αf(x1) + (1 − α)f(x2), α ∈ [0, 1]where x1, x2 ∈ D and the domain D is a convex set. A function f : D ⊂ Rn → Ris quasi-convex if all sub-level sets {x : f(x) ≤ t} for t fixed are convex. A function

f is concave (quasi-concave) if −f is convex (quasi-convex). Every convex (concave)function is quasi-convex (quasi-concave). The converse is not true. We denote by R++all strictly positive real numbers, i.e. R++ = {x ∈ R : x > 0}.First we establish the next simpleProposition 2. If µ : D1 ⊂ Rn → R++ is a concave function and ρ : D2 ⊂ Rn →
R++ is a convex function thena) the ratio µ/ρ : D1 ∩ D2 → R++ is quasi-concave;b) the ratio ρ/µ : D1 ∩ D2 → R++ is quasi-convex;c) the following relationship holds

arg max
x

µ(x)

ρ(x)
= arg min

x

ρ(x)

µ(x)
, x ∈ D1 ∩ D2Proof. The proofs of a) and b) follow from a more general result in Mangasarian (1970).c) Let r(x) = ρ(x)/µ(x). Suppose that xo = arg min

x
r(x), x ∈ D1 ∩ D2. Since byassumption r(x) > 0, the difference

1

r(xo)
− 1

r(x)
=

r(x) − r(xo)

r(xo)r(x)
> 0, x ∈ D1 ∩ D2and therefore xo = arg max r−1(x), x ∈ D1 ∩ D2. The converse is also true.8



Part c) in Proposition 2 is correct even if we do not have the assumptions of con-vexity. The only important property is that the ratio is positive. Unfortunately parts a)and b) cannot be made stronger under the assumed general properties of the numeratorand the denominator. For some specific choices of µ(x) and ρ(x), it could be proved thatthe corresponding ratios in a) or b) are concave or convex respectively. Neverthelessthe quasi-convex (quasi-concave) functions preserve some of the nice properties of theconvex (concave) functions with respect to their extrema, see Boyd and Vandenberghe(2004). If the quasi-convex (quasi-concave) function has a univariate argument, it iseasy to give a geometric description of its properties. It has one global minimum (max-imum) and it is composed of two monotonic parts. The difference from the class ofconvex (concave) functions is that the two monotonic parts are not strictly monotonic,that is the graph of a quasi-convex (quasi-concave) function might have some �flat�sections, which makes its optimization a more involved affair. Generally an optimizationproblem with quasi-convex (quasi-concave) objective can be solved by decomposing itinto a sequence of convex optimization problems.In case the domains D1 and D2 are open sets and both µ and ρ are differentiable, theninstead of a quasi-concave (-convex) ratio we get a pseudo-concave (-convex) ratio. Formore details on pseudo- and quasi-convexity, see Mangasarian (1970). Note that pseudo-convex functions are also quasi-convex and, therefore, all results in our paper hold forthe smaller class as well. The property which distinguishes the two classes is thatthe local extrema of a pseudo-convex function are also global, which is not necessarilytrue for a quasi-convex function. This property makes the differentiable pseudo-convexfunctions better positioned for numerical optimization with general methods for convexprogramming because the minima satisfy the Kuhn-Tucker conditions. In the paper,we do not draw special attention to the class of pseudo-convex functions because ourapproach is constructed for the more general class of quasi-convex functions.4 Reward-risk ratio of the form µ(wTr)/ρ(wTr)In this section we consider performance measures that have the general form µ(wTr)/ρ(wTr)where µ(·) is a reward measure and ρ(·) is a risk measure. The reward measure is as-sumed to be a functional on the space of real-valued random variables that is1. positive homogeneous: µ(tX) = tµ(X), t > 02. concave: µ(αX1 + (1 − α)X2) ≥ αµ(X1) + (1 − α)µ(X2), α ∈ [0, 1]The risk-measure is a functional on the space of real-valued random variables which isassumed to be:1. positive homogeneous: ρ(tX) = tρ(X), t > 02. sub-additive: ρ(X1 + X2) ≤ ρ(X1) + ρ(X2)9



These two properties guarantee that ρ(·) is a convex functional. Throughout Section 4,the reward and the risk measure are presumed to satisfy the above properties.Both the reward and the risk of a portfolio with composition (w1, . . . , wn) will beregarded as functions on the set of admissible compositions. In the general situation,when we consider portfolio performance with respect to a benchmark, it is easy to showthat both functions are concave and convex accordingly. We are not providing the proofas it is straightforward.Proposition 3. Suppose that µ(·) and ρ(·) are functionals satisfying the aboveconditions. Then the reward function µ(wTr − rb) : X ⊂ Rn → R++ is concave and therisk function ρ(wT r − rb) : X ⊂ Rn → R++ is convex, provided that the domain X is aconvex set.Combining the above result with Proposition 2 we have the nextCorollary 1. Suppose that µ(·) and ρ(·) are functionals as in Proposition 3. Thenthe general performance ratio optimization problem (11) is a quasi-concave problem.Because of the assumed positive homogeneity of the reward and the risk measure,Problem (11) can be simplified and reduced to convex optimization problems.Proposition 4. The general performance measure optimization Problem (11) isequivalent to the following two problems
max
(x,t)

µ(xT r − trb) min
(x,t)

ρ(xT r − trb)subject to ρ(xT r − trb) ≤ 1 subject to µ(xT r − trb) ≥ 1(A) xT e = t (B) xT e = t
tLb ≤ Ax ≤ tUb tLb ≤ Ax ≤ tUb
t ≥ 0 t ≥ 0in the following sense. If the pair (xo

A, toA) is a solution to Problem (A) and (xo
B, toB)is a solution to Problem (B), then wo = xo

A/toA = xo
B/toB solves Problem (11). Moreover

µ(xoT
A r − toArb) = µ(woTr − rb)/ρ(woT r − rb) = ρ−1(xoT

B r − toBrb). Conversely, if wo is asolution to Problem (11) and to = ρ−1(woT r − rb), then the pair (towo, to) is a solutionto Problem (A). If to = µ−1(woTr − rb), then (towo, to) is a solution to Problem (B).Problem (B) is a convex problem and Problem (A) can be easily transformed into aconvex problem by changing the sign of the objective and considering minimization.The proof of Proposition 4 is given in the Appendix. One of the key assumptionsis that the reward measure is strictly positive for the feasible portfolios. Certainlythis is very restrictive as one might argue that there could be feasible portfolios withnegative excess reward, µ(wTr − rb) ≤ 0. In case the set X contains portfolios of bothtypes � with positive and negative excess reward � then obviously the optimal solutiondoes not belong to the set of the latter. Thus we might consider the optimization over
X ∩ {w : µ(wTr − rb) ≥ ε > 0} which is a convex set and does not change the nature ofthe problem. The parameter ε is such that the intersection is non-empty. Therefore theproper less restrictive assumption for µ(·) is that there should exist at least one w ∈ Xsuch that µ(wTr − rb) > 0. 10



Another important assumption is that the risk measure is a positive functional forall feasible portfolios. If ρ(·) is not bounded away from zero for all feasible portfolios,i.e. there exists w ∈ X such that ρ(wTr − rb) = 0, then Proposition 4 does nothold. In this case the variable t in Problem (A) explodes since t = ρ−1(wTr − rb),which makes the problem unbounded. The solution of Problem B will be a portfolio
w ∈ X such that ρ(wT r−rb) = 0 because for the other portfolios the objective is strictlypositive. Certainly, due to the assumed convexity, existence of a feasible portfolio w with
ρ(wT r− rb) < 0 means that there exists a feasible portfolio v, such that ρ(vT r− rb) = 0.As a result, we can conclude that strict positivity of the risk measure for all feasibleportfolios is crucial for the stated equivalence between the three problems.Concerning the risk functional, our analysis is primarily based on the propertiesof positive homogeneity and sub-additivity. Therefore, from mathematical viewpoint,it is possible to replace the risk functional by any positive homogeneous, sub-additivefunctional which is strictly positive for the admissible portfolios and Proposition (4) willstill hold. For example, one can use the class of deviation measures, see Rockafellaret al. (2005) and Rockafellar et al. (2006). They are by definition non-negative forall random variables. Deviation measures are not risk measures and thus they capturedifferent aspects of the portfolio return distribution. In effect, the optimization problemsinvolving deviation measures are, generally, different in nature than those involving riskmeasures. Nevertheless all results in the paper remain valid when ρ(·) is a deviationmeasure. One example is the Sharpe ratio problem in which the denominator is asymmetric deviation measure. The Sharpe ratio problem is considered in Section 6.5 Reward-risk ratio of the form wTEr/ρ(wTr)If we choose as a reward measure the mathematical expectation, then µ(·) becomes alinear functional3.The performance measures with a linear reward functional arise naturally fromgeneral optimal portfolio problems like Problem (6). Assuming the same propertiesfor the risk measure as in the previous section, Proposition 4 transforms intoProposition 5. The general performance measure optimization Problem (11) isequivalent to the following two problems

max
(x,t)

xT Er − tErb min
(x,t)

ρ(xT r − trb)subject to ρ(xT r − trb) ≤ 1 subject to xT Er − tErb = 1(A1) xT e = t (B1) xT e = t
tLb ≤ Ax ≤ tUb tLb ≤ Ax ≤ tUb
t ≥ 0 t ≥ 0in the sense that if the pair (xo

A, toA) is a solution to Problem (A1) and (xo
B, toB) is asolution to Problem (B1), then wo = xo

A/toA = xo
B/toB solves Problem (11). Moreover3Actually a much stronger result holds. If the reward functional is assumed to be linear, then it isnecessarily the mathematical expectation. This is the Riesz representation theorem, see DeGiorgi (2004).11
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fFigure 2: The efficient frontier, a case with a non-unique tangent portolio. Here rf is apositive risk-free rate.

xoT
A Er− toAErb = (woT Er−Erb)/ρ(woT r− rb) = ρ−1(xoT

B r− toBrb). Conversely, if wo is asolution to Problem (11) and to = ρ−1(woT r − rb), then the pair (towo, to) is a solutionto Problem (A1). If to = (woTEr−Erb)
−1, then (towo, to) is a solution to Problem (B1).Proof. The claim follows trivially from Proposition 4 replacing the general reward mea-sure µ(·) with the mathematical expectation. For more details, see the proof of Propo-sition 4 in the Appendix.We take advantage of the linearity property and in Problem (B1) the additionalconstraint is equality in contrast to the additional constraint in Problem (B). Fromnumerical viewpoint, it makes Problem (B1) more attractive than Problem (A1).The connection with the optimal portfolio problem makes interesting the question ofthe interplay between Problem (A1) and Problem (B1) and how that is related to theefficient frontier and its graphical representation. It is possible to show that if bothproblems have two different solutions, then any convex combination of them is again asolution.Proposition 6. If (x1, t1) and (x2, t2) are two distinct solutions of Problem (A1) orProblem (B1), then (xλ, tλ) = λ(x1, t1) + (1 − λ)(x2, t2), λ ∈ [0, 1] is also a solution toProblem (A1) or Problem (B1).The proof is given in the Appendix. Two distinct solutions are possible if the riskmeasure is not strictly convex. In terms of the efficient frontier, it means that thereare linear sections and a portfolio that maximizes the performance measure happens tobe in the linear section (see Figure 2). Because of the established equivalence of bothproblems in Proposition 5, from practical viewpoint we can choose to solve one or theother. If we solve both and we arrive at two distinct solutions then it follows that we12



have such a case.Actually Figure 2 represents the general view of the efficient frontier, it is not aspecial case. This is proved in a more general situation in Section 7.6 Particular examplesWe can easily relate the general problems above to some specific reward-risk ratiosconsidered by practitioners. In those specific cases, the optimization problems can befurther simplified.6.1 The Sharpe ratioThe Sharpe ratio optimization problem can be reduced to two problems � one of typeA and one of type B in which the functional ρ(·) is the standard deviation of portfolioreturns. This is just one example in which ρ(·) is not a risk measure but a deviationmeasure. In the general case, the variance of the excess return is
D(wTr − rb) =

n
∑

i=1

w2
i Dri +

∑

i6=j

wiwjcov(ri, rj) + 2

n
∑

i=1

wicov(ri,−rb) + Drbwhere DX stands for the variance of the random variable X. In matrix form
D(wTr − rb) = (−1, w)TΣ1(−1, w), Σ1 =

(

σ2
b σbr

σT
br Σ

)

,

σ2
b is the variance of the benchmark asset rb,

σbr = (cov(rb, r1), cov(rb, r2), . . . , cov(rb, rn))is the vector of covariances of the returns of the benchmark asset with the returns of theother assets r = (r1, r2, . . . , rn)T and Σ = {cov(ri, rj)}n
i,j=1 is the covariance matrix ofthe assets' returns. The notation (−1, w) stands for the vector column (−1, w1, . . . , wn)Tand (−1, w)T is the corresponding vector row.The performance measure optimization problem is obtained from Problem (8)

max
w

wTEr − Erb
√

(−1, w)TΣ1(−1, w)subject to wT e = 1
Lb ≤ Aw ≤ Ub

(12)The result is contained in the next 13



Proposition 7. The performance measure optimization Problem (12) is equivalentto the following two problems
max
(x,t)

xT Er − tErbsubject to (−t, x)T Σ1(−t, x) ≤ 1(SR A) xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0and

min
(x,t)

(−t, x)T Σ1(−t, x)subject to xT Er − tErb = 1(SR B) xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0in the sense that if the pair (xo

A, toA) is a solution to Problem (SR A) and (xo
B, toB) is asolution to Problem (SR B), then wo = xo

A/toA = xo
B/toB solves Problem (12). Moreover

xoT
A Er − toAErb = (woT Er − Erb)/

√

(−1, wo)T Σ1(−1, wo)

=

(

√

(−toB, xo
B)T Σ1(−toB, xo

B)

)−1

.Conversely, if wo is a solution to Problem (12) and to =
(

√

(−1, wo)T Σ1(−1, wo)
)−1,then the pair (towo, to) is a solution to Problem (SR A). If to = (woT Er − Erb)

−1, then
(towo, to) is a solution to Problem (SR B).Proof. When ρ((x, t)) =

√

(−t, x)T Σ(−t, x) in the problem of type A in Proposition 5we have the constraint (−t, x)T Σ(−t, x) ≤ 1. Raising both sides of the inequality to thesecond power does not change the optimization problem since any (x, t) satisfying theconstraint √(−t, x)T Σ(−t, x) ≤ 1 also satisfies (−t, x)T Σ(−t, x) ≤ 1 and vice versa.In the problem of type B in Proposition 5, the objective is
√

(−t, x)T Σ(−t, x) → min
(x,t)Raising the objective to the second power does not change the optimal solution points.This is a direct consequence of the fact that Σ is a covariance matrix and is positivesemi-definite, i.e. (−t, x)T Σ(−t, x) ≥ 0 for any (x, t), and that the function f(u) = u2 isstrictly monotonic if u ≥ 0.Problem (SR B) is quadratic and can be solved as a quadratic programming problem.The reciprocal of the objective function value obtained at an optimal solution point does14



not equal the maximal Sharpe ratio but the squared maximal Sharpe ratio. If the pair
(xB, tB) solves Problem (SR B), then the reciprocal of the objective function is

(

(−tB, xB)T Σ1(−tB, xB)
)−1

=
(

t2B(−1, wB)T Σ1(−1, wB)
)−1

=

(

(−1, wB)T Σ1(−1, wB)

(wT
BEr − Erb)2

)−1

=

(

wT
BEr − Erb

√

(−1, wB)T Σ1(−1, wB)

)2

For the Markowitz problem, the functional ρ(·), which is represented by the standarddeviation, is strictly convex if the covariance matrix is non-singular and therefore,assuming non-singular covariance matrix, Figure 1 presents the general case for theview of the graph of the efficient frontier.6.2 The STARR ratioThe expected tail loss (ETL), also known as expected shortfall, is proposed in theliterature as a superior alternative to the industry standard Value-at-Risk (VaR), fora discussion see Yamai and Yoshiba (2002b,a). If the portfolio return distributionis continuous, then the ETL coincides with the Conditional Value at Risk (CVaR)introduced in Rockafellar and Uryasev (2002). In this case, the ETL (or CVaR) ofportfolio return X at the 100(1 − α) percent confidence level is defined as
ETLα(X) = CV aRα(X) = E(−X| − X > V aRα(X)) (13)where V aRα(X) is defined as V aRα(X) = − inf{x ∈ R : P (X ≤ x) ≥ α} and is theVaR measure. If the portfolio return distribution is discontinuous and there is a jump at

V aRα(X), the definition of the CVaR should be modified in order for the risk measureto be coherent. For a discussion, see Acerbi and Tasche (2002) and Rockafellar andUryasev (2002). The definition of the CVaR changes to
CV aRα(X) =

∫ ∞

−∞

tdGX(t) (14)where
GX(t) =

{

0, t < V aRα(X)
(P (−X ≤ t) − (1 − α))/α, t ≥ V aRα(X)Clearly (14) transforms to (13) when there is no jump of the distribution function at

V aRα(X). In the sequel, we will use the notation CVaR and the more general definitiongiven in (14). 15



Considering the optimal portfolio Problem 6, we arrive at the STARR ratio as thenatural reward-risk measure associated with the problem. The STARR ratio is definedas
STARR(w) =

wT Er − Erb

CV aRα(wTr − rb)
(15)and is proposed in Martin et al. (2003). Since the CVaR is a coherent risk measure,it satisfies the conditions that we impose on the risk function ρ(·) in Section 4 and wecan use Proposition 5 with ρ(wT r − rb) = CV aRα(wTr − rb). For both problems of typeA and B, we can apply the linearization technique developed in Rockafellar and Uryasev(2002) when there are scenarios for portfolio items returns.Suppose that we have N vectors rk ∈ Rn, k = 1, . . . , N with scenarios for the returnsof all portfolio items. They could be N random draws from the joint multivariatedistribution of the assets returns. The portfolio returns scenarios are sk = wTrk,

k = 1, 2, . . . , N where w is a concrete vector of weights. Using the scenarios, we cancompute an estimate ĈV aR of portfolio CVaR:
ĈV aRα(wT r) =

1

[Nα]

[Nα]
∑

k=1

(−1)s(k) (16)where s(k), k = 1, . . . , N denote the sorted portfolio scenarios in increasing order and
[a] is the largest integer smaller than a. It is shown in Rockafellar and Uryasev (2002)that the same estimate can be obtained via minimization

ĈV aRα(wTr) = min
θ∈R

(

θ +
1

Nα

N
∑

k=1

[

−wT rk − θ
]+

) (17)where [a]+ = max(a, 0). Taking advantage of the latter representation and applying theapproach in Rockafellar and Uryasev (2002) to the corresponding optimization problemsfrom Proposition 5, we obtain the following linearizations:
max

(x,t,d,θ)
xT Er − tErbsubject to θ +

1

Nα

N
∑

k=1

dk ≤ 1(STARR A) −xT rk + trk
b − θ ≤ dk, k = 1, 2, . . . , N

xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0, dk ≥ 0, k = 1, 2 . . .Nand

16
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Figure 3: The efficient frontier changes as the parameter α of the CVaR increases,
α1 < α2 < α3 < α4; rb = 0

min
(x,t,d,θ)

θ +
1

Nα

N
∑

k=1

dksubject to xT Er − tErb = 1(STARR B) −xT rk + trk
b − θ ≤ dk, k = 1, 2, . . . , N

xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0, dk ≥ 0, k = 1, 2 . . .NIn both problems rk

b , k = 1, . . . , N denote the scenarios for the benchmark portfolio and
d = (d1, . . . , dN) is a vector of additional variables, one for each scenario.We have assumed in Section 2 that the risk measure ρ(·) is a positive functional forall feasible portfolios. Due to the translation invariance property, the CVaR measure canviolate this assumption, as any other coherent risk measure. The CVaR of a portfolio is

CV aRα(wT r) = CV aRα(wT (r − µp) + µp) = CV aRα(wT (r − µp)) − µpIn this expression, CV aRα(wT (r−µp)) is the CVaR of the centralized portfolio returns.The defining equation (14) implies the inequality
CV aRα(wTr) ≤ CV aRβ(wTr), β < αmeaning that we can always choose α to be sufficiently high, such that CV aRα(wTr) =

0 because µp does not depend on α. Geometrically increasing α continuously will shiftthe entire efficient frontier to the left until the �tangent� line becomes vertical (seeFigure 3). 17



The generic ratio optimization problem also reduces to a set of two linear problemsif ρ(·) belongs to the larger family of spectral risk measures. The CVaR measurebelongs to this class � it is a spectral measure with constant spectral function. Thelinearizations can be received following the same reasoning as in the current sub-section.For more details on spectral risk measures and the linearization of the optimal portfolioproblem, see Acerbi (2002), Acerbi and Simonetti (2002) and Acerbi (2004).7 Reward-risk ratio of the form µ(wTr)/ρ(wTr) as a quasi-concave problemIt is possible to relax some of the assumed properties of µ(·) and ρ(·) in Section 4 andstill have a quasi-concave ratio optimization problem. Actually, the only properties thatwe need are that ρ(·) be a convex functional, positive for the admissible portfolios and
µ(·) � a concave functional also positive for the admissible portfolios. Then Proposition3 remains valid and using Proposition 2 we can conclude that we have a quasi-concaveproblem.Unfortunately, without the positive homogeneity property we cannot establish thenice equivalent problems in Proposition 4. Nevertheless we can use that the problem isquasi-concave and find the global maximum as the generic optimization problem reducesto a sequence of convex problems (see Boyd and Vandenberghe (2004)). According toProposition 2, the ratio optimization Problem (11) can be equivalently re-stated

min
w

ρ(wT r − rb)

µ(wTr − rb)subject to wT e = 1
Lb ≤ Aw ≤ Ub

(18)The objective function in the above problem is quasi-convex. Now consider the followingfeasibility problem
ρ(wT r − rb) − tµ(wTr − rb) ≤ 0
wTe = 1
Lb ≤ Aw ≤ Ub

(19)where t is a fixed positive number. For every fixed t ≥ tmin = minw∈X ρ(wT r −
rb)/µ(wTr − rb), the set {w : ρ(wT r) − tµ(wT r) ≤ 0} is convex and therefore we have aconvex feasibility problem. Also for every t ≥ tmin, Problem (19) is feasible because theset {w : ρ(wTr − rb) − tµ(wTr − rb) ≤ 0} is non-empty.A simple algorithm using bisection can be devised on the basis of the above fact.Suppose that we know an interval [a, b] such that tmin ∈ [a, b] and we have a tolerancelevel ε. Then1. Set t = (a + b)/2. 18



2. Solve the feasibility Problem (19).3. If the problem is feasible, then set b = t. If the problem is infeasible then set a = tand go to step 1.4. Repeat the above steps until b − a < ε.The final interval [a, b] is guaranteed to contain the solution tmin since tmin ∈ [a, b] oneach iteration. In k iterations, the length of the final interval is 2−k(b−a) where [a, b] isthe length of the initial interval. Therefore, a total of log2((b − a)/ε) steps are requireduntil convergence (see Boyd and Vandenberghe (2004) for a general description of thequasi-convex problem).Other methods for numerical solution of (18) can be constructed under the additionalassumption of differentiability of the numerator and the denominator. Then, as wenoted, the ratio is a differentiable pseudo-convex function, the minima of which satisfythe Kuhn-Tucker optimality conditions. Therefore, problem (18) can directly be solvedusing numerical methods for convex programming.In the first section, we related the Sharpe ratio to the Markowitz problem. Nextwe related the ratio of the form wT Er/ρ(wTr) to the more general optimal portfolioProblem (6). In a similar way now we can associate an optimization problem with thereward-risk ratio considered in the current section. Let us examine the optimizationproblem
max

w
µ(wTr − rb)subject to ρ(wT r − rb) ≤ R∗

wTe = 1
Lb ≤ Aw ≤ Ub

(20)The optimal vector of weights wo is dependent on the imposed upper bound R∗, wo =
wo(R∗). Just as in the Markowitz setting, we can call the set of all optimal allocationsthe efficient set, denote it with Eo, and the curve (µ(wTr − rb), ρ(wTr − rb)), w ∈ Eothe efficient frontier. It appears that the corresponding version of Proposition 1 remainsvalidProposition 8. The solutions of Problem (11) and

max
w∈Eo

µ(wTr − rb)

ρ(wT r − rb)coincide as well as the objective function values at the solution points.Proof. The same arguments as in Proposition 1 can be applied without modification.The geometry of the efficient frontier under the assumptions of the current sectionis described in 19



Proposition 9. The efficient frontier generated by Problem (20) � in which µ(·)is a concave reward measure and ρ(·) is a convex risk measure � is a concavemonotonically increasing function. That is if R∗
1 and R∗

2, R∗
1 < R∗

2 are two upperbounds of the risk constraint and R∗
λ = λR∗

1 + (1 − λ)R∗
2, λ ∈ [0, 1], then

µ
(

(wo (R∗
λ))

T r − rb

)

≥ λµ
(

(wo (R∗
1))

T r − rb

)

+ (1 − λ)µ
(

(wo (R∗
2))

T r − rb

)and
µ
(

(wo (R∗
2))

T r − rb

)

≥ µ
(

(wo (R∗
1))

T r − rb

)where wo(R∗) denotes the optimal allocation obtained with R∗ as a risk constraint andthe risk constraint is assumed binding for R∗ = R∗
1 and R∗ = R∗

2.The proof is given in the Appendix. Using these two propositions, we can concludethat the general view of the graph of the efficient frontier is like the one on Figure 2.Thus the geometric intuition supports the analytic result that in the case of concavereward measure and convex risk measure, the set of all globally optimal portfolios isconvex.8 Non-quasi-concave reward-risk ratiosThere are reward-risk ratios suggested in literature that are not in the class of thequasi-concave functions because both the numerator and the denominator are convex.Such are for instance the Farinelli-Tibiletti ratio and the Generalized Rachev ratio (seeBiglova et al. (2004) and Rachev et al. (2005)). Under certain conditions, it appearsthat simplification is possible in some particular examples.8.1 The Rachev ratioIn this section we consider the problem of the Rachev ratio optimization which is aspecial case of the Generalized Rachev ratio. The definition is
RR(w) =

CV aRα(rb − wTr)

CV aRβ(wTr − rb)
(21)The reward measure is the CVaR function which is convex and it follows that theRachev ratio does not belong to the class of quasi-concave ratios because both the nu-merator and the denominator are convex and Proposition 2 does not hold. Neverthelesswe can still use the positive homogeneity property of the numerator and the denominatorand simplify the generic problem 20



max
w

CV aRα(rb − wT r)

CV aRβ(wTr − rb)subject to wTe = 1
Lb ≤ Aw ≤ Ub

(22)where both the numerator and the denominator are assumed to be strictly positivefunctionals for all admissible portfolios. The result is contained in the next proposition.Proposition 10. Problem (22) is equivalent to the following two optimization prob-lems
max
(x,t)

CV aRα(trb − xT r)subject to CV aRβ(xT r − trb) ≤ 1(RR A) xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0and

min
(x,t)

CV aRβ(xT r − trb)subject to CV aRα(trb − xT r) ≥ 1(RR B) xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0in the sense that if the pair (xo

A, toA) is a solution to Problem (RR A) and (xo
B, toB) is asolution to Problem (RR B), then wo = xo

A/toA = xo
B/toB solves Problem (22). Moreover

CV aRα(toArb−xoT
A r) = CV aRα(rb−woT r)/CV aRβ(woTr−rb) = (CV aRβ(xoT

B r−toBrb))
−1.Conversely, if wo is a solution to Problem (22) and to = (CV aRβ(xoT

B r − rb))
−1, thenthe pair (towo, to) is a solution to Problem (RR A). If to = (CV aRα(rb −woTr))−1, then

(towo, to) is a solution to Problem (RR B).Proof. The same arguments from the proof of Proposition 4 can be applied withoutmodification.Both problems in the proposition are not convex. In Problem (RR A), the set of alladmissible portfolios is convex because the sub-level set {(x, t) : CV aRβ(xT r−trb) ≤ 1}is convex. The objective involves maximization of a convex function and for this reasonthe problem is non-convex. In Problem (RR B), the objective is the minimization of aconvex function but the set {(x, t) : CV aRα(trb − xT r) ≥ 1} is non-convex and so is theentire problem.Basically the lack of convexity makes it impossible to linearize both CVaR functionssimultaneously in the problems using the approach in Rockafellar and Uryasev (2002)when we have scenarios for the returns of the assets. Suppose that we try with Problem(RR A) with rb = 0 to simplify the expressions. The corresponding linearization is21



max
(x,t,g,δ,d,θ)

δ +
1

Nα

N
∑

k=1

gksubject to xT rk − δ ≤ gk, k = 1, 2, . . . , N
gk ≥ 0, k = 1, 2 . . .N

θ +
1

Nα

N
∑

k=1

dk ≤ 1

−xT rk − θ ≤ dk, k = 1, 2, . . . , N
dk ≥ 0, k = 1, 2 . . .N
xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0

(23)
Inevitably the objective of the above problem explodes because we have maximizationand there is nothing to bound the variables gk from above. All constraints concerningthose variables are of the type xT rk − δ ≤ gk and therefore all gk increase indefinitely.There is no such restriction for δ as well and it also increases indefinitely. Now supposethat we try to �fix� the problem by changing the constraints to be xT rk − δ ≥ gk. Thenew problem could turn out infeasible if for one k, 0 > xT rk − δ ≥ gk, because werequire all gk to be positive.We propose a linearization introducing binary variables into the optimization. Thusthe resulting problem is a mixed-integer linear programming (MIP) problem. Thelinearization is based on equation (16) and on the consideration that if the CVaR estimateis computed as the average of the largest [Nα] observations in the sample multiplied bynegative one, then the average of any other [Nα] observations will be smaller than theCVaR. The above statement transforms into the optimization problem

max
(g,λ)

1

[Nα]

N
∑

k=1

gksubject to gk ≤ Bλk, k = 1, 2, . . . , N
gk ≥ −wT rk − B(1 − λk), k = 1, 2, . . . , N
gk ≤ −wT rk + B(1 − λk), k = 1, 2, . . . , N
λTe = [Nα]
λk ∈ {0, 1}, gk ≥ 0, k = 1, 2, . . . , N

(24)
where rk ∈ Rn, k = 1, . . . , N are vectors of assets returns scenarios, α is the parameterof the CVaR function, B is a very large number, such that |wTrk| ≤ B for all scenarios,and λ = (λ1, λ2, . . . , λN) is a vector of binary variables. Let us verify if Problem (24) isequivalent to the above statement. For this reason, we have to examine two cases:1. Suppose that λk = 0. Then

22



gk ≤ 0

gk ≥ −wT rk − B

gk ≤ −wT rk + B

gk ≥ 0From the first and the fourth inequality it follows that gk = 0. The second and thethird are redundant since B is chosen to be very large.2. Suppose that λk = 1.
gk ≤ B

gk ≥ −wT rk

gk ≤ −wT rk

gk ≥ 0From the last three equalities it follows that gk = −wT rk ≥ 0. The first inequalityis redundant.Thus the binary variable λk indicates whether the variable gk is non-zero. If λk = 1then the auxiliary variable is positive and equals the k-th scenario of the portfolio returnmultiplied by negative one. If it is negative, then it forces the binary variable to becomeequal to zero, since gk cannot be negative. Ultimately in the objective function wehave a sum of positive numbers equal to the corresponding portfolio return scenariosor zeros. The number of the non-zero summands, or respectively the non-zero λk, iscontrolled by the constraint λT e = [Nα] according to which the sum of all λk shouldequal [Nλ]. Certainly ĈV aRα(wTr) matches the solution of Problem (24).We have demonstrated that for each w fixed by solving Problem (24) we obtain
ĈV aRα(wTr). We can combine Problem (RR A) and Problem (24) as the objective ofthe former is also maximization. As a result we have

max
(x,t,g,λ,d,θ)

1

[Nα]

N
∑

k=1

gksubject to gk ≤ Bλk, k = 1, 2, . . . , N
gk ≥ xT rk − B(1 − λk), k = 1, 2, . . . , N
gk ≤ xT rk + B(1 − λk), k = 1, 2, . . . , N
λT e = [Nα]
λk ∈ {0, 1}, gk ≥ 0, k = 1, 2, . . . , N

θ +
1

Nα

N
∑

k=1

dk ≤ 1

−xT rk − θ ≤ dk, k = 1, 2, . . . , N
dk ≥ 0, k = 1, 2 . . .N
xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0.

(25)
23



Solving Problem (25) we obtain the global maximum of the Rachev ratio. Thenumber of binary variables λk equals the number of scenarios and the computationalburden is much more related to the number of scenarios than to the portfolio size.Actually, the computational cost of a MIP problem is much higher than that of alinear problem with continuous variables only. Certainly this approach to the CVaRlinearization is applicable in the STARR ratio optimization problem and in general, inthe optimal portfolio problem with the CVaR as a risk function, but the method ofRockafellar and Uryasev (2002) is more efficient as it involves continuous variablesonly.8.2 The Generalized Rachev ratioThe Generalized Rachev ratio is defined as
GRR(w) =

CV aR(γ,α)(rb − wTr)

CV aR(δ,β)(wT r − rb)
(26)where CV aR(γ,α)(X) = E ((max(−X, 0))γ| − X > V aRα(X)) and V aRα(X) is the VaRmeasure. For simplicity we will assume that X has a continuous distribution. TheRachev ratio is a special case with γ = δ = 1. The power function in the conditionalexpectation does not allow for a straightforward linearization as in the case of theSTARR ratio or the Rachev ratio. Like the Rachev ratio, in the Generalized Rachevratio both the numerator and the denominator are convex if γ ≥ 1 and δ ≥ 1. This resultis contained in the nextProposition 11. The function CV aR(γ,α)(rb − wTr) : X ⊂ Rn → R++ is convex for

γ ≥ 1, provided that X is a convex set.The proof is given in the Appendix. As a consequence, the optimization reward-riskratio problem for γ, δ ≥ 1 is not quasi-concave. Still it is possible to obtain a pair ofproblems using the homogeneity of the numerator and the denominator. The basic factis included in the nextProposition 12. The functional CV aR(γ,α)(X) as defined in equation (26) is posi-tive homogeneous of degree γ, that is
CV aR(γ,α)(tX) = tγCV aR(γ,α)(X)where t > 0.The proof is given in the Appendix. The generic reward-risk ratio optimizationproblem is

max
w

CV aR(γ,α)(rb − wT r)

CV aR(δ,β)(wTr − rb)subject to wT e = 1
Lb ≤ Aw ≤ Ub

(27)24



Both the numerator and the denominator are positive, this is clear from the definition.Now we can state a similar pair of problems as in the case of the Rachev ratio. Suchsimplification appears possible only if γ = δ.Proposition 13. Problem (27) with γ = δ is equivalent to the following two opti-mization problems
max
(x,t)

CV aR(δ,α)

(

trb − xT r
)subject to CV aR(δ,β)

(

xT r − trb

)

≤ 1(GRR A) xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0and

min
(x,t)

CV aR(δ,β)

(

xT r − trb

)subject to CV aR(δ,α)

(

trb − xT r
)

≥ 1(GRR B) xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0in the sense that if the pair (xo

A, toA) is a solution to Problem (GRR A) and (xo
B, toB) is asolution to Problem (GRR B), then wo = xo

A/toA = xo
B/toB solves Problem (22). Moreover

CV aR(δ,α)(t
o
Arb−xoT

A r) = CV aR(δ,α)(rb−woT r)/CV aR(δ,β)(w
oT r−rb) = (CV aR(δ,β)(x

oT
B r−

toBrb))
−1. Conversely, if wo is a solution to Problem (22) and to = (CV aR(δ,β)(w

oTr −
rb))

−1, then the pair ((to)1/δwo, (to)1/δ) is a solution to Problem (GRR A). If to =
(CV aR(δ,α)(rb − woT r))−1, then ((to)1/δwo, (to)1/δ) is a solution to Problem (GRR B).The proof is given in the Appendix. Neither Problem (GRR A) nor Problem (GRRB) are convex programming problems for γ ≥ 1. We reach this conclusion using thesame analysis as in the case of the Rachev ratio. Nevertheless they could prove to bebeneficial.If γ 6= δ, the numerator and the denominator are in different units. For the purposeof GRR optimization, we can standardize both functions and modify the ratio in equation(26) as

MGRR(w) =

(

CV aR(γ,α)

(

rb − wT r
))1/γ

(

CV aR(δ,β) (wT r − rb)
)1/δ

. (28)Proposition 12 implies that the numerator and the denominator are both positivehomogeneous of degree 1. It is easy to obtain another pair of problems using thereasoning in Proposition 4. Actually, Problems (GRR A) and (GRR B) appear as specialcases.Proposition 14. Problem (27) with equation (28) as objective is equivalent to thefollowing two optimization problems 25



max
(x,t)

CV aR(γ,α)

(

trb − xT r
)subject to CV aR(δ,β)

(

xT r − trb

)

≤ 1(MGRR A) xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0and

min
(x,t)

CV aR(δ,β)

(

xT r − trb

)subject to CV aR(γ,α)

(

trb − xT r
)

≥ 1(MGRR B) xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0in the sense that if the pair (xo

A, toA) is a solution to Problem (MGRR A) and (xo
B, toB) isa solution to Problem (MGRR B), then wo = xo

A/toA = xo
B/toB solves the correspondingreward-risk ratio problem. Moreover (CV aR(γ,α)(t

o
Arb − xoT

A r))1/γ = (CV aR(γ,α)(rb −
woT r))1/γ/(CV aR(δ,β)(w

oTr − rb))
1/δ = (CV aR(δ,β)(x

oT
B r − toBrb))

−1/δ. Conversely, if wois a solution to the reward-risk ratio problem and to = (CV aR(δ,β)(w
oT r−rb))

−1/δ, thenthe pair (towo, to) is a solution to Problem (GRR A). If to = (CV aR(γ,α)(rb−woT r))−1/γ,then (towo, to) is a solution to Problem (GRR B).Proof. We show how to deal with the equivalence with Problem (MGRR A). The samearguments as in Proposition 4 and the substitution t = (CV aR(δ,β)(w
Tr − rb))

−1/δ leadto a maximization problem with objective
(CV aR(γ,α)(trb − xT r))1/γ → max

(x,t)and risk constraint (CV aR(δ,β)(x
T r − trb))

1/δ ≤ 1. Raising the objective to the power γdoes not change the solution points as the transformation is strictly increasing. Raisingthe inequality to power δ does not change the feasibility either. Thus we realize Problem(MGRR A).The objectives of Problems (MGRR A) and (MGRR B) at the optimal points do notequal the optimal reward-risk ratio values because of the increasing transform that weapply to change them.The reward-risk ratio MGRR(w) is very similar to the Farinelli-Tibiletti ratio. If weconsider the excess portfolio returns with a non-zero benchmark, the Farinelli-Tibilettiratio is defined as (see Farinelli, Tibiletti (2003) and Biglova et. al. (2004)):
FT (w) =

(

E
(

wTr − rb

)p

+

)1/p

(

E (wTr − rb)
q
−

)1/q
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where (wTr− rb)
p
+ = (max(wTr− rb, 0))p and (wTr− rb)

q
− = (max(rb −wT r, 0))q. Clearly

FT (w) is a special case of MGRR(w) as the conditional expectation can reduce to theunconditional one.9 ConclusionWe consider the problem of reward-risk ratio optimization as an optimal portfolio se-lection problem, imposing different properties on reward and risk measures. When themathematical expectation is the reward measure and the risk measure is convex andlinearizable, it is possible to reduce the generic performance measure optimization tolinear programming problems. If the risk measure is not linearizeable, the generalproblem reduces to convex programming problems and in the special case of the Sharperatio, to a quadratic problems. Simplification is also possible if the reward functionalis concave. In that case, the quasi-concave ratio optimization problem reduces to asequence of convex feasibility problems. In the special case of the Rachev ratio, we pro-pose a mixed-integer linear program for finding the global maximum. The GeneralizedRachev ratio and a modified version of it are also considered.
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AppendixIn the Appendix, we give the proofs of some of the Propositions.
• Proof of Proposition 4.Proof. First we show that Problem (11) is equivalent to Problem (A). The proof isin two steps. In the first step, we show that Problem (11) is equivalent to

max
(x,t)

µ(xT r − trb)subject to ρ(xT r − trb) = 1
xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0

(29)Indeed, substituting t = ρ−1(wTr − rb) > 0 and using the assumed positive homo-geneity, we arrive at the problem above. For any feasible point w in Problem (11),we have that x = tw is feasible in Problem (29). Thus
max
w∈X

µ(wTr − rb)

ρ(wT r − rb)
≤ max

(x,t)∈X1

µ(wTr − trb)where X denotes the set of feasible portfolios in Problem (11) and X1 denotesthe set of feasible (x, t) pairs in Problem (29). Conversely, if (x, t) is feasible inProblem (29), then w = x/t is feasible in Problem (11) and
max
w∈X

µ(wTr − rb)

ρ(wT r − rb)
≥ max

(x,t)∈X1

µ(wTr − trb)Combining both inequalities, we see that the function values coincide at the solu-tions. In addition if w is a solution to Problem (11), then (tw, t) is a solution toProblem (29) and if (x, t) is a solution to Problem (29) then w = x/t is a solutionto Problem (11).In the second step, let us consider Problem (29) and Problem (A) where therisk function constraint has been relaxed. We claim that if (xo, to) is a solutionto Problem (29), then ρ(xoT r − torb) = 1 and therefore the pair is a solution toProblem (29). Let us assume that the risk constraint is non-binding at the solutionpoint, that is ρ(xoT r − torb) = toρ(woT r − rb) < 1. Problem A can be restated as
max
(w,t)

tµ(wT r − rb)subject to tρ(wT r − rb) ≤ 1
twT e = t
tLb ≤ Atw ≤ tUb
t ≥ 0Obviously, multiplying t by any constant a such that 1 < a ≤ toρ−1(woT r − rb)does not change the feasibility of (atowo, ato) and28



atoµ(woTr − rb) > toµ(woTr − rb)since according to the assumed properties of µ(·), it is strictly positive. Thereforewe arrive at a contradiction that (xo, to) is a solution. It follows that at a solutionpoint, the risk constraint is binding.The equivalence of Problem (B) and Problem (11) can be established first by usingProposition 2, part (c) and then by applying the same reasoning as above to theproblems:
min

w

ρ(wTr − rb)

µ(wTr − rb)
min
(x,t)

ρ(xT r − trb)subject to subject to µ(xT r − trb) = 1
wT e = a and xT e = t
Lb ≤ Aw ≤ Ub tLb ≤ Ax ≤ tUb

t ≥ 0We arrive at Problem (B) by changing the reward constraint to µ(xT r − trb) ≥ 1.Using the same arguments as above, it is easy to show that it is binding at thesolution.
• Proof of Proposition 6.Proof. We prove the claim for Problem (B1). Then the result holds for Problem(A1) because of the established equivalence between them in Proposition (5).It is straightforward to verify that (xλ, tλ) satisfies all constraints in the problem.We show how to deal with all of them:� the first one: xT Er − tErb = 1.

xλT Er − tλErb = λ(x1T Er − t1Erb) + (1 − λ)(x2T Er − t2Erb) = 1The first equality follows since xλ and tλ are convex combinations of x1, x2and t1, t2 respectively. The second equality holds because of the assumptionthat (x1, t1) and (x2, t2) are optimal solutions and therefore are feasible pointsand satisfy all constraints.� the second one: xT e = t.Since both points (x1, t1) and (x2, t2) are feasible, then x1T e = t1 and x2T e =
t2. Therefore

λx1T e + (1 − λ)x2T e = λt1 + (1 − λ)t2and it follows that xλT e = tλ.� the third one: tLb ≤ Ax ≤ tUb.Since both points (x1, t1) and (x2, t2) are feasible, then t1Lb ≤ Ax1 ≤ t1Ub and
t2Lb ≤ Ax2 ≤ t2Ub. Multiplying by λ and (1 − λ) respectively and summingparts by parts we obtain 29



(λt1 + (1 − λ)t2)Lb ≤ A(λx1 + (1 − λ)x2) ≤ (λt1 + (1 − λ)t2)Ubwhich is the same as tλLb ≤ Axλ ≤ tλUb.Using once again the assumption that both points are solutions, it follows that
ρ(x1T r − t1rb) = ρ(x2T r − t2rb) = ρminThe assumed convexity of the objective (see Proposition 3) implies that

ρ(xλT r − tλrb) = ρ(λ(x1T r − t1rb) + (1 − λ)(x2T r − t2rb))

≤ λρ(x1T r − t1rb) + (1 − λ)ρ(x2T r − t2rb) = ρminStrict inequality is not possible since ρmin is the minimum of the objective over allfeasible vectors. Therefore ρ(xλT r−tλrb) = ρmin and we have proved the claim.
• Proof of Proposition 9.Proof. The monotonic property is easiest to establish. Since R∗

1 < R∗
2 and ρ(wTr−

rb) is a convex function of w (see Proposition 3), then X1 = {w : ρ(wT r − rb) ≤
R∗

1, w
Te = 1, Lb ≤ Aw ≤ Ub} ⊂ X2 = {w : ρ(wTr − rb) ≤ R∗

2, w
Te = 1, Lb ≤ Aw ≤

Ub}. Thus
max
x∈X1

µ
(

wTr − rb

)

≤ max
x∈X2

µ
(

wT r − rb

)The risk constraint is binding at the solution points which means that ρ((wo(R∗
i ))

T r−
rb) = R∗

i , i = 1, 2. Let us construct the portfolio wλ = λwo(R∗
1) + (1 − λ)wo(R∗

2),
λ = [0, 1]. The two portfolios wo(R∗

1) and wo(R∗
2) satisfy all constraints becausethey are optimal solutions and are feasible points. All linear constraints in theproblem form a convex set, therefore the convex combination wλ satisfies all linearconstraints. In addition,

ρ(wλT r − rb) ≤ λρ
(

(wo(R∗
1))

T r − rb

)

+ (1 − λ)ρ
(

(wo(R∗
2))

T r − rb

)

= λR∗
1 + (1 − λ)R∗

2and
µ(wλTr − rb) ≥ λµ

(

(wo(R∗
1))

T r − rb

)

+ (1 − λ)µ
(

(wo(R∗
2))

T r − rb

)The inequalities follow because ρ(wT r−rb) and µ(wTr−rb) are respectively convexand concave functions of w. If we solve the optimization problem with R∗ = R∗
λ =

λR∗
1 + (1 − λ)R∗

2, we obtain the optimal portfolio wo(R∗
λ) with reward

µ
(

(wo(R∗
λ))

T r − rb

)

≥ µ(wλTr − rb)30



which, combined with the above inequality of the reward proves the claim. More-over, the risk constraint is binding at wo(R∗
λ). Assume the contrary, that

ρ
(

(wo(R∗
λ))

T r − rb

)

< R∗
λand let Xλ = {w : ρ(wT r − rb) ≤ R∗

λ, w
Te = 1, Lb ≤ Aw ≤ Ub}. Since R∗

1 ≤ R∗
λ ≤

R∗
2 and ρ(wTr − rb) is a convex function of w, Xλ ⊂ X2. But then

ρ
(

(wo(R∗
λ))

T r − rb

)

= ρ
(

(wo(R∗
2))

T r − rb

)

< R∗
2and we have a contradiction with the assumed equality ρ((wo(R∗

2))
T r − rb) = R∗

2.
• Proof of Proposition 11.We will use the following result in the proof of Proposition 11.Lemma 1. Suppose that the functional GH,ε(X) is defined as

GH,ε(X) = E(H(max(X, 0))|X > qε(X)) (30)where X is a real-valued random variable with a continuous distribution, qε(X)is the ε-quantile of X, H(·) is a non-decreasing, convex function from [0,∞] to
[0,∞] and vanishes at the origin. Then GH,ε(X) is convex, in the sense that if
Z = aX + (1 − a)Y, a ∈ [0, 1], then GH,ε(Z) ≤ aGH,ε(X) + (1 − a)GH,ε(Y ).Proof. We will assume that X and Y are real-valued random variables defined ona common probability space (Ω,F , P ). Suppose that Z = aX + (1 − a)Y , where
a ∈ [0, 1]. Then

L := −aGH,ε(X) − (1 − a)GH,ε(Y ) + GH,ε(Z)

= −aGH,ε(X) − (1 − a)GH,ε(Y ) + GH,ε(aX + (1 − a)Y )

= −aE(H(max(X, 0))|X > qε(X)) − (1 − a)E(H(max(Y, 0))|Y > qε(Y ))

+ E(H(max(Z, 0))|Z > qε(Z))

≤ −aE(H(max(X, 0))|X > qε(X)) − (1 − a)E(H(max(Y, 0))|Y > qε(Y ))

+ aE(H(max(X, 0))|Z > qε(Z)) + (1 − a)E(H(max(Y, 0))|Z > qε(Z))

=
a

1 − α

[

E(H(max(X, 0))1{Z>qε(Z)}) − E(H(max(X, 0))1{X>qε(X)})
]

+
1 − a

1 − α

[

E(H(max(Y, 0))1{Z>qε(Z)}) − E(H(max(Y, 0))1{Y >qε(Y )})
]

=
a

1 − ε

[

E
(

H(max(X, 0))
(

1{Z>qε(Z)} − 1{X>qε(X)}

))]

+
1 − a

1 − ε

[

E
(

H(max(Y, 0))
(

1{Z>qε(Z)} − 1{Y >qε(Y )}

))]

=
a

1 − ε
A +

1 − a

1 − ε
BThe inequality holds because, (1) max(x, 0) is convex and thus max(aX + (1 −

a)Y, 0) ≤ a max(X, 0)+(1−a) max(Y, 0) and (2) H is assumed non-decreasing andconvex, therefore 31



H(max(aX + (1 − a)Y, 0)) ≤ H(a max(X, 0) + (1 − a) max(Y, 0))

≤ aH(max(X, 0)) + (1 − a)H(max(Y, 0))The expressions A and B will be handled separately.
A =

∫

Ω

H(max(X(w), 0))
(

1{Z(w)>qε(Z)} − 1{X(w)>qε(X)}

)

dP

=

∫

S1

H(max(X(w), 0))f(w)dP +

∫

S1

H(max(X(w), 0))f(w)dPwhere f(w) = 1{Z(w)>qε(Z)} − 1{X(w)>qε(X)}, S1 = {w : X(w) > qε(X)} and also
S1

⋃

S1 = Ω. It is easy to see that f(w) ≤ 0, w ∈ S1 and f(w) ≥ 0, w 6∈ S1.Therefore, since H(max(X(w), 0)) is non-negative and non-decreasing, we obtainthe bound
A ≤ H(max(qε(X), 0))

∫

S1

f(w)dP + H(max(qε(X), 0))

∫

S1

f(w)dP

= H(max(qε(X), 0))

∫

Ω

f(w)dP

= H(max(qε(X), 0))E
(

1{Z(w)>qε(Z)} − 1{X(w)>qε(X)}

)

= H(max(qε(X), 0))(1 − ε − 1 + ε) = 0Similarly we receive B ≤ 0 and thus finally we arrive at L ≤ 0. As a result, forany a ∈ [0, 1],
GH,ε(aX + (1 − a)Y ) ≤ aGH,ε(X) + (1 − a)GH,ε(Y )9.0.1 Proof of the main resultProof. It is easy to check that z(y) = yγ is convex and non-decreasing for γ ≥ 1and y ≥ 0; (z′(y) = γyγ−1 ≥ 0, z′′(y) = γ(γ − 1)yγ−2 ≥ 0) and therefore it satisfiesthe conditions in Lemma 1.Then, noticing that

CV aRγ,α(X) = E((max(−X, 0))γ| − X > V aRα(X))

= E((max(−X, 0))γ| − X > −qα(X))

= E((max(−X, 0))γ| − X > q1−α(−X))

= Gz,(1−α)(−X)we are ready with the proof making use of the result in Lemma 1.32



• Proof of Proposition 12.Proof. According to the definition, for any t > 0

CV aR(γ,α)(tX) = E ((max(−tX, 0))γ| − tX > V aRα(tX))

=
1

α

∫ ∞

V aRα(tX)

(max(−x, 0))γf−tX(x)dx

=
1

α

∫ ∞

tV aRα(X)

(max(−x, 0))γf−X

(x

t

) dx

t

=
1

α

∫ ∞

V aRα(X)

(max(−ty, 0))γf−X (y) dy

=
tγ

α

∫ ∞

V aRα(X)

(max(−y, 0))γf−X (y)dywhere fX(x) is the probability density function of the random variable X. Hence
CV aR(γ,α)(tX) = tγE ((max(−X, 0))γ | − X > V aRα(X))

= tγCV aR(γ,α)(X)and we have proved the claim.
• Next we give a proof of Proposition 13.Proof. We sketch the proof of equivalence with Problem (GRR A). Using thehomogeneity property in Proposition 12 and substituting t = (CV aR(δ,β)(w

Tr −
rb))

−δ we obtain
max
(w,t)

CV aR(δ,α)

(

trb − twT r
)subject to CV aR(δ,β)

(

twTr − trb

)

= 1
wT e = 1
Lb ≤ Aw ≤ Ub
t ≥ 0We multiply by t the second and the third constraint and then change the variables

x = tw. In effect we have
max
(x,t)

CV aR(δ,α)

(

trb − xT r
)subject to CV aR(δ,β)

(

xT r − trb

)

= 1
xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0

(31)The same reasoning as in the proof of Proposition 4 establishes the equivalenceof Problem (27) with Problem (31). That is, if (xo, to) is a solution of Problem(31), then wo = xo/to is a solution to Problem (27) and conversely, if wo is asolution to Problem (27) then the pair (woto, to) solves Problem (31) with to =
(CV aR(δ,β)(w

oTr − rb))
−δ. 33



Also in the same way as in the proof of Proposition 4, we can show that itis possible to relax the risk constraint to CV aR(δ,β)

(

xT r − trb

)

≤ 1 since it isnecessarily binding. Indeed, due to the homogeneity property stated in Proposition12, we can rewrite the entire problem as
max
(w,t)

tδCV aR(δ,α)

(

rb − wT r
)subject to tδCV aR(δ,β)

(

wTr − rb

)

≤ 1
twT e = t
tLb ≤ Atw ≤ tUb
t ≥ 0We assume that the solution is attained at (xo, to) which is such that (to)δCV aR(δ,β)(w

oTr−
rb) < 1. Now let us consider the pair (atowo, ato) where

1 < a ≤
(

(to)δCV aR(δ,β)

(

woT r − rb

))−1/δThe point (atowo, ato) is feasible and
(to)δCV aR(δ,α)

(

rb − woTr
)

< aδ(to)δCV aR(δ,α)

(

rb − woT r
)because aδ > 1. This inequality shows that the objective function value increasesat (atowo, ato) and therefore (towo, to) = (xo, to) is not the solution according tothe assumption. Because of the established contradiction, the risk constraint issatisfied as equality at the solution point.The equivalence with Problem (GRR B) is proved with the same arguments appliedto the problems

min
w

CV aR(δ,β)(w
Tr − rb)

CV aR(δ,α)(rb − wT r)subject to wT e = 1
Lb ≤ Aw ≤ Ub

(32)and
min
(x,t)

CV aR(δ,β)

(

xT r − trb

)subject to CV aR(δ,α)

(

trb − xT r
)

= 1
xT e = t
tLb ≤ Ax ≤ tUb
t ≥ 0where t = (CV aR(δ,α)(rb−wT r))−δ and then considering the relaxation CV aR(δ,α)(trb−

xT r) ≥ 1 of the risk constraint. The fact that Problem (32) is equivalent to thegeneric ratio optimization, Problem (27) follows from the same arguments as inthe proof of Proposition 2, part (c). Actually the result there is not dependent onany assumption of convexity.
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