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Abstract

In this paper we present a new type of multivariate distributions for asset
returns which we call the multi-tail elliptical distributions. Multi-tail elliptical
distribution can be thought to be an extension of the elliptical distributions that
allow for varying tail parameters. We present a two-step random mechanism
leading to this new type of distributions. In particular, this mechanism is derived
from typical behavior of financial markets. We determine the densities of multi-
tail elliptical distribution and introduce a function which we label the tail function
to describe the tail behavior of these distributions. We apply multi-tail elliptical
distributions to logarithmic returns of German stocks included in the DAX index.
Our empirical results indicate that the multi-tail model significantly outperforms
the classical elliptical model and the null hypothesis of homogeneous tail behav-
ior can be rejected.
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1 Introduction

Since the seminal work of Mandelbrot (1963) there has been a great deal of empir-
ical evidence supporting the existence of heavy-tailed models in finance (see Fama
(1965), Jansen and de Vries (1991), Loretan and Phillips (1994), McCulloch (1996),
and Rachev and Mittnik (2000)). In the finance literature different models have been
proposed to model multivariate heavy-tailed return data. Rachev and Mittnik (2000)
have suggested multivariate «-stable distributions to model multivariate asset returns
since the a-stable distributions are the natural extension of the normal distribution in
terms of the generalized Central Limit Theorem (see Samorodnitsky and Taqqu (1994)
for further information) and they allow the modeling of the rich dependence structure
of asset returns. Eberlein and Keller (1995) and Eberlein, Keller and Prause (1998)
have popularized the generalized hyperbolic distribution as a model for financial re-
turns. Kotz and Nadarajah (2004) have suggested the multivariate ¢ distributions for
modeling asset returns. In their papers they provide an extensive overview of the ap-
plications of the multivariate ¢ distribution in finance.

Another important phenomenon or stylized fact that has been observed in multi-
variate asset returns is that extreme returns in one component, i.e. asset, often coincide
with extreme returns in several other components (see McNeil, Frey and Embrechts
(2005)). This phenomenon can be captured by choosing distributions in multivariate
models that allow so-called tail dependence. Heavy-tailed elliptical distributions ex-
hibit tail dependence and in the case of elliptical distributions this property has been
extensively studied by Schmidt (2002). Elliptical distributions (e.g., ¢ distributions,
generalized hyperbolic distributions, and a-stable sub-Gaussian distributions) are ra-
dial symmetric (see Fang, Kotz and Ng (1987)). In empirical work we observe that
the lower tail dependence is often much stronger than upper tail dependence (see Mc-
Neil, Frey and Embrechts (2005)). Thus, this property cannot be captured by elliptical
distributions because of their radial symmetry.

Furthermore and not surprisingly, the research of Jansen and de Vries (1991), Mit-
tnik and Rachev (1993), Loretan and Phillips (1994), and Rachev and Mittnik (2000)
has found that the tail index « varies significantly between assets. Despite this well
known fact, most existing research on heavy-tailed portfolios and factor models has
assumed that the probability tails are the same in every direction. Rachev and Mittnik
(2000) consider such a model based on the multivariate stable distribution for portfo-
lio analysis so that « is the same for every direction and asset. The same approach
has been applied to portfolio analysis by Fama (1965), Belkacem, Vehel and Walter
(2000), and Rachev and Han (2000). In particular, the multivariate «-stable distrib-
utions as well as the heavy-tailed elliptical distributions cannot capture different tail
thickness.

Mittnik and Rachev (1993), Rachev and Mittnik (2000), and Meerschaert and
Scheffler (2003) have suggested operator stable random vectors in order to overcome
the limitations of the established heavy-tailed distributions and to capture different tail
thickness in assets. This approach leads to a more realistic and flexible representation
of financial portfolios. The operator stable distributions can be considered to be a gen-
eralization of the multivariate «-stable distributions. Furthermore, they are capable of
modeling complex dependence structures but they are incredibly difficult to estimate
even in dimension two since with the exception of a few cases their densities are not



known in closed form.

We propose a new class of distributions that we label multi-tail elliptical distri-
butions that allow for modeling different tail thickness. These distributions can be
considered to be an extension of the elliptical distributions since they are constructed
by assuming a particular dependence between the radial random variable R and the
random vector U being uniformly distributed on the unit hypersphere. In the classical
elliptical case, R and U are independent (see Fang, Kotz and Ng (1987)). The idea of
assuming dependence between R and U is also considered in Frahm (2004), leading to
the class of generalized elliptical distributions. Furthermore, we give an interpretation
of the random mechanism underlying the multi-tail elliptical distributions. We intro-
duce a three-step estimation procedure to estimate the multi-tail elliptical distribution.

This paper is organized as follows. In Section 2 we provide an overview of the
operator stable distributions. In Section 3 we introduce the multi-tail elliptical distri-
butions, derive their basic properties, and give examples. In Section 4 we show how
to estimate the multi-tail elliptical distributions. In Section 5 we apply the multi-tail
elliptical distributions to return data and Section 6 summarizes our conclusions.

2 Operator Stable Distributions

2.1 Definitions and Basic Properties

As already noted, empirical studies suggest that tail behavior varies significantly be-
tween different assets or, more generally, different risk factors. If we assume the mul-
tivariate o-stable distributions or elliptical distributions as a model for asset returns,
then all marginals (i.e., all assets) have the same tail parameter «. This is certainly
a limitation in modeling asset returns. In order to overcome this limitation, Mittnik
and Rachev (1993) suggested and applied the operator stable distributions in finance
for the first time. The operator stable distributions generalize the multivariate a-stable
distributions and follow from the generalized Central Limit Theorem by matrix scal-
ing.

In this section we define the operator stable distributions and derive some of their
basic properties. The presentation of this section follows Meerschaert and Scheffler
(2003) and Stoyanov (2005). For a detailed discussion of the operator stable distribu-
tions, see Meerschaert and Scheffler (2001).

Definition 2.1. A random vector X is said to be an operator stable random vector in
R if there exists a matrix £ € R**¢ and a vector a,, such that

nE (X 4 Xo A+ o+ X — an) £ X, (1)

where X1, Xs, ..., X,, € R? are independent copies of X.

The notion n~ % is defined as
by 3 )
nt =1+ — oom!

For further information, see the appendix. The matrix E is called the exponent of the
operator stable random vector X.



Rewriting equation (1), we obtain

X1+ Xo+ ..+ X, LnEX +a,. (2)

The characteristic function of the right hand-side equals
(I)nEX—I—an (t) _ E(eit’nEX-i-an)

_ eit’anE(eit’nEx)
_ eit/anE(ei(tnE)/X)
= " dx((n®)'t)
= Py ((nP)e).

The characteristic function of the left hand-side of equation (2) is the n-th power
of ®x(t) because the sum consists of independent and identically-distributed random
vectors in this equation. Thus, equation (2) implies

(@x ()" = ' Dx (n"').

The following definition is equivalent to Definition 2 and characterizes the operator
stable random vectors in terms of their domain of attraction. In order to generalize
Gaussian-based financial theories, it is important that the distribution of a random
vector X has a domain of attraction. This property implies that the random vector X
can be interpreted as an aggregation of many shocks caused by new arriving financial
information.

Definition 2.2. A random variable X is said to have an operator stable distribution if
it has a domain of attraction, i.e., if there is a sequence of independent and identically-
distributed random vectors Y}, Ys, ... and a sequence of d x d matrices (A, ),en and
vectors (b, )nen, such that

Ap(Yi +Ys + o+ Yy — by) 2 X (3)

The limits in equation (3) are called operator stable (see Sharpe (1969) and Jurek
and Mason (1993)). If E(||Y1]|?) exists in Definition 2.2 then the classical Central
Limit Theorem shows that X is multivariate normal, a special case of operator stable.
In this case, we can take A4, = n~'/? and b, = nE(X). Butif 0 < o < 2 then
E(|]|X|?) = oo and the classical Central Limit Theorem does not apply. If, in this
case, the tails of Y; fall off at the same rate « in every direction then equation (3)
holds with A, = n~/*T and the limit X is multivariate stable distributed due to
the generalized Central Limit Theorem (see Rachev and Mittnik (2000) for a detailed
discussion).

In general, the tail behavior of the operator stable random vector is determined by
the eigenvalues of its exponent £. The Spectral Decomposition Theorem allows us to
write the exponent of an operator stable distribution in the form £ = PBP~!, where
P is a change of coordinate matrix and B is a block-diagonal matrix satisfying

Bl 0 ... 0
0 By ... 0

B = : , .
0 0 ... B,



where B € R%*% j = 1,..,pand >-}_, d; = d. One can show (see Meerschaert
and Scheffler (2003)) that every eigenvalue of B; has a real part equal to a; with a; >
az > ... > a, > 1/21. Furthermore, the Spectral Decomposition Theorem says that
we can decompose R? in p E-invariant subspaces, i.e.,

RI=ViaVho..¢V,and EV; C V;, (4)

where V; = span{Pej : d1 + ...+ di—l < j < d1 + dg 4+ ...+ dz}, 7= 1, s P
Given a non-zero vector v € R?, we can write its unique spectral decomposition
v = v1 + ... + v, according to equation (4). Let’s define

1

a(w) = min {—:v; € V;\{0},i=1,..,p}
Z:17"'7p a/z

that is, the number a(v) is the smallest al of those eigenvalues that correspond to non-

zero components in the spectral decomposition of the vector v. In Meerschaert and

Scheffler (2001) it is shown that the following property holds

Proposition 2.1. Let X be an operator stable vector in R? with exponent £ and let
v € R® Then for any small § > 0 we have

AT < P[ofX| > A) < AT+
for all A > 0 sufficiently large.

Proposition 2.1 says that the tail behavior of the linear combination 4X is domi-
nated by the component with the heaviest tail. In particular, this means that E(|¢ X |?)
exists for all 0 < s < «(v) and diverges for s > a(v).

If we decompose an operator stable random vector X with exponent £ according
to equation (4) we obtain

X =) pu(X)
=1

where py; (X) is the projection of X into the subspace V; , i = 1,...,p. One can
show (see Meerschaert and Scheffler (2001)) that py; (X) is operator stable with some
exponent E; whose eigenvalues have the same real part ¢;. One says that py, (X) is
spectrally simple with tail index «; = 1/a; (see Meerschaert and Scheffler (2001)).

In the next example we present an interesting subclass of operator stable random
vectors that is important for financial applications.

Example 2.1. Take B = diag(ay,...,aq) Where a; > ag > ... > aqg and P or-
thogonal. If X = (X3,..., Xy)" is operator stable with exponent £ = PBPF then
B; = a; and V4, ..., V; are the coordinate axes in the new coordinate system defined
by the vectors p; = Pe;, i = 1,...,d. One can show that the ith component 7/ X in
the new coordinate systemis stable with index o; = al (see Meerschaert and Scheffler
(2003)). Whereas the original ith component X; is not stable sinceitisalinear com-
bination of stable laws of different indices. Hence, the change of coordinate matrix P

This condition is necessary for the existence of a generalized domain of attraction (see Definition
2.2).



rotates the coordinate axes to make the marginals stable. More mathematically, since
nPBP™" = ppB p—1 it follows from Definition 2.1 that

Pn PP HXy 4.+ X — by)
nB(P'X; + ..+ P'X, — P'b,)

X

d
L plx,

sothat Y = P~1X isoperator stable with exponent B = diag(ai, ..., a,).

2.2 Applications

Mittnik and Rachev (1993) seem to have been the first to apply operator stable models
to problems in finance. Since empirical work suggests that the stable indices «;, i =
1,...,d vary depending on the assets, they assume the univariate version of equation
(3) holds

Yii+ Yo+ ...+ Y — by
nl/oi

foreachi =1, ...,d, so that Y; is stable with index «;. Assuming the joint convergence
one obtains

A1+ Yo+ ...+Y,—b,) = X

with a diagonal norming matrix

np~1/a 0 0
0 pl/m 0
A, =
6 0 n_l./o‘d

The matrix scaling is natural since it allows a more realistic portfolio model. In this
model one can show that the ith marginal X; of the operator stable limit vector X is
«a;-stable distributed. This is consistent with the findings of empirical studies.

Meerschaert and Scheffler (2003) apply the model presented in example 2.1 to ex-
change rate log-returns for the German Deutsche mark X (¢) and Xo(t), t = 1,...,n,
both taken against the U.S.-dollar. They argue that since the tail parameter « usually
depends on the coordinate, the wrong coordinate system can mask variations in « be-
cause of the domination of the heaviest tail (see Proposition 2.1). They suggest that the
coordinate system given by the principal components of the sample covariance matrix
is a judicious choice, since the principal components can be interpreted as the direc-
tions of the largest dispersion. They assume that the random vector Y (¢) = P X (¢) is
operator stable with exponent diag(a;, ag), implying that Y (¢) has stable marginals.
Hence, X (¢) is operator stable with exponent P diag(a;,az2)P’. In particular, they
estimate a1 = 1/a; ~ 1.656 and e = 1/as ~ 1.996. They conclude that Z; (¢) is
o -stable distributed and Z(¢) is normally distributed since ay is very close to 1/2,
indicating normality.



3 Multi-Tail Elliptical Distributions

We have seen that distributions allowing modeling of different tail thickness of risk
factors or asset returns are desirable since they lead to more realistic portfolio models.
Operator stable random vectors possess the property to capture variations in the tail
parameter «, but they have the drawback that they are very difficult to estimate.

In this section we combine the elliptical distributions with the concept of varying
tail thickness. This leads to a new class of distributions that we call the multi-tail
elliptical distributions. But before offering a motivation and the definition of this new
class of distributions we have to define additional notions.

Let ¥ € R% be a positive definite matrix. Then we denote the Cholesky fac-
tor of X with /2 and the inverse by X~1/2 (see Hamilton (1994) for the Cholesky
factorization). With the random vector S € R? we denote the uniform distribution
on the unit hypersphere S¥~! = {2 € R? : ||z|| = 1}. Let = € RY then we call
s(z) = x/||z|| € S9! the spectral projection of . Every elliptical random vector X
can be written in the form

X =+ RAS,

where R is a non-negative random variable independent of S, A € R**? a matrix, and
1 a location parameter. We denote a random variable R with tail parameter o > 0 by
R, and the density of a random vector X by fx.

Let the elliptical random vector X = (X7, Xo, ..., X) describe the log-returns of
a portfolio with d assets. AS determines the direction of the portfolio development,
while R independent of direction AS impacts the volatilities of all stocks. It is im-
portant to note that A.S and s(AS) show in the same direction and if AS independent
of R so is s(AS). However, it seems questionable to model R independent of s(AS).
Rather R should depend on s(AS) in the sense that it determines the tail behavior of
R.

Let us assume that the daily log-returns of a portfolio modeled by the random vari-
able X follow an elliptical model X = RAS2? Given the the partial information that
we observe negative signs in all components of X (hence, all components of AS and
s(AS) are negative since R is positive) we may conclude that such an observation is
caused by an important macroeconomic event or financial crisis (i.e., where markets
are in a stress situation). The markets tend to be extreme and it is very likely to observe
large losses in many components of X. In such a market stress scenario one says that
the correlations approach unity (see McNeil, Frey and Embrechts (2005)). However,
instead of assuming a higher correlation between assets, we suppose lower tail para-
meters of R in these directions (e.g, AS = (—1, ..., —1)). These lower tail parameters
incorporate a higher tail dependence in these directions and cause simultaneous high
losses.

In this section we define multi-tail elliptical distributions being predestinated to
capture the market behavior described above. We derive their basic properties, give
examples of multi-tail elliptical distribution families, and discuss how the tail parame-
ter « varies subject to the direction AS.

2For daily returns one can assume x = 0. See McNeil, Frey and Embrechts (2005) for further
information.



3.1 Definition and Basic Properties

Definition 3.1 (Multi-tail Elliptical Distributions). Let S € R? be the uniform dis-
tribution on the unit hypersphere S?~1, I an interval of tail parameters and (R, )acr
a family of positive random variables with tail parameter «. The random vector
X = (X1, Xy, ..., Xg)" € R? has a multi-tail elliptical distribution, if X satisfies

d
X=p+ Ra(s(AS))Asv ®)

where A € R*™*? is a regular matrix, x a location parameter and o : S* ' — I a
function.

In particular, we call the function
a: 8T

the tail function of a multi-tail elliptical distribution. In Section 3.2 we discuss several
examples of the tail function and its impact on the distribution.

From Definition 3.1 it is obvious that the random vector AS determines the scaling
properties of X (i.e., the proportion of the components of X among each other) while
R (as) characterizes the tail behavior. More mathematically expressed, we have for
the scaling property

S(X—u): Ra(s(AS))AS _ Ra(s(AS))AS _ AS :5(
HRO‘(S(AS))ASH Roz(s(AS))HASH HASH

AS)

and for the tail behavior

[ X — pl| = |[Rasas) AS|| = Ra(saspllAS|| < cRus(as))s

where ¢ > 0 is an appropriate constant.

The trick in Definition 3.1 is to make the tail parameter « depend on AS and not
directly on S. In empirical work the random vector S is not observable and A is not
unique because of the rotational symmetry of .S, implying

S < pSand AS £ A(PS) (6)
where P € R is orthogonal.

Lemma 3.1. Let S € R? be a random vector with uniform distribution on the hyper-
sphere S4—1. Then its density satisfies
I'(d/2)
fS(S) = Wlsd—l(S),

whereT'(.) is the gamma functior?.
Proof. Note, that the surface of S?~! equals 27%/2/T'(d/2). Since S is uniformly
distributed we obtain

1 T(d/2)
fs(s) = Wlsd%(s) = 2 Lga-1(s).

%See Definition 7.1 in the appendix for further information about Gamma function.



An advantage of multi-tail elliptical distributions is that we have an analytic ex-
pression for their densities.

Theorem 3.1. Let X = R, ,(a5))AS be a multi-tail eliptical distribution, where
A € R™4 isaregular matrix, I an interval of tail parameters, (R,).c; a family of
positive random variables, (fr,, )acr itsfamily of densities, S the uniform distribution
on the hypersphere S%~! and o : S — I atail function. Then the density of X is
given by

fX(‘T) = ‘det(2)|_1/29a(s(x—u))((‘T - H)/E_l(‘r - H)) (7)
and

I'(d/2) _
Ja(uw) (%) = 2(7Td//2)"” T R (1),

where ¥ = AA’ is the dispersion matrix and g, is called the density generator of
the multi-tail elliptical distribution.

We note that the matrix A is not part of the density term in equation (7). This is
important for empirical work, since the matrix A is difficult to observe and not unique
due to equation (6).

Proof. Due to Definition 3.1 we have

RosasylS =5 = Ras(as)

and thus, the density of R, ,(4s)) given S = s satisfies

FRaoasylS(T18) = FRagan (1)

Hence the joint density exists and corresponds to

frs)(r8) = [fs(s)fris(rls)
= fS(S)fRa(s(As))(r)

I'(d/2)
T T9qd)2 TR sy (T) (8)

We define the transformation

[ RxS8*' — R4
L (rys) — 4+ rAs.

One can show that the inverse function ¢~! is given by

1 Rd — R+ X Sdil
g —1 —1 _ 31 A N@—p) \ >
&z = (gl (fﬂ'),QQ () = (\/((L‘ — 'Sz — p), ||A*1(x—;L)H)

10



where 3 = AA’.
Since we have for all A € B¢

/Afx(x)dx = P[X € A]
Plg(R,S) € A
= P[(R,S) e g (A)]

/ f(r,s)(r,8)drds

—
~—

o
g / Fins) (9™ (@)l det(Dg™") () da, ©)
it follows

fx(z) = frs)(g ()| det(Dg™)(@)].

Note that (1) holds in equation (9) because of Theorem 7.1 in the appendix. Further-
more, Corollary 7.1 in the appendix says that we have

(2 = 'S~ @ — ) D2

det(D(g™! = 10
and furthermore, we obtain by using equation (8)
Sy L(d/2) 1
Frslo™ (@) = 505 IR (1), 91 (2)): (11)
It is important to note that we have
- - - A @ —p)]
s(Ags(x :8< T —p >: r—p ||
(40" (=) A ia—l) A a—pl e—al
T —
o "
Hence, we derive with equations (11) and (12)
_ I'(d/2
fso™ @) = DD fr e Va0
Finally, adding equations (10) and (13) leads to
r'(d/2 B —d+1
fx(x) = 2(7rd//2) det(2) /2 (\/(ac —p)S 1 (r — ,u))
I CVACE N D CE)
]

Corollary 3.1. Let X = p + Ry(sa5)AS € R be a multi-tail elliptical random
vector. Then we have

VX = @) 571X = p)|(s(X — ) = 8) £ Roge)
or equivalently,

(X = p)S7HX = p)|(s(X —p) = 5) £ R2 ),
whereY = AA'.

11



Proof. We have
VX =S H(X —p) = [IZ7V2(X =)
= |IZ7Y2(u+ Rags(as)AS — p)|
= ||Z7Y2AS||Rags(as))

‘ |S| ‘Ra(s(AS))
Ro(s(as)) (14)

Note that in the third line of the last equation we have equality in distribution because
(2~1/2)' A'is orthogonal*. ¥~1/2 A is orthogonal since we have

(E_l/ZA)(Z_l/QA)’ _ E_l/QAA’(Z_l/Q)’
_ 2—1/22(2—1/2)/
_ 2—1/221/2(21/2)/(2—1/2)/.
= Id.

From equation (14) we conclude

VX = @) E7HX = p)|(s(X — p) = 5) = Ra(s).

Analogously, we can derive

(X — 'S HX — p)l(s(X —p) = 5) £ R,
]

In the following we discuss the connection between multi-tail elliptical random
vectors and elliptical random vectors.

Definition 3.2. Let (R, )acs be a family of positive random variables with tail para-
meter o and Y, = R, AS, a € I, a family of elliptical random vectors. We call the
random vector X a corresponding multi-tail elliptical random vector if it is given by
X = Ry(s(as))AS, where a : S9! — I'is a tail function.

Theorem 3.2. Let X = R,AS be an dliptical random vector, where , € R? isa
location vector, A € R aregular matrix, R, a positive random variable with tail
parameter o and the random vector S € R? uniformly distributed on S%~!. Then X
possesses a density fx if and only if R, has a density fr_. The relationship between
fx and fr, isasfollows

fx (@) = [det(S)] 7 2g((z — p) 7Nz — p)

and

o) = LD (),

where > = AA’ isthe dispersion matrix.

“See also equation (6).

12



Proof. See Fang, Kotz and Ng (1987). O

If follows from Theorems 3.1 and 3.2 that the density of a multi-tail elliptical ran-
dom vector can be obtained by substituting the constant tail parameter « through the
tail function «(.) in the density of the corresponding family of elliptical random vec-
tors. It is obvious that multi-tail elliptical distributions are a generalization of elliptical
distributions. Vice versa, if we choose the tail function to be constant, R and S are
independent and we obtain the classical case. Summing up, we obtain

Corollary 3.2. Densities of a family of elliptical random vectors differ from a density
of a corresponding multi-tail elliptical random vector by substituting the constant «
through a tail function «(.).

Normal variance mixtures are a particular subclass of elliptical distributions (see
Fang, Kotz and Ng (1987)). They are given by

Y =p+WM2AZ, (15)

where 1 € R? is a location parameter, W, a positive random variable with tail para-
meter a/2,%> A € R%4 aregular matrix, and Z ~ N (0, Id). We can rewrite equation
(15) in the form

Y = VWTZPA (7 ) (16)

It is important to note that we have®
(i) Z/||Z|] is uniformly distributed on the d-dimensional hypersphere S~ 1.
(ii) ||Z||? is chi-squared distributed with d degrees of freedom.
(iii) ||Z||* and Z/||Z|| are independent.

Thus, identifying R, = /W, ||Z||? and Z/||Z|| = S, we see that normal variance
mixtures are elliptical random vectors according to equation (16).
Furthermore, multi-tail normal variance mixtures are well defined and we obtain

Z

1/2
X = H+Ra(s(AS))AS::U’+W/ )HZHAHZH

a(s(AZ/]|1Z]])

_ 1/2

= p+ Wa(S(AZ))AZ.
We introduce this “mixture” notation because most well-known elliptical distribution
families such as a-stable sub-Gaussian distributions, ¢ distributions, and generalized
hyperbolic distributions are defined in the mixture notation. In the next section we
introduce their corresponding multi-tail versions.

*One can show that if 1, has tail parameter «/2 then Wa/? has tail parameter o (see Samorodnitsky
and Taqqu (1994)).
8 A thorough discussion of items (i), (ii) and (iii) can be found in Fang, Kotz and Ng (1987).

13



3.2 Principal Component Tail Functions

In this section we take a closer look at the tail functions o : &~ — I of multi-tail el-
liptical distributions. Just as the tail parameter o varies between assets’ it varies also
between linear combinations of asset returns (see Meerschaert and Scheffler (2003)
and Rachev and Mittnik (2000)). It is reasonable to explore the principal components
of asset returns® since they determine the directions of the largest dispersions? In par-
ticular, Meerschaert and Scheffler (2003) argue that the coordinate system given by the
principal components can reveal the tail behavior of random vectors with varying tail
thickness and an inappropriate coordinate system even masks the right tail behavior.

In the following we introduce tail functions based on the principal components
of the dispersion matrix X = AA’ of a multi-tail elliptical random vector. We denote
eigenvector eigenvalue pairs of the dispersion matrix X = A A of a multi-tail elliptical
random vector ¥ with (v, A1), (v2, A2),..,(Va, Ag), Where A\; > Xo... > Ay > 0 and
[[oa]] = .. = |[vall = L.

Definition 3.3. Let X be a multi-tail elliptical random vector with dispersion matrix
¥. We call the tail function a : S*' — I of X a principal component tail function
(pc-tail function) if it satisfies

7

d
a(s) =Y wi(< 5,0 >)af +w; (< 5,0 >)a;
i=1
where s € 841, w w; : [-1,1] — [0,1], i = 1, ..., d, are weighting functions with
d
Zw?(< 5,0, >) +w; (< s,v>) =1
=1

and
wi (0) = w; (0) = 0.

Note that for all pc-tail functions a(.) we have a(s) € I, s € &1 since I
is an interval and a(s) can be interpreted as a convex combination of o , ;" € I,
1=1,...d.

Because we assume that we cannot explain the different dispersion intensities only
by different scaling factors, we assign to every principal component a tail index oé”

or a§—>, depending on the sign of < s,v; >, 4 = 1,...,d. The principal compo-

nents (v;);—1,... 4 are an orthogonal decomposition of the main directions of dispersion,
hence we obtain

a(vi) = w (Do +w; (oy

"For references see Introduction.

®Note that principal components are just linear combinations of asset returns.

%See Kring et al. (2007), Johnson and Wichern (1982) or McNeil, Frey and Embrechts (2005)

O\We will see in Section 4 that we can estimate 3 without knowing the tail function. This is of course
important for practical work.
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and

a(=v;) = w (~Daf +w} (~1)a]
foralli=1,...,d.

In the context of financial risk factor modeling, this means that if our portfolio
moves in the direction v; or —uv; the size of this movement is determined by a ra-
dial random variable R+, with tail parameters a(4-v;). For an arbitrary direction
s, —s € S~ we weight every tail parameter ;" and o according to w; (< s,v; >)
and w; (< s,v;>),i=1,...,d.

Note that if the pc-tail function of a multi-tail elliptical random vector X satisfies
a(s) = a(—s), then X is radial symmetric with respect to the location parameter .
That is

X—,ui,u—X.

In the following we give four examples of the pc-tail functions. The first pc-tail
function «;(.) is given by

Sd—l T
Qaq
s — Zle <u,v; >2 o

with weighting functions w;" (< s,v; >) = w; (< s,v; >) = 2 < s,v; >? for all
i = 1,...,d. This tail function assigns to every principal component a tail parameter
a;, i = 1,...,d. In particular, we have a(v;) = a(—v;) = o; fori = 1,...,d. In any
other direction s € S%~! a(s) is a convex combination of the tail parameters q;. In
fact, a1 (.) is a pe-tail function since we have for all s € S?-1

d d
1 2 1 2 2
Z§<s,vi> +§<s,vi> = Z<s,vi>
i=1 i=1
d
= <5,Z<s,vi>vi>
i=1
= <s5,8>
= 1.

A refinement of the pc-tail function o4 (.) is the pc-tail function

Sdfl — T
d
as:{ s = > < u v >2 T(0,00) (<, ; >)ait

2

+sz:1 < u,v; >? I oo 0y (< u, v >)ay; .

(2

as(.) allows for different tail parameters for each direction. This is also plausible
since movements of the portfolio in the direction s might have a tail parameter different
to that in the opposite direction, —s. The weighting functions of o (.) are defined by

(i) w (< 5,05 >) =< 5,05 >2 L9 00) (< 5,0 >)

(i) w; (< 8,0 >) =< 8,03 >% I 0y(< 8,05 >).
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It is obvious that

d
Z < s, 05 >2 T10,00) (< 8,05 >)+ < 5,0 >2 I (< 50 >) = 1. 17)
i=1

Thus, w; (< s,v; >) and w; (< u,v; >) are weighting functions.

In high dimensional financial risk factor modeling it is certainly too complicated
to assign to each principal component v tail parameters o;f and o . It is suffi-
cient to match different tail indices aj and «, to the first principal components
(V3)i=1,....dy<<a and an overall tail index o to the additional principal components
(Vi)i=dy+1,....a- This simplification leads to functions as(.) and au(.) presented in the

following.

Definition 3.4. Let A C R? be a linear subspace. A e-cone C;(A) is the set defined
by

C(A) = {zecRYL(zx,A) <e}.

where Z(z, A) is given by

L(x,A) = L(xz,pa(x)) := ﬁ . 7‘ |§j§g”

P4(x) is the orthogonal projection of x in the linear subspace A.

The pc-tail function as(.) is given by

{ St — I
as d 2 d 2
s D i <S80 >+ Y g 0 < 8,0 > ap.

Only for the principal components with the larges eigenvalues do we use different
tail parameters «;, since in the e-cone C.(span{Fi, ..., Fy, }) we observe most of the
volatility.

A natural refinement of the pc-tail function os(.) is defined by

Sdfl O
s - Y <su > (< s,v; >)ai
i=1 s U (0,00) s Y i

d _
+ 370 < s, >2 T 00,0y (< 8,05 >)ay
d
+ a1 < svi>% ao.

Qy

It is easy to see that a3(.) and ay(.) are pc-tail functions.

3.3 Two Examples of Multi-Tail Elliptical Distributions

We introduce two examples of multi-tail elliptical distributions. The first one is de-
rived from «-stable sub-Gaussian distributions and the second one from multivariate ¢
distributions.
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Definition 3.5 (Multi-tail a-stable sub-Gaussian random vectors). Let Z € R? be
astandard normal random vector and (W5, ) o (0,2 @ family of positive a-stable random
variables with tail parameter a/2 satisfying

T 2/
a ™ Pq i 717 .
W, /2(00s< 1 ) 0)
Then the random vector

_ 1/2
X=u+ Wa(S(AZ))AZ
is a multi-tail a-stable sub-Gaussian random vector where o : =1 — (0,2) = I isa
tail function.

In particular, multi-tail «-stable sub-Gaussian random vectors allow us to combine
the concepts of a-stable distributions and varying tail thickness such as operator stable
random vectors. Figure 1 depicts scatterplots of 1000 samples of a multi-tail a-stable
. ) R = s((1,1)) s
the first principal component of ¥ and £ = s((1, —1)") the second one. In scatterplot
(a) in Figure 1 we have the pc-tail function

sub-Gaussian distribution with dispersion matrix 10~

afs) =< s, F) > 1.5+ < 5, F, > 1.9
and in scatterplot (b) the pc-tail function equals
a(s) =< s, F; >% 1.6+ < 5, Fy > -1.9.

We observe in Figure 1 that we have much more outliers in the cones around A and
— F7 than in the ones around F;, and — F;, because of the pc-tail function.

Figure 2 shows scatterplot of 1000 samples of a multi-tail sub-Gaussian distribu-
tion with the same dispersion matrix as in Figure 1 but with different tail function. In
scatterplot (a) in Figure 2 we have the pc-tail function

a(s) = <8, F1>% [go)(< 8,1 >) 194 < s, Fy >* I g)(< s, F1 >) 15
+ < s, Fy >2.1.9

and in scatterplot (b)

a(s) = <8, F1>% Lg00)(< 8,1 >) 194 < s, F1 >* I_ 0)(< s, F1 >) - 1.6
+ <5, Fy >2.1.9

In Figure 2 there are many more outliers in the cone around — £ than in the one around

Fy. This is because of the smaller tail parameters in the directions in the cone around

—Fi.

A d-dimensional multivariate ¢ distributed random vector Y with v degrees of
freedom is given by

YL+ Wi2Az,
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where W, ~ Ig(3v, 3v)! and v € (0, 00). Furthermore, the density of a ¢ distributed
random vector Y is given by

(V+d)) (w—u)/(czo)_l(x—,u) —(v+d)/2
472 det (D) /2 (1’% V )

r

fr(z) = 2
F(%V)(?TV)

where v > 0 is the tail parameter, ¢ > 0 a scaling parameter, and >}, the normalized
dispersion matrix.*? The corresponding multi-tail ¢ distribution is defined as follows.

)

Definition 3.6 (Multi-tail ¢-distributed random vectors). Let Z € R? be a standard
normal random vector and (W,,),¢(0,00) @ family of inverse gamma distributed random
vectors with tail parameter v//2, i.e. W, ~ 1g(3v, 1v). The random vector

X=wY? Az

v(s(AZ))

is a multi-tail ¢ distributed random vector, where v : S¥=1 — (0,00) = I is a tail
function.

According to Corollary 3.2 and the knowledge about the density f- of a ¢ distrib-
uted random vector we can derive

Corollary 3.3. Let X € R be a multi-tail ¢ distributed random vector with tail

parameter function v : S“' — (0,00) and a normalized dispersion matrix ¥, a

scaling parameter ¢ > 0, and a location parameter 1 € R?. The density fx satisfies
I'(

o) bv(s(e — p)) + d)
TG (s — ) (v (s — )72 det (o) 72

. (2 — p) (Do)~ Ha — p)\ V@ m)Fd/2
(=) -

Figure 3 depicts the density contour lines of two multi-tail ¢ distributions with

dispersion matrix ( f ; ) In Figure 3 (a) we have the pc-tail function

v(s) = <s8,F1 > L) (<8, >) 5+ < s, > I 0)(< 8, F >)- 25
+<s,Fp>25

and in Figure 3 (b)

v(s) = <8F1>% L0 (< 8, F1 >)5+ < 8, F1 >% I(_og0)(< 5, F1 >)-3
+ < s, Fy >2 5.
We observe in Figure 3 that the shape of the contour lines around the mean (0, 0}

is determined by the dispersion matrix 3. But in the tails (i.e., far away of (0,0Y)
the influence of the tail function starts to dominate. In particular, outliers in a cone

11g(e,B) is the inverse gamma distribution for further information (see Rachev and Mittnik (2000) or
McNeil, Frey and Embrechts (2005)).
12\We introduce normalization criteria for a dispersion matrix X in Section 4.
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around —F; are much more likely than in any other direction. Figure 4 shows again
the densities contour lines of two multi-tail ¢ distributions with the same dispersion
matrices as in Figure 3. In Figure 3 (a) the tail function is

v(s) =< 8, F} >% 3+ < 5,F > 6
and in Figure 3 (b) we have

I/(S) = <sF >2 64 < s, F >2 I(O,oo)(< s, Fy >) -6
+ < s, Fh >2 I(—oo,O) - 6.

In Figure 3 (a) the tail function supports the scaling properties of the dispersion matrix
induced by . In Figure 3 (b) we have the opposite effect in the cone around — 5.

Summing up: The matrix > determines the shape of the distribution around the
mean while the influence of the tail functions increases in the tails of a multi-tail ellip-
tical distribution.

0.3 ‘ 0.3
0.2} 0.2}
-F2
0.1 0.1
of of
-0.1f -0.1]
-0.2f -0.2
-02 -01 0 01 02 03 %83 02 01 o0 01 02 03
@) (b)

Figure 1: Scatterplots of a multi-tail a-stable sub-Gaussian distributions with symmet-
ric pc-tail functions
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Figure 2: Scatterplots of a multi-tail «-stable sub-Gaussian distributions with asym-
metric pc-tail functions
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Figure 3: Contour lines of the densities of two asymmetric multi-tail ¢ distributions
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Figure 4: (a) depicts the density contour lines of a symmetric multi-tail ¢ distribution;
(b) the density contour lines of a asymmetric multi-tail ¢ distribution

4 Estimation of Multi-Tail Elliptical Distributions

In this section we explain how to estimate the parameters of a multi-tail elliptical
random vector X. In Section 3 we explained how a multi-tail elliptical random vector
X = p+ Rysas))AS depends on the location parameter i, the dispersion matrix
Y. = AA’, the tail function «(.), and the family of random variables (R, ).c; that
is a one parametric family in most applications. We present a three-step estimation
procedure to fit the multi-tail elliptical random vectors to data.

In the first step, we estimate the location vector . € R? with some robust method.
In the second step, we estimate the dispersion matrix ¥ € R**? up to a scaling con-
stant ¢ > 0 using the spectral estimator that was developed by Tyler (1987a,1987b) and
also investigated by Frahm (2004); in the third step, we estimate the scaling constant
c and the tail function «(.) applying again the maximum likelihood method. Since
we have an analytic expression for the density of a multi-tail elliptical distribution,
we could in principle estimate all parameters in a single optimization step. But this
approach is not recommended, at least in higher dimensions, because it leads to an
extremely complex optimization problem.

As in the classical elliptical case (see McNeil, Frey and Embrechts (2005)), a dis-
persion matrix of a multi-tail elliptical random vector is only determined up to a scaling
constant because of
s
&
for ¢ > 0. Hence we have to normalize it. If second moments exist, one can normalize
the dispersion matrix by the the covariance matrix (see McNeil, Frey and Embrechts
(2005)). In general, the following normalization schemes are always applicable

() =1 (i) det(X) =1 (iii) te(X) = 1, (18)

X = p+ cRy(s(a9))

even though second moments do not exist. For the remainder of this section we denote
a normalized dispersion matrix by >J.
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In the third step we have to estimate the scale parameter ¢ and the tail function
a(.). Since we assume a pc-tail function, we have to evaluate the tail parameters
(a1,...,a1) € I¥, k € N, of the pc-tail function. In the last step we determine the
parameters from the set © = R x I¥, where I is the interval of tail parameters.

4.1 Estimation of the Dispersion Matrix

We present a robust estimator of the dispersion matrix of multi-tail elliptical distri-
bution based on the work of Tyler (1987a,1987b) and Frahm (2004). The so-called
spectral estimator estimates the dispersion matrix up to a scaling constant. Further-
more, we assume the location parameter p to be known.

Definition 4.1 (Unit random vector). Let A € R%*? be a regular matrix and S be
uniformly distributed on the hypersphere S?~!. We call the random vector

AS
Spi=——
||AS]]

the “unit random vector generated by A”.

Let X = u + Ry(sas))AS be a multi-tail elliptical random vector where the
location vector is assumed to be known. Then we obtain

X—p  _ RaasyAS
X — pll [ Ras(asy AS||
A4S
| AS]]
~ Sy (19)

The family of random variables (R, ).cs and the tail function «(.) have no influence
s(X — pu) = Sa. This is important since it allows for a robust estimation of the
dispersion matrix > up to a scaling constant. In particular, it follows from equation
(19) immediately that we have S.4 = S4 for all ¢ > 0.

Theorem 4.1. The spectral density function of the unit random vector generated by
A € R¥™? satisfies

_ I(d/2) (s'S71s) 42
Jsal$) = 5 i det(T)1/2

for all s € ST°1, where & = AA’ isthe dispersion matrix. The distribution fs, is
called angular central Gaussian distribution (see Kent and Tyler (1988)).

Proof. Because of the invariance property described in equation (19) we can assume
without loss of generality that X is normally distributed with location parameter 0 and
covariance matrix X, i.e. X ~ N(0,), and we have

X = RAS ~ N4(0,%)
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where R? ~ 2 and S is uniformly distributed on the hypersphere $*~1.1% The density
of X under the condition || .X|| = > 0is

Ix(@) |

f x|r a-1(x), (20)
x|(1x1) (2[r) = i ()" 1(z)
where fx is the Gaussian density with parameters (0,%), S ! = {z € R? : ||z|| =
r}and fix(r) de fx (z)dz. In order to obtain the spectral density of
X
Seije = X ~ Ny(0,%),
=X

we define the transformation 4, : S¢ — S9!, x + x/||z|| = s. Further, we have that
hit: 8% 1 — 8% s — rsand Dh; ' = rIdg_;. Hence we obtain | det(Dh )| =
d=1"Let £, be defined by
Frls) = Fur o (517

Due to Theorem 7.1 given in the appendix we have

fr(s) = fxiqx)(hy ' (s)) det(Dh, )|
fx(rs)rt?

fix(r)
Thus, the density of Ss../2 is given by

ngl/Q(S) = / fr(s fHXII dr_/ fx(rs) dldr

det 1/2
= /0 W exp < 2(rs) E(rs)) =L,
Substituting r by /2t /s'>%~1s leads to

00 ~1/2
fszl/2 (8) = /0 % GXP(_t)(SIE_ls)—d/th

_1/2 0
_ de(t2(2))d/2 (slzls)d/Q/ exp(—t)td/%ldt
™ 0
det(x)~1/2

= W(s'zfls)*dﬂr(d/m,

where s € S?1 and T'(.) is the gamma function (see Definition 7.1). O

Corollary 4.1. Let X = p + Ry(s(as5)A4S € R be a multi-tail eliptical random
vector, where $ = AA’. Then the joint distribution of R = /(X — u)S~1(X — u)
and S 4 isgiven by

I'(d/2) (s'%1s)=9/2
f(R,SA)(rv 8) - (2(’/T)/d/l (s(det ;il/g fRa(s)(r)'

182 is the d-dimensional chi-square distribution (see Feller (1971)); see Fang, Kotz and Ng (1987)

for the representation of the normal distribution in terms of elliptical distributions.
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Proof. We observe

frsa)(1:8) = [fs4(8)frs,(r]s)

I'(d/2) (s'S1s)=4/2

O

Since we know the density of the random vector Sy we can apply the maximum
likelihood method to estimate the normalized dispersion matrix > of a multi-tail el-
liptical random vector.

Let X1,...,X,, € R be a sample of identically distributed multi-tail elliptical
data vectors. Thus, the data vectors S; = (X; — u), @ = 1,...,n, are angular central
Gaussian distributed. The log-likelihood function of the sample (S, So, ..., S,,) equals

log (H fsA<si>>

i=1

> log(fs,(51))
i=1

n

= > (tom(0(d/2)) ~ log(2n)

1=1
+1og((S27181) ™) ~ log(det(%)'/?))

= nlog(D(d/2)) — %l log(27) — glog(det(E))
—g ; log(S/x718,). (21)

Since in equation (21) nlog(I'(d/2)) and ndlog(2m)/2 are constants subject to ¥ we
can neglect them in the following maximum likelihood optimization problem

¥ = argmaxy,e p2 —nlog det(X) — leog(SnglSi), (22)
i=1

where D2 ¢ R denotes the set of positive definite d x d matrices. Note that
equation (21) determines 3 up to a scale parameter ¢ > 0. If & satisfies this equation,
it can be seen immediately that it holds for & as well.

Definition 4.2. The maximum likelihood estimator 3 defined by equation (21) is also
called the spectral estimator.

In Theorem 4.2 we interpret D? as an open subset of R“9+1)/2 vector space.
Thus, we interpret the matrix X as a vector in this space. Note that if ¥ € ﬁd then also
%1 e D2 Let f : RU4D/2 _, R be differentiable in the point . Then, we denote
the Jacobian with D f(X).

Theorem 4.2. Let X € R? be a random vector with density

(R - R
fX'{w e VAETg((@ — SN — ) .

24



Then the function

Dﬁ C Rd(d+l)/2 -~ R
hy :
> — log (VAetD)g((z — p)'S(e - )

has the Jacobian

(24)

Dha(%) = %(22—1—diag(2‘1))

+W(2($ — ) (z — p) — diag((x — p)'(z — p))) (25)

where z = (z — p)'X(z — p).
Note Dh,(.) € R>*(d+1)/2,
Proof. The canonical basis of the vector space of all symmetric matrices in R**¢,
denoted S9%4, s
i €ii , 1=7
4 eij e , 1<]
where 1 <i <j <d.

Our goal is to prove equation (25). If X is positive definite, then -1 is positive
definite, too. Due to Theorem 7.2 in the appendix, the equation

Ddet(A) = det(A)A™? (26)

holds of all symmetric and regular matrices. Note that we have according to equation
(24)

ha(5) = 5 log det () ~log(g((x — 10/ S(x — ).

We obtain the following partial derivatives with respect to (f;)i<i<j<a-

Ohe(¥) _ 1 1 0det(X)  Ologly(2)) d(z — p)'S(x — )
3fij N 2 det(E) 3fzj 0z 3fzj
11 9 log(y(2))
= §det(E)Ddet(E)(6i]’ + le') + QT(.’EZ — ,U,Z)(CC] — Nj)
2 1 1 A 4oy 4 o2M080@)
T 2det(T) det(3)X™ (eij + €ji) +2 92 (i — pa) (w5 — pj)
_ dlog(g(z
= 35+ 2%(% — i) (x5 — 1),
where 1 <i < j <d.
Oha(2) _ 11 9der(y) | dlog(g(=)) da — p)'Sle — p)
Ofu  2det(X) Ofu 0z Ofii
) 1 1 oy, Olog(g(2)) 2
= 3 det(X)X™ esy + —— (2 — w4
3 dery et e+ R ()
_ 1 1, Olog(g(2)) Y
N 22” + 0z (s = i)™,
where i = 1, ..., d. Hence, equation (25) follows immediately. O
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Let X, X1, ..., X,, € R? be a sample of identically distributed data vectors with a
density of the form

fx(@) = Vdet(Eg((z — p)S7Hz — p))

then the maximum likelihood estimator 3 of the dispersion matrix ¥ satisfies the fol-
lowing equation

n
3" Dhy,(=7h) =0, 27)
=1

since it is a necessary condition for the maximum.

Theorem 4.3. Let X, X1,...,X,, € R be a sample of identically distributed data
vectors with a density of the form

fx(x) = Vdet(SNg((x — p)S™H(z — ).

Then the solution to the optimization problem in equation (22) can be characterized
by the following fix point equation

g_ 2 i dlog(g(z))

n yA
k=1 Oz

(Xk — ) (Xp — ), (28)

where 2, = (Xj — p)/S 7 (Xg — p).

Equation (28) is only a necessary condition for the solution of the optimization
problem stated in equation (22).

Proof. We show that equation (28) is true for every entryf]ij withl <i<j <d. We
denote the ith component of the random vector X;. with Xj;.

(i) Inthe case i = j we observe

where z, = (X5 — p)'S7H Xy — ).
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(if) Inthe case i < j we obtain

n

0 = > Dx,(5)y

k=1
"1, . 0log(g(z
= Y Lm0 - 2D oy ) - 0)
k=1 “k
"L " 9log(g(z
= > N;-2) %(in — 1) (Xkj — 15)
k=1 k=1 k
o 2~ Olog(g(z))
= Zij n kz:‘; Dz (X 1) (Xij — 1)
where z, = (X;, — p)'S" (X}, — ) and 1 < i < j < d. Hence, we obtain

O

Let S4 be a unit random vector generated by A with density fs,. The density fs,
is of the form given in equation (23) and satisfies

I'(d/2) L—d/2.

9(2) = o2 (29)
The derivative of log(g(.)) satisfies
og(o(e)) = (10w (142 ) - S1osto))
d _
= S, (30)

where z > 0.

Let S1, 59, ..., S, be asample of identically distributed unit data vectors generated
by A. According to Theorem 4.3 and equation (30), the maximum likelihood estimator
S satisfies the following fix point equation

2 _ __Z )1SS/

SS’
- 4y

Furthermore, let X, X5, ..., X,, be a sample of identically distributed multi-tail
elliptical data vectors. Due to equation (19) the sample s(X; — p), ..., s(X,, — p)

27



consists of unit data vectors generated by A. Hence, we obtain

& _ 4 $(Xi — p)s(X; — p)f
= n ZZI s(X; — p)S1s(X; — )

_d z”: (Xi = /11X = ul)(Xi = ©)/1IXs = pll)’
i (X = w)/M1X = pl 51X = @) /11X = pll)

=1
_d (Xi —p)(Xi — )
NP Yy ownss=yomn 1

Equation (31) is the fixed point representation of the maximum likelihood problem
given in equation (22) in terms of the original data Xi,..., X,,. It is important to
note that the family (R,).c; of random variables has no influence on the fix point
representation.

It can be seen immediately that the fix point equation determines > only up to a
scale parameter since we have for all ¢ > 0

. " X, — X — )
S o= 8 (Xi — ) (X — )

dx~  (Xi— @) (X —p)

d
"L e

In order to have uniqueness of the optimization problem, we apply one of the
optimization criteria given in equation (18).

The next theorem is very important since it says when a solution to the optimization
problem stated in equation (22) exists and when it is unique. Furthermore, it shows an
iterative algorithm to approximate the solution.

Theorem 4.4. Let X1, ..., X,, beasample of identjcally distributed multi-tail elliptical
data vectors with n > d(d — 1). Then a fix point X of the equation

3

d~ (X —p)(Xi —p)
_ EZ (Xi — ) (X — )

i—1 (XZ - M),E_I(Xi - :u)

exists and it is unique up to a scale parameter. In particular, the normalized sequence
(S);en defined by

Y = Id
sty _ 4 - (X — ) (X — p)
n (X - ) (EY) X — p)
igiJrl) _ Zéiﬂ) (32)

converges a.s. to 3, that is a normalized version of 3.
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Proof. Since a multi-tail elliptical distribution is absolute continuous to the Lebesque
measure A%, the probability that two vectors in the sample {X; : i = 1,..,n} are linear
dependent is 0. So the Condition 2.1 in Tyler (1987a, p.236) holds and we can apply
corollary 2.2 in the same publication. O

Theorem 4.4 says that the maximum likelihood optimization problem stated in
equation (22) has a solution that is unique up to a scale parameter. We can use an
iterative algorithm to find the solution 3 if we have more than d(d — 1) observations.
Fortunately, the algorithm works also quite well if we have only a sample size n which
is slightly larger than d.

Finally, we remark that

Corollary 4.2. Let X, ..., X, bead-dimensional multi-tail eliptical distributed sam-
ple with known location parameter 1, and n > d. Then the sequence (2());cy is
positive definite for all 7 € IN.

Proof. Since the sample X1, ..., X,, is multi-tail elliptically distributed with n > d the
matrix

is positive definite almost sure. Since () is positive definite, the quantity wj =

d - a, s -
_~ is positive. We obtain
G -wB0(—ny P

00 = LSRG — ) (VG - p).
j=1

From the last equation it is obvious that (1) is positive definite. Hence,

$(i+1) o (i+1)

= 0

is positive definite. Finally, Corollary 4.2 follows with induction. O

4.1.1 Empricial Analysis of the Spectral Estimator

For the empirical analysis of the spectral estimator we generate samples from a multi-
tail a-stable sub-Gaussian distribution. In particular, we choose the location parameter

w to be (0,0)" and the dispersion matrix X to be ( 015 Oi5 ) The tail function «(.)

satisfies
afs) =< s, F) > 1.7+ < 5, F, >2 1.9

where F; = s((1,1)") and F» = s((1,—1)") are the first two principal components
of . We denote with () the estimate of the spectral estimator with n iterations.
Since the spectral estimator is unique up to a scaling constant, we normalize it by the
condition o7 = 1.
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Figures 5 to 8 depict boxplots of the spectral estimatorf]o(ni), n; = 20, 50,100
and i = 1,2,3. Each boxplot illustrated in these figures consists of 1000 estimates.
All figures have in common that increasing the amount of iterations has only a minor
influence on the accuracy of the estimator, while increasing the sample size improves
its behavior. Furthermore, we observe that the median ¢ 5 is very close to the true
values for all sample sizes, see Tables 1 and 2 and Figures 5 to 8, respectively. Tables
1 and 2 depicts several quantiles of the empirical distribution of the spectral estimator
for different samples sizes. The relative error is defined as

} @)

while ¢ denotes the true value and ¢, € R the a-quantile. In particular, eijo‘ tells us
that the relative error of an estimate is smaller than ¢._,>* with probability 1 — 2.4
We observe that the relative errors in both tables are approximately equal. Hence,
estimators 615 and 692 have practically the same accuracy. Furthermore, the quantiles
are nearly symmetric around the true value for larger samples sizes, i.e. 1000 and
2000.

o — C
C

dl—a — C
C

1—2a0
erel = Imax {

9

; 05 0.9
SIzé  qos go1  Qo2s  Gos5 G075 G099 G095 €. €.y

100 0.285 0.335 0.406 0.498 0.584 0.656 0.713 18% 43%
500 0.406 0.431 0.463 0.498 0.533 0.567 0584 7% 18%
1000 0.436 0.450 0.473 0.498 0.526 0.551 0562 54% 13%
2000 0.453 0.466 0.481 0.499 0517 0536 0546 3.8% 10%

Table 1: The table depicts different quantiles of the spectral estimator gi» and its
relative errors.

size  qo.05 qo0.1 q0.25 q0.5 q0.75 q0.9 q0.95 e?g’; 62;3
100 0.664 0.719 0844 0989 1.177 1367 1498 1% 50%

500 0.826 0.866 0.924 1 1.074 1151 1198 7% 20%
1000 0.877 0.902 0.949 1 1.054 1102 113 54% 13%
2000 0.904 0.926 0960 0.996 1.034 1068 109 4% 10%

Table 2: The table depicts different quantiles of the spectral estimator &9 and its
relative errors.

In Figure 5, we depict all estimate of spectral estimator lying in range between
—0.0439 and 1.45 for and 0.246 and 3.2942. In Figure 6 we do not depict one upper
outlier (value=2.645) in (a) and in (b) three upper outliers (values=7.1,7.0,3.8). In
Figure 7 (b) we do not show three upper outliers (values=1.8,2.69,2.3) and in Figure 8
we do not illustrate one upper outlier (value=1.14) and one lower (value=0.24) in (a)
and in (b) one upper outlier (value=2.76). We are a bit surprised to observe such large
outliers when the sample size is relatively large, i.e. 1000 and 2000. The reason might
be numerical instabilities of the spectral estimator.

In order to be consistent, we require « to be in (0,0.5).
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Figure 5: Boxplots of the spectral estimator with sample size 100 per estimate. (a)
e estimates of 015 and (b) of o9s.
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Figure 6: Boxplots of the spectral estimator with sample size 500 per estimate. (a)
depicts the estimates of o1 and (b) of o9s.
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Figure 7: Boxplots of the spectral estimator with sample size 1000 per estimate. (a)
depicts the estimates of 015 and (b) of o9s.
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Figure 8: Boxplots of the spectral estimator with sample size 2000 per estimate. (a)
depicts the estimates of o5 and (b) of o9s.

4.2 Estimation of the Parameter Set ©

At the beginning of this section we explained that a multi-tail elliptical random vector
can be estimated by a three-step procedure. In the following we deal with the third
step. We assume that we have already estimated the location parameter p and the
normalized dispersion matrix X,. We can write the multi-tail elliptical random vector
X in the form

X =p+cR, 528, (34)

(s(2¢/%5))

where ¢ > 0 is a thus far an unknown scale parameter*> and «(.) is the tail function.
Since we assume «(.) to be a pc-tail function (see Section 3.2) it can be determined by
the tail parameters (a4, ..., o) € I¥, k € IN. Hence, we have to estimate

(c,on, 00, ...,04) € Ry x IF = O,

In the following we present two equivalent methods to estimate the parameters
(c,a1,...,ap) €O

4.2.1 Radial Variate ML-Approach

In this approach it follows from Corollary 3.1 and equation (34) that we have

VX = 0S5 (X = w)l(s(X = ) = ) £ cRo).

Hence for the density of \/(X — w)'S5 (X — p) given s(X — p) = s we obtain

f (X—u)/zal(X—u)‘S(X—u)(T‘S) = fCRa(S)(T)' (35)

*Note that we cannot estimate ¢ in the second step because in that step the dispersion matrix ¥ can
only be determined up to this scale parameter.
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Proposition 4.1. Let X € R be a random variable with density fxy and Y = ¢X,
¢ > 0. Then we have

Frly) = - Fx(y/fe),

where fy- denotes the density of Y.

According to Proposition 4.1 we obtain

1
fcRa(S) (T) = sza(s) (T/C)'

Let X1, ..., X,, € R? be a sample of identically distributed multi-tail elliptical data
vectors. We assume the location parameter 1 and the normalized dispersion matrix g
to be known. We define the samples

Ry =\ (Xi — 0S5 (Xi — )i = L,
and
Si = S(XZ‘ - ,u),i = 1, ey T

Then the data vectors Ry |S, Rz|Ss..., R, |S, are independent since we assume 4 and
3o to be known. According to equation (35), the log-likelihood function of this sample
satisfies

log (chR(SixRi)) = Zlog( FRogs,( z-/c>>

i=1

= -—nlog(c —I—Zlog fRa(s)( Ri/c)).

=1

Finally, this leads to the optimization problem

é:argmax%@ —nlog(c) +Zlog (fRa<s ( z/C)>

Summing up, we obtain

0(X1,...X,) = argmaxgcg —n log(c)

* zzn; log (fRa<s<Xiu)) <\/(Xi — )5 (X — H)/C>> :

4.2.2 The Density Generator ML-Approach

The second approach uses directly the density fx of a multi-tail elliptical random
vector. Due to Theorem 3.1, we know that the density satisfies

Fx(x) = [det(e0)] ™ ga(s(empy (@ — 1) (cZ0) " (z — ).
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Since we assume Xy and u to be known, we obtain the following log-likelihood func-
tion

log (HfX<Xz~)> = > log fx(X
=1 i=1
- ilog<|cddet(20)|l/2
=1

1=712(Xi — |
Jaa(s(Xi 1) .

-y —g log(c) — %log(det(Eo))
=1
. (Xz - N)EO I(Xz - N)
1
+ ; 0g <ga<s<xzu>> ( p
dn

Since the term —3 log(det (X)) is a constant subject to ©, we can neglect this term in
the optimization problem Thus, we obtain the following log-likelihood optimization
problem

R dn X — )2 (X —
f = argmaxgcg — log +Zlog <ga(s(X u))(( Mm% ( ,u)>>

C

4.2.3 Equivalence of the Approaches

The Radial Variate ML-Approach and the Density Generator ML-Approach are equiv-
alent. This is the case because we have

log(fx()) =~ loa(det(c50)) + 1og (su(s(o—sy (Vi — #V S0l — 1))

=~ log(det(y))

—g log(c) + log <9a(s(x ) p)'eo(x — ﬂ))) (36)

_ —%log(det(Eo))—l <(d//)>+log(¢( — W) eSo@ — 1))

L oa(e) +og (fr,y (V- piemae—m)). @)

Since the terms —3 log(det(Xg)),— log (2%?) and log <\/ (z — 1) eSo(x — M))
are constants with subject to parameter set ©, it is equivalent to optlmlze equation
(36) or (37) with respect to ©. Of course, one should use the approach which leads to
a simpler term in the optimization process.
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4.2.4 Statistical Analysis

For the empirical analysis of the spectral estimator we generate samples from a multi-
tail ¢ distribution. In particular, we choose the location parameter 1 to be (0,0} and

21 > The tail function «o(.) satisfies

the dispersion matrix X to be ( 1 9

als) =< s, Fy >2 3+ < 5,F > 6

where F; = s((1,1)") and F;, = s((1,—1)") are the first two principal components of
3. We assume knowledge of the location parameter and the dispersion matrix up to a

scaling constant, i.e.,
1 0.5
>0 = ( 05 1 ) '

Hence, we have to estimate the scaling parameter ¢ = 2, the first tail parameter 14 = 3,
and the second tail parameter 15 = 6. Since we know the density of muti-tail ¢ distri-
bution, we apply the Density Generator ML-Approach to estimate these parameters.

In Tables 3 to 5 and Figures 9 to 11 we observe that medians are close to the
corresponding true values. The empirical distributions of ¢, 71 and 2» are skewed to
the left for small samples sizes and become more symmetric for large sample size per
estimate. The accuracy of the estimator ¢ is higher than the one of 71 and the one
of 4 is higher than the one of 2, (compare the relative errors of Tables 9 to 11). It
is not surprising that ¢ performs better than 24 and i, since the parameters 1 and
vo determine the tail behavior of the distribution and naturally we do not have many
observations in the tails. In particular, the accuracy of 74 and especially i is very poor
for small sample sizes per estimate, i.e. sample size < 1000. For reliable estimates we
need at least a sample size of 3000 because of the relative error &9 of Tables 10 and
11.16

: 05 0.0
sample size  qo.o5 qo.1 q0.25 qo.5 q0.75 4909 4095 €. €rel

100 1514 1618 1.804 2.04 2321 2578 2719 16% 36%
250 1.680 1.746 1.869 2.008 2171 2301 2422 85% 21%
500 1763 1.812 1902 2.011 2111 2224 2300 55% 15%
1000 1.838 1.871 1933 2.004 2076 2146 2194 3.8% 10%
3000 1897 192 196 2004 2045 2086 211 23% 5%

6000 1.927 1942 1970 2002 2032 2057 2073 1.6% 3.6%

Table 3: Quantiles of the estimator ¢ for different sample sizes per estimate and the
corresponding relative errors.

means the the relative error of the estimator is smaller than e}_,** with probability 1 — 2«

measured by the empirical distribution of the estimator. For a definition, see equation (33).

16617204
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0.5

0.9

sample size  qgoos  qo1  Go2s  Qos  Gors Qo9 G0.95  €rof €rol
100 1679 1.871 2326 2978 4.046 5.733 7.263 34% 142%
250 2112 2.267 2576 3.034 3.638 4.406 5.002 21% 67%
500 2321 248 2714 3.004 3.378 3.827 4.165 13% 3%
1000 2482 2588 2789 301 3279 356 3725 9% 24%
3000 2681 2761 2878 3.015 3.169 3.299 3394 6% 13%
6000 2772 2822 2896 2999 3.093 3.195 3.267 3% 9%

Table 4: Quantiles of the estimator 74 for different sample sizes per estimate and the
corresponding relative errors.

size  qo.05 q0.1 q0.25 q0.5 q0.75 q0.9 q0.95 68'651’ 623
100 2.955 3423 4571 6.634 11.365 19.314 29.931 89% 399%
250 3.669 406 4935 6.148 7.954 11.04 13463 36% 124%
500 4.216 4585 521 6.183 7.361 8878 9.897 23% 64%
1000 4.479 47617 5376 6.049 6.867 7.802 8492 14% 41%
3000 5.086 5.279 561 6.069 6.514 6971 7.222 9% 20%
6000 5.356 5482 5735 6.062 6.363 6.672 6.868 6% 14%
Table 5: Quantiles of the estimator i» for different sample sizes per estimate and the

corresponding relative errors.

In Figure 9 all estimates of ¢ are depicted and this highlights again that the scale
parameter can be estimated with high accuracy. In the case of 14 and sample size 100,
23 estimates ranging from 10 to 127 are not shown in Figure 10 and for sample size
250 only one estimate (value=16.09) is not depicted. Finally, in Figure 11 49 estimate
are not illustrated ranging from 30.2 to 2794 for sample size 100 and for sample size
250 three estimates (values=36.6, 33.7, 38.47) are not depicted.
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Figure 9: Boxplots of the estimate of ¢. Each boxplot consists of 1000 estimates.
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Figure 10: Boxplots of estimates of £;. Each boxplot consists of 1000 estimates.
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Figure 11: Boxplots of estimates of 2. Each boxplot consists of 1000 estimates.

5 Applications

For an empirical analysis of multi-tail elliptical distributions we investigated the daily
logarithmic return series for the 29 German stocks included in the DAX index on
March 31, 2006. The period covered is May 6, 2002 through March 31, 2006 (1,000
daily observations for each stock). In particular, the main focus of our analysis is to
empirically assess whether a multi-tail model is superior to a classical elliptical one in
the analysis of asset-return behavior.

5.1 Two-Dimensional Analysis

Figure 12 (a) depicts the two-dimensional scatterplots of BMW versus DaimlerChrysler
and (b) the scatterplots of Commerzbank versus Deutsche Bank. In both figures we can
see that there are more outliers in the directions around the first principal component
F7 motivating a multi-tail model. Applying the spectral estimator for both samples we
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obtain the normalized dispersion matrix (611 = 1)

) 1.000  0.762
Yo(X1, ..., X1000) = < 0.762 1.204 )

for BMW versus DaimlerChrysler, and

R 1.000 0.568
Xo(Y1, ..., Yioo0) = ( 0.568 0.745 )

for Commerzbank versus Deutsche Bank representing the first step of the estimation
procedure described in the previous section. Note that due to the properties of the
spectral estimator, these normalized dispersion matrices are valid for the elliptical as
well as for the multi-elliptical model.
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0.1 0.1
4 005 € 005
Pl o
=
(s} ()
g o g 0
E E
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-0.1] -0.1]
-0.15 -0.15
42 -0.1 0 0.1 0.2 2 -0.1 0 0.1 0.2
BMW Commerzbank
@ (b)

Figure 12: Bivariate scatterplot of (a) BMW versus DaimlerChrysler and (b) Com-
merzbank versus Deutsche Bank. Depicted are daily log-returns from May 6, 2002
through March 31, 2006.

For the second step we have to make a concrete distributional assumption for es-
timating the scale parameters and the tail parameters. In our analysis we choose the
t- and multi-tail ¢-distribution. Note that the ¢-distribution has a constant tail function
v:8' — I = R" v(s) = vy whereas for the multi-tail model we specify the tail
function satisfying

v:S' = RY u(s) =< s, F| >2 1+ < 5, Fy >2 1,

where F; and F are the first and second principal components of . Besides esti-
mating the scale parameter ¢ and the tail parameters g, 1, and v in both models, we
apply the Akaike information criterion and likelihood ratio test to identify the superior
model.

Table 6 shows the estimates for the scale parameter and tail parameters in both
models. In both models the scale parameters are the same while the tail parameters
differ. This result is to be expected from our discussion in Section 4 because the scaling
properties expressed by >, and ¢ and the tail behavior captured by the tail parameters
and the specified tail function are fairly independent for larger sample sizes.
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#par ¢ 2R InL AIC p-value
t 6 1.6-100% 3.7 37 55956 —11,176.2 -
multi-¢ 7 1.6-100% 3.1 57 55983 -11,1826 <25%

Table 6: Depicted are the likelihood estimates of the scale parameter and tail parame-
ters for the BMW-DC returns in both models. The table shows the number of para-
meters (#par), the value of the log-likelihood at the maximum (In L), the value of the
Akaike information criterion (AIC), and the p-value for a likelihood ratio test against
the elliptical model. The period investigated is May 6, 2002 through March 31, 2006.

The Akaike information criteriont” prefers the multi-tail model since we observe
the smaller value in the multi-tail model. For the maximum likelihood ratio test!® we
have © = {(v1,10) € RT : 0 < 11 < vy} and the null hypothesis Hy : 0 € ©g =
{(v1,12) € RT : 0 < vy = 1y} against the alternative Hy : 6 € ©g = {(v1,10) €
RT:0<uy < vo}. According to Table 6, the p-value in this test is less than 2.5%,
so it reasonable to reject the elliptical model.

Table 7 shows that we obtain basically the same results as in the previous case. The
returns for Commerzbank and Deutsche Bank demand even more of a multi-tail model.
The spread in the first and second tail parameters is larger than before. The difference
between the log-likelihood values and Akaike information criterion is also greater and
finally, the p-value of the maximum likelihood ratio test is practically equal to zero.
Again, the scaling parameters are close and the tail parameters differ, indicating that
the maximum likelihood estimator ¢ for the scale parameter is fairly independent of
the maximum likelihood estimates for 14 and vs.

#par ¢ v e InL AlIC p-value
t 6 241-100%* 34 34 53315 -10,651 -
multi-t 7 2.39-107* 2.6 6.1 53378 -10,662 0

Table 7: Depicted are the maximum likelihood estimates of the scale parameter and
tail parameters for the BMW-DC returns in both models. The table shows the number
of parameters (#par), the value of the log-likelihood at the maximum (In L), the value
of the Akaike information criterion (AIC), and the p-value for a likelihood ratio test
against the elliptical model.

In particular, the results depicted in Tables 6 and 7 coincide with satterplots in
Figure 12 (a) and (b) since in (b) we observe more pronounced outliers along the first
principal component than in (a).

In Akaike’s approach we choose the model M, ..., M,,, minimizing
AIC(M;) = —2In(L;(0;; X) + 2k;,

where ; denotes the MLE of 6, and k; the number of parameters in model M.
8The likelihood ration test statistic satisfies
SUDgco, L(0,X)

/\(X) - SUPpco L(@,X) .

Under the null hypothesis it can be shown that —21n A\(X) ~ x2, where g is the difference between the
free parameters in © and O,.
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5.2 Multi-Tail Elliptical Model Check for the DAX index

The investigated return data X7, Xo, ..., Xip00 € R?? are the 29 German stocks®®
included in the DAX index. The period covered is May 6, 2002 to March 31, 2006. We
start our analysis by estimating the normalized dispersion matrix io(Xl, ey X1000)
using the spectral estimator is depicted in Figure 13.
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Figure 13: Heat map of the sample dispersion matrix estimated by the spectral estima-
tor.

Figure 15 (a), (b), and (c) show the factor loadings (eigenvectors) g, g2 and g3 of
the first three principal components. Figure 15 (d) depicts the eigenvalues of the nor-
malized dispersion matrix obtained by the spectral estimator. We see that the eigen-
value of the first principal component is significantly larger than the others. The first
vector of loadings is positively weighted for all stocks and can be thought of as de-
scribing a kind of index portfolio.

®we excluded HypoRealEstate Bank because we did not have sufficient return data for this stock for
the period covered.
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Figure 14: Barplot summarizing the loadings vectors g, g2, g3 and g4 defining the
first four principal components: (a) factor 1 loadings; (b) factor 2 loadings; (c) factor
3 loadings. (d) depicts the eigenvalues of the normalized dispersion matrix.

We obtain the corresponding time series of principal components through
Fip = ¢i Xyt =1,2,...,1000.

Figure 15 (a), (b), and (c) illustrate the pairwise scatterplots of these components.
We can see in Figure 15 (a) and (b) that the scatterplots are stretched along the first
principal component. This scaling behavior is caused by the large first eigenvalue of
Fy. Moreover, it is important to note that we observe many outliers along £. This
phenomenon may be attributed to smaller tail parameters in the directions around A
and —F3. In Figure 15 (c) both principal components have fundamentally the same
scale and the outliers are not so pronounced as in the former ones, suggesting a similar
tail behavior.
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Figure 15: Figure (a),(b), and (c) show the pairwise, two-dimensional scatterplots of
the first three principal components. The period covered is May 6, 2002 through March
31, 2006.

Figure 16 depicts a three-dimensional scatterplot of the first three principal compo-
nents. This figure confirms the scaling properties and tail behavior observed in Figure
15.
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Figure 16: Figure depicts a three-dimensional scatterplot of the first three principal
components.

The visual analysis of Figures 15 and 16 motivates a multi-tail model for the loga-
rithmic returns investigated. Since the first principal component differ from the others,
we propose the tail function

29
V1828—>R+,8 —< s, F >2 V1+Z < s, F; >2 1.
=2

As we did in Section 5.1, we compare this multi-tail model with an elliptical one
which, per definition, has a constant tail function (v(s) = 1, s € S*). We conduct
the same statistical analysis as in the previous section. In particular, we fit a ¢ and
multi-tail ¢ distribution to the data. The results are reported in Table 8. The elliptical
model has 29 location parameters, 29 - 15 = 435 dispersion parameters, and one
tail parameter, while the multi-tail model has two tail parameters. Thus, we have 465
parameters in the elliptical and 466 in the multi-tail model. In the first step we estimate
the dispersion parameter with the spectral estimator up to a scaling constant. The scale
parameter ¢ and tail parameters 4 and 2 are estimated in a second step.
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#par c vy Uy InL AlIC p-value
t 465 1.45-100%* 4 4 847115 —168,493 -
multi-t 466 1.44-107* 2.7 4.7 847163 —168,500.6 << 0.05%

Table 8: Depicted are the maximum likelihood estimates of the scale parameter and
tail parameters for the BMW-DC returns in both models. The table shows the number
of parameters (#par), the value of the log-likelihood at the maximum (In L), the value
of the Akaike information criterion (AIC), and the p-value for a likelihood ratio test
against the elliptical model.

Table 8 shows that in both models the scale parameter ¢ are almost the same,
whereas the tail parameters differ significantly. The Akaike criterion as well as the
likelihood ratio test do favor the multi-tail model. A p-value of less than 0.05% for
this test indicates that we can reject the null hypothesis of an elliptical model at a very
high confidence level.

5.3 Summary of the Results

In the statistical analysis reported in Sections 5.1 and 5.2 we see that the simplest gen-
uine multi-tail elliptical model significantly outperforms the classical elliptical model.
The hypothesis of homogeneous tail behavior can be rejected in any of the data sets
investigated. In particular, we see in the analysis of the stocks included in the DAX
index that the first principal component is heavier tailed than the others.

6 Conclusion

In this paper we introduce a new class of multivariate distributions that is flexible
enough to capture a varying tail behavior of the underlying multivariate return data.
We motivate this new type of distributions from typical behavior of financial markets.
By introducing the notion of tail function we show how to capture varying tail behavior
and present examples for tail functions. By applying the Akaike information criterion
and likelihood ratio test, we find empirical evidence that a simple multi-tail elliptical
model significantly outperforms common elliptical models. Moreover, the hypothesis
of homogeneous tail behavior must be rejected.
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7 Appendix

Definition 7.1. The gamma function I is defined by

where z > 0.

Definition 7.2. Let A € R%*? be a matrix and ¢ € R. Then ¢4 is defined by

(e 9]

_ Z log (38)

m=1

It can be shown that the limit in equation (38) exists for all matrices A € R*,
The matrix A in t4 is called the exponent of t. Furthermore, we have the following
properties.

Proposition 7.1. Lett € Rand A4, B € R¥“. Then we have
(i) tAtB = tA+B;
(i) t1t4 =1d;
(i) (t4) =t~
The proof can be found in Rubin (1986).
Theorem 7.1 (Change-of-variables theorem). Suppose that
(i) X cV cR?% Visopen, T:V — R%is continuous;

(ii) X is Lebesgue measurable, T is one-to-one on X, and T is differentiable at
every point of X;

(iv) N(T(V N X)) =0.
Then, setting Y = T'(X),

/f dy—/ F(T(x))| det((DT) () |dz

for every measurable f : R? — [0, oc].
For proof of this theorem we refer to Rubin (1986).

Lemma 7.1. Let the functions g, ¢; and g» be defined by

g : RyxSTP SR (r,s) = p+rAs,
g Ry xS SR (r,s) — rs,
go ]Rd—>]Rd,xr—>,u+A:c,

where A € R % isregular and i« € R%. Then we have
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() g=g200

(ii) det((Dgy)(r,s)) = r¢t

(ii)) D(g2)(y) = A

(iv) |det(Dg2)(y)| = | det(A)| = | det(X)Y/?], where ¥ = AA’.
Proof. (i) This is obvious.

(ii) Sketch of the proof: We have to parameterize ¢ in terms of polar coordinates
leading to a function

§1 : R—i— xIC Rd_l - Rd7 (Ta ¢17 "'7¢d71) — "”¢(¢1, "-7¢d71)

Calculating det(Dgy(r, ¢1,...,64)) leads to 7?1, For a detailed proof, see
Fang, Kotz and Ng (1987).

(iif) The Jacobian of a linear function g(z) = Ax + p is A. For example, see Rubin

(1986).
(iv) We have
|det(A)] = (det(A)det(A"))"/?
= det(4A")/?
det(2)"/2.

O

Lemma 7.2. Let V,IW < R? beopenand f : V — W differentiable with inverse
f~1. Then we have

1
((DF=H(f ()

det((Df)(@) =
Proof. Forall z € V we have

(D(f Vo @) = DFHF@)D(S (@),
The lemma follows now immediately because of

det(Df ™' (f(2))D(f(2))) = det((D(f~" o f)(@)))
= det(/d)
= 1

Corollary 7.1. Let g, g; and g, asin Lemma 7.1. Then we have

(2 — /S (@ — p)) =D/

det(Dg™(x)) = det(%)1/2
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Proof. The inverse of g satisfies

-1 €T —
971 ‘RY — R~ x Sd*lax = <\/(x o u)’Z—l(x B 'u), M) (39

We have

det(D(gioga) '(x)) = det(D(g;" ogy")(x))
= det(Dg; (g5 (2))Dgy M (2))
= det(Dg; (g5 ' (x))) det(Dgy ' (x))
Lemga 7.2 1 1

det(Dgi(g; " 0 g5 ' (x))) det(Dga(gy ' (x)))
1 1

det(Dgy (g~ (x))) det(A)
_ -1
o (Ve—wETe-p")
B det(X)1/2 '

(40)

(1) holds in equation (40), since Dg;((r, s)) = r¢~! and equation (39). O

Theorem 7.2. Let M ¢ R**% bethe open subset of d-dimensional regular matrices.
Then thefunction b : M — R A — det(A) has the Jacobian

Dh(A) = det(A)A™

(41)
Proof. It can be shown forall 7,5 = 1, ..., n that
Odet(A) L
= (=1)J A
Dery (—1)""7 det(A;j)
(42)

where A;; is the matrix one obtains if the ith row and jth column are canceled from
A. Hence we obtain by Cramer’s rule

Dh(A) = det(A)(ALY.
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