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Abstract

This paper proposes several parametric models to compute the portfolio VaR and CVaR in a
given temporal horizon and for a given level of confidence. Firstly, we describe extension of
the EWMA RiskMetrics model considering conditional elliptically distributed returns.
Secondly, we examine several new models based on different stable Paretian distributional
hypotheses of return portfolios. Finally, we discuss the applicability of temporal aggregation
rules for each VaR and CVaR model proposed.
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1. Introduction

This paper presents and discusses risk management models with the same computational
complexity of the most used ones in literature. In particular, the paper serves a threefold
objective: 1) studying and understanding elliptical EWMA VaR and CVaR models; 2)
examining some distributional stable Paretian approaches applied to the evaluation of the risk
of a given portfolio; 3) discussing the application and the limits of temporal aggregation rules
of EWMA-type VaR and CVaR models.

The Value at Risk (VaR) and the Conditional Value at Risk (CVaR) are simple risk measures
used by financial institutions to evaluate the market risk exposure of their trading portfolios.
The main characteristic of VaR and CVaR is that of synthesizing, in a single value, the
possible losses which could occur with a given probability in a given temporal horizon.

An important issue in calculating VaR and CVaR is the identification of the so called
profit/loss distribution. In the model proposed by RiskMetrics (see Longerstaey and Zangari,
1996), the main assumption is that the profit/loss distribution, conditional upon the portfolio
standard deviation, is Gaussian. The main consequence of this hypothesis is that the
percentiles and the conditional expected loss, therefore VaR and CVaR, can be simply
calculated by multiplying the portfolio standard deviation times a constant which is function
of the given confidence level. On the other hand, the possibility of on-line “Gaussian” VaR
and CVaR computation have represented the main “success” of these parametric models. As a
matter of fact, in the last years there has been a growth in the number of those investors who
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prefer manage on-line their own portfolios. Moreover, practitioners use to forecast the weekly,
monthly, yearly losses under risk by scaling with opportune factor daily “Gaussian” VaR and
CVaR estimates. However, although this temporal rule is very useful by a practical point of
view, it is not generally valid except when we consider independent Gaussian distributed
returns. In addition, many empirical studies show that the return conditional distributions
diverge from the Gaussian one. In particular, it has been observed that the profit/loss
distributions present asymmetries and fat tails. As shown in Longerstaey and Zangari (1996),
the VaR calculated under the normal assumption underestimates the actual risk, given that the
distribution of the observed financial series are leptokurtic with respect to those implied by a
conditional normal distribution.

This paper presents several alternative models for the calculation of VaR and CVaR taking
into consideration the skewness and the kurtosis (fat tail effect) that mark the empirical
profit/loss distributions. In order to maintain the simplicity of the RiskMetrics model we first
extend it to an exponential weighted moving average (EWMA) model with conditional
elliptically distributed returns and finite variance. In particular, we discuss the opportunity of
using temporal rules of aggregated EWMA models that have not been correctly justified by
RiskMetrics researchers (see Longerstacy and Zangari, 1996). Thus, we show that time
aggregation rules can be used only when we assume independently distributed returns to
approximate the future VaR and CVAR estimates, and then we focus our attention on returns
with a conditional multivariate elliptical distributions. Secondly, we propose many stable
Paretian VaR and CVaR models. Several empirical and theoretical studies on the asymptotic
behavior of financial returns (see, among others, Mandelbrot, 1963a-b, Fama, 1965) justify the
assumption of stable paretian distributed returns. Therefore, many stable models have been
proposed in recent literature to study financial applications of the stable distributions (see
Samorodnitsky and Taqqu, 1994, Rachev and Mittnik, 2000, and references therein). In
particular, Stoyanov et al., 2006 have proved some closed form solutions to compute
conditional value at risk of a given elliptical and/or stable paretian distribution. However, all
stable VaR models recently proposed in financial literature either describe simulating models
(see Rachev et al, 2003) or propose models that do not take into account the dependence
structure among asset returns and their autoregressive behavior (see, for example, Mittnik, et
al 2002). In contrast, in this paper we first present two parametric autoregressive stable
models and we propose two relative time aggregation rules for the associated unconditional
models where the return series are independent and identically distributed (i.i.d.). In the first
stable model we consider conditional o-stable sub-Gaussian distributed returns. The joint
stable sub-Gaussian family is an elliptical family that has been recently used in portfolio
theory (see Rachev, et al, 2004, Mittnik, et al, 2002). As for the elliptical unconditional model
with finite variance, we describe particular temporal rules of VaR and CVaR. In order to
consider the asymmetry of financial series, we assume conditional jointly asymmetric a-stable
distributed returns. The asymmetric stable model results from a new conditional version of the
stable three fund separation model proposed by Rachev, et al, 2004 to study the portfolio
choice problem with asymmetric returns. In this case too, when we assume that the returns
series are i.i.d., we obtain further time aggregation rules for VaR and CVaR.

The paper is organized as follows: in section 2 we formalize the RiskMetrics model and its
elliptical extension. Section 3 introduces alternative approaches to the EWMA VaR and CVaR
models with finite variance. Finally, we briefly summarize the paper.

2. RiskMetrics approach and elliptical EWMA models with finite variance

Value at Risk is the maximum loss among the best 8% cases that could occur in a given



temporal horizon. If we denote with t the investor's temporal horizon, with W, . —W, the
profit/loss realized in the interval [t,t+1] and with 6 the level of confidence, then VaR is given
by the loss such that,

VaRg 1 147] Wyr =W = inf{q | Pr(Wt+r -W, < ‘]) >1 _9} . (D
Hence, the VaR is the percentile at the (1-0)% of the profit/loss distribution in the interval
[t,t+t]. The temporal horizon t and the level of confidence & are chosen by the investor. The
choice of 1 depends on the frequency with which the investor wishes to control his/her
investment. Alternatively to VaR, the recent literature on risk measures (see Szegd, 2004)
have proposed the conditional value at risk (CVaR), also called expected shortfall or expected
tail loss, to evaluate the exposure to market risks. The conditional value at risk is a coherent
risk measure i.e. it is a positively homogenous, translation invariant, subadditive and
monotone risk measure. Even if there is no doubt that VaR, provides useful information,
VaR is not a coherent risk measure (see Artzner et al., 1999 and Stoyanov et al., 2006) and it

cannot offer exhaustive information about the expected future losses’. The conditional value at
risk measures the expected value of profit/loss given that the Value at Risk has not been
exceeded, that is

1 -6
CVaRg 1140y Wie =Wi) = 1—o VaR, 11 1+1) (W =W, )dq 2
Yo

and if we assume a continuous distribution for the profit/loss distribution, we obtain
CVaRy s s Wir =W)) =E (W, 12— W Wir =W, <VaRy, H). The RiskMetrics model assumes that

the conditional distribution of the continuously compounded return R, (7) = log(W,,, /W,) is
a Gaussian law. In particular, RiskMetrics simplifies the VaR calculation for those portfolios

with many assets. If we denote with w=[wy,...,w,]" the vector of the positions taken in n

assets forming the portfolio, then the return portfolio at time t+1 is given by
n
Z(p)+l = leizi,tﬂ .
=

where z; ) = log(Pl-’t a/ Pi’t) is the (continuously compounded) return of i-th asset during the

period [t,t+1], and P, is the price of i-th asset at time ¢. RiskMetrics assumes that within a
short period of time, the expected return is null and that the return vector

241 = [Zl,t+1""’ Zn,t+1}
follows a conditional joint Gaussian distribution. That is, every return conditioned on the
forecasted volatility level is distributed like a standardized normal: z; ., /0y 1py, ~ N (0,1)

and any linear combination of the returns z ) ,,; = w'z,,; is conditionally normal distributed,
i.e. Z(py1 = O X, where X ~N(0,1), O.(zp),l+l/t =w'Q,,y,w is the variance of
portfolio z,y ., and O,/ = [0'551 Y t} is the forecasted variance covariance matrix. As far

as the estimates of variances of the single assets 0'5 +1/; and the corresponding covariances

0'172- +1/¢ are concerned, RiskMetrics uses the exponentially weighted moving average model

>In literature we can find different definitions of VaR and CVaR that change slightly with respect to the use done
of the risk measure. For example, in portfolio theory it is generally used a positive risk measure, thus typically
the above definitions change for the sign of VaR and CVaR functions.



(EWMA). Thus, one estimates the variance and covariance matrix (,,;,, considering the
following recursive formulas
2 2 2 2
Ciivwie = Ei(zi ) = ;i’o-ii,t/t—l +(1- /,i’)Zi,t 3)

2 2
Oiju+l/t = E, (Zz',t+IZj,t+1) = /,io-ij,t/t—l +(1- /,i’)Zi,th,t > “4)

where A is the optimal smoothing factor (see Longerstacy and Zangari 1996). In particular the

conditional variance-covariance process f; :o'l-jz- +17¢ of z,; 1s a martingale because

E, (O'IJZ-J ) /t) = 055, +/; and using the expectation operator at time ¢ for any i and j, we can

write the forecasted parameters over s>1 periods as

2 2
E,(fi4s) = E, (O' i t+s+l/ t+s ) =E, (;w'z‘j,ﬁs/ sl TA=ADE o (Zi,t+s Zjt+s )) =

_ 2 _ 2 _
=k (O-z'j,t+s/t+s—1) =0y 1/t = Ji

The EWMA model is an IGARCH(1,1) (integrated generalized auto-regressive conditional
heteroskedastic) model. GARCH-type models provide an alternative view to volatility
estimation. There is a growing literature on such models and we refer to Duffie and Pan, 1997
for their application to VaR.

The explicit modeling of the volatility series captures the time-varying persistent volatility
observed in real financial markets. Under the normality assumption for the conditional returns,
the Value at Risk of z ), at (1-0)% conditional the information available at time 7 (denoted

by VaRy 1, ) is given by simply multiplying the volatility forecast in the period [t,t+1], times
the tabulated value of the corresponding standard Gaussian percentile, k;_g, therefore,

VaRg 11171 (Z(pys41) = K1_gO(pys+1/1 - %)
We observe that a similar simplification is also valid for the Conditional Value at Risk of
portfolio z,y,,; at (1-0)% conditional the information available at time ¢ (denoted by

CVaRg,41/,); 1.e. CVaR is given by multiplying the volatility forecast in the period [t,t+1],

times the tabulated value of the corresponding standard Gaussian CVaR,
Cl_g = E(X /X <k_g) where X~N(0,1) (see Stoyanov et al, 2006). Thus,

CVaRg 14111 (Z(p)1+1) = 100 (pys+1/1 - (6)
Moreover, in the all the following discussion we continue to call the VaR and CVaR
conditional the information available at time ¢ simply VaR and CVaR. In addition, we can also
study temporal aggregation rules of EWMA models.

2.1 Time rules

Let us recall that Engle and Bollerslev, 1986, Drost and Nijman, 1993, Meddahi and Renault,
2004, Hafner and Rombouts, 2003 have studied and proved the temporal aggregation of weak
GARCH-type processes and volatility models. They have adopted three definitions of
GARCH-type models of increasing generality. In particular, a strong GARCH-type requires
that rescaled innovations are independent, while in weak GARCH-type models only
projections of the conditional variance are considered. Since strong aggregated GARCH-type
processes are generally weak GARCH-type processes (see Drost and Nijman, 1993), then the
distribution of the aggregated process changes even if the main structural characteristics of the
model are maintained. Thus, most of the time rules verified for the conditional variance
cannot be applied to compute percentiles of the aggregated process because we do not know a
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priori the distribution of the aggregated process. However, many practitioners apply time rules
to compute the VaR and CVaR for short time aggregation even for these conditional models.

Let us assume that a sample path of 1-day return vectors {Zt}zeN follows the Gaussian

EWMA model above. Under these assumptions the vector of returns z,,; = [zl’t Hloees Znph] ]'

follows a strong IGARCH(1,1), that is also a particular ISR-SARV(1) process (Integrated
Square-Root ~ Stochastic ~ Autoregressive Volatility process ie., E, (z,)=0 and

E, (2;412'41)+U =E,(z,,»2',4, ) where U is a constant semi-definite positive matrix®). Then
Ziy1 = 24p1/:E4 18 conditionally Gaussian distributed, where the conditional variance
covariance matrix Q,,/, =Z,,1,,2'141/; of z,, at time ¢ follows the above recursive formulas
(3), (4) and the vectors {gt}ze N are i.i.d. standard Gaussian distributed N(0,I) (I is the identity

matrix). Thus, the conditional distribution of T-day vector of returns

l T T
Zir = |:ZI,Z+T ""’Zn,t+T] =2 Zg = 2 g ey (Where  Z, =log(B’t+T |Bt)) 1Is a
S=

s=1
mixture of Gaussian vectors. Using the same arguments of Meddahi and Renault, 2004, the
corresponding sample path of T-day returns {Zl +kT} teN is still an ISR-SARV(1) process.

Alternatively to the above EWMA model, we can assume additive values u;, in the high
frequency IGARCH(1,1) process
O—%,H-l/t :ﬂ'o—l'jz',f/ -1 +(l_ﬂ)2i,tz g Ty (7

ij
with constant definite positive matrix U = [ul-j ,]. In this case the valuation of the parameters

corresponding to the aggregated ISR-SARV(1) process Z,,; follows the rules explained in
Meddahi and Renault, 2004. Moreover, these parameters depend on the error in the
approximation of decay factor A in (3), (4) computed for the high frequency process because
the effect of this misspecification grows when the time 7 increases. Thus, the error in the
estimation can influence dramatically the computation of the variance process. In this context,
Kondor, 2005 has proved that the decay factor A must be near to 1 and we need many more
observations than what suggested by RiskMetrics in order to reduce the amount of error in the
approximation. On the other hand, the conditional variance-covariance matrix of Z, r at time
t for the EWMA model follows the rules of aggregated ISR-SARV(1) process. In view of
Meddahi and Renault’s analysis, the aggregated process maintains the main structural
characteristic of Gaussian EWMA model, but it is not generally a strong Gaussian IGARCH

. . ~2 . . .
process. Therefore the classical time rule o +7/¢ =T 0'5 +1/: applied for variance covariance

.~ ~2 . . .
matrix Q,,r,; =[0ij«+71/t] of Gaussian aggregated processes Z,,r is not generally valid

except for independent identically distributed returns. Even if it has not been justified by
RiskMetrics researchers (see Longerstaey and Zangari, 1996) it is common practice predict
the VaR and CVaR at time ¢ for different temporal horizons assuming the approximating time
aggregation rules:

VaRG,HT/t(W'ZHT)zkl—ﬁo-(p),HT/t’ and CVaRg o7/ (W'Zy 1) = C1-00 (p)t+T It >

where 0,) 47/ zﬂlw@t +r,,w. However, this approximated result could be lead to mistakes

because the distributional structure of the aggregated process is not as strong as the original

% The semi-definite positive matrix U is equal to zero when we consider EWMA models.



Gaussian IGARCH. Thus, when the temporal horizon 7 is not too big (say ten days, see
Lamantia et al., 2006), the following time rules:

VaR@,HT /it = ﬁVaRB,IH It 3

CVaRH,HT /It = ﬁCVaRH,Hl/ ¢ ©)

are generally used by practitioners to forecast the (1-0)% VaR and CVaR in the period [#,t+T]
of EWMA Gaussian models. However, as underlined, by Diebold, et al., 1998a-b, these time
rules can be applied to compute VaR and CVaR only when the returns are independent and
identically distributed.

2.2 Limits and advantages of EWMA models

The main advantage and success of the EWMA model applied to the computation of VaR and
CVaR is due to its simplicity and applicability to large portfolios. In addition, simple time
rules allow for forecasts of VaR and CVaR of the future wealth under the hypothesis that the
vectors of returns are jointly independent and identically distributed. The previous temporal
rules simplify the computation of the minimum loss and the average loss that a portfolio can
suffer in the 8% worst cases in a temporal horizon greater than unity. In contrast, EWMA
model is not a strictly stationary process and the variance process converges a.s. to zero. If we
assume the high frequency strong IGARCH(1,1) process (on the marginal distributions, or on

the portfolios) O',%J = /10'1% o (1= ﬂ)zi, +u;, with u;, >0, then the process is strictly
stationary, but not second-order stationary since the second moment is infinite (see Nelson,
1990). Even if the second moment of the residuals is not finite, the conditional variance is
well defined since the squared residual process is non-negative. In the case of strictly
stationary IGARCH (1,1), portfolio VaR and CVaR for the temporal horizon 7 cannot be
derived by the rules of aggregated conditional variance process explained in Meddahi and
Renault, 2004. However in practice, practitioners use these time rules even if these are
generally applied only for limited temporal horizon 7. Therefore, we generally agree with the
main critics on the use of temporal aggregation rules for long temporal horizons (see, among
others, Diebold et al., 1998a-b) for two important reasons. First of all, the distributional
structure of the aggregated process generally changes. Secondly, the effects of the empirical
error in the parameter estimation of high frequency process generally grows when the time T’
increases. As a matter of fact, even if the Gaussian IGARGH(1,1) model presents good
performance at high frequency, say daily or intraday returns, the Gaussian IGARCH(1,1) is
often rejected at low frequency, see Lamantia et al., 2006. A potential explanation of this
aspect is the long memory in the volatility of these Gaussian GARCH-type models (see, for
instance, Bollerslev and Mikkelsen, 1996, Comte and Renault, 1998). However, the temporal
aggregation of long memory volatility models does not enter in the main objectives of this
paper. As far as large portfolios or on-line VaR and CVaR calculation are concerned, the
implementation of strictly stationary GARCH-type models should be evaluated on the basis of
the tradeoff between costs and benefits. On the other hand, the computational simplicity of the
VaR time rule and its validity when unconditional independent Gaussian returns are
considered, are the main reasons why the Gaussian time rule is still largely used. In addition,
considering that the composition of large portfolios of institutional operators frequently
change, then the application of time rules is often limited over time. Thus, in contrast to their
non-stationariness, the EWMA type models are still simple versatile tools to estimate the risk
financial expositions. This is a further reason to investigate on the financial impact of non
Gaussian EWMA models and their temporal aggregation that, generally, do not present an
excessive computational complexity even for large portfolios.



2.3 Elliptical non Gaussian EWMA models with finite variance

Recall that we say that an n-dimensional vector z is elliptically distributed with parameters #,
Q and fif for some g€ R" and some nXn nonnegative definite symmetric matrix Q the
characteristic function ®,_,(¢) of z—u is a function of the quadratic form ¢'0t, ie.

®,_, ()= f(¢'Or) and we write

z~ Ell, (1,0, f).
Observe that a vector z~ Ell (1,0, ) with rank(Q)=s if and only if there exist a random
variable B >0 independent of U, an s-dimensional random vector uniformly distributed on
the unit hypersphere S, = {u ER /u'u= 1} and an nXs matrix £ with XX'=Q such that

zi U+ BXU .
Given an elliptical vector z, its representation El/ (,Q,f) is not unique. It uniquely
determines 4 but Q and f are only determined up to a positive constant. In particular, if the
vector z is elliptical with finite variance, we can always choose the vector g equal to the
mean and the dispersion matrix Q equal to the variance covariance matrix. Therefore, in the
following discussion when we assume elliptical vectors with finite variance z ~ Ell (1,0, f)
we implicitly suppose that x = E(z) is the mean vector, Q is the variance covariance matrix
of z, and the characteristic function of the centered vector is given by ®,_p,, (1) = 1 (¢'0t).

The function f is also called characteristic generator. When n=1 a class of elliptical
distributions coincides with a class of one-dimensional symmetric distributions uniquely
determined by its characteristic function f. For further details on elliptical distributions we
refer to Cambanis, et al., 1981, Owen and Rabinovitch, 1983 and Fang, et al., 1987.

The RiskMetrics model is a particular EWMA model with conditional elliptically distributed

returns and finite variance. In this class of EWMA models the vector z,,; = [zl’t HloesZpy +1]

is conditionally elliptically distributed with finite variance, null mean and conditional
characteristic function

@, (m)=E, (") = f(m'Qpyym),

where O,/ = [0'5 41/ t] is the variance covariance matrix that, for simplicity, we assume is

invertible. Therefore, under these assumptions:
Zin =21, B

t+1/t 7 t+1 141

where B,,, is the positive random variable independent of vector U,,, which characterizes the

U

t+1

t+1

elliptical family. In addition, B

t+1

t=0,...,T are i.i.d. n-dimensional vectors (because Q is
invertible) where U ,, are uniformly distributed on the unit hypersphere S, while the entries
of variance and covariance matrix O, ;/, = Z,,/,2"41,; follow the above formulas (3) (4) i.e.

Oyt =AQy )0 +(1 =)z,
Moreover, under these assumptions, the aggregated process is a particular ISR-SARV(1)

T
process (see Meddahi and Renault, 2004) and the conditional distribution of Z, ., = >z, is

s=l1

a mixture of elliptical £I/,(0,0,,,,, /) vectors. The Value at Risk of portfolio z ) ,,; =w'z.,
at (1-0)% is given by



VaRg 111/ (Z(pys41) = k 1-00(p) 141/t (10)
where O'(ZP)J +1/¢ =W'OQ,41,,w is the portfolio variance forecasted in the period [t,t+1] and ki-o
is the tabulated value of the corresponding elliptical El/ (0,1, /) percentile uniquely determined
by the characteristic generator /. Similarly, the Conditional Value at Risk of portfolioz ) .,
at (1-6)% level is given by

CVaRg 1171 (Z(pyis1) = C-60 ) 1111 (11)
where ¢1g=C VaRy(X) is the tabulated CVaR value of the corresponding elliptical

Ell (0,1, /) determined by its characteristic generator f (see Stoyanov et al.,2006). In

addition, among the elliptical models with finite variance, the RiskMetrics Gaussian
unconditional model is the unique for which the temporal rules (8) and (9) can be used when
the portfolios of returns are independent identically distributed. As a matter of fact, the
Gaussian law is the unique elliptical distribution with finite variance such that the sum of
elliptical i.i.d. random variables belong to the same family of elliptical random variables, that
is, the unconditional distributions of vectors

1

: T
Zi41 = I:Zl,t+1""’zn,t+1] and Z, r =3 74 = [Zl,z+T’---’Zn,z+T]
s=1

belong to the same elliptical family with finite variance EI/ (0,Q,f) only if
Zins = Zprs/irs—1Ees (5=1,...,T) are independent Gaussian distributed (that is do not follow the
above EWMA model). However, we could prove a further time aggregation rule of VaR
considering z,,. . (s=1,..,T) ii.d. distributed and such that z_; ~ Ell,(0,0,,,,f) and
Z,.r ~ EIL (0,07, f) admit different elliptically distributed returns with characteristic

generators f, f . As a matter of fact, we recall that the sum of elliptical i.i.d. random variables

is elliptically distributed but it does not necessarily belong to the same elliptical family (see
Embrechts, et al,, 2003). For example, the sum of T iid. univariate elliptical

X, ~ El (0,1, f) (s=1,...,T) with characteristic function f, gives another symmetric random

variable which is differently elliptically distributed with characteristic function f and

T ~
variance equal to the sum of variances, i.e. > X, ~ JT ElL (0,1, ). Similarly, if we sum T’

s=1

1i.d. elliptical random vectors <z, ~Ell (0,0,,,,.f) (s=1,...,7), then we obtain

T ~ ~
Zir =2z ~ Ell,(0,0,,7/,,f) where the variance covariance matrix of Z, ; is given by

s=1
~ ~2 .. .
Oriryt =10i4+7/:1=T0Q,,1,,. Thus, when the vector of returns are i.i.d. elliptically
distributed, we can apply the variance temporal rule to estimate at time ¢ the (1-6)% VaR and
CVaR in the periods [tt+1] and [tt+T], that is VaRg, (2 1) =ki1-90(p) ey and the
temporal aggregation rule

VaRg i1/ = ky 16 JT O(pyu+tit =Mag JT VaRg 11/, (12)

kyi—e

holds where My = ,and kjy_g, ky _p are respectively the corresponding 1-6 elliptical

1,1-6
ElL (0,1, 1); EI1, (0,1, /) percentiles. Similarly, we have that CVaRg 111/1(Z( p) 1) = CL1—0O( p)1+1/1

and



CVaRg 7/, = 02,1—9\/? Oyt =M oNTC VaRg 11/ - (13)

€21-6

where Mg = , and ¢j;_g, ¢y 9 are respectively the corresponding 1-6 elliptical

CL1-6
ElL (0,1, 1); EI1, (0,1, h conditional value at risk values. However, even if the above time rules

are always theoretically justified when we assume log return processes with stationary and
independent increments, they are not theoretically justified when we consider time

aggregation of EWMA models. Moreover, we need to evaluate the 1-6 percentile k,;_o and

the associated conditional value at risk c¢,,_o of the standardized sum of m i.i.d. elliptical

distributions El/ (0,1, /) (s=1,...,T), that is elliptical Ell (0,1, f ) distributed. Thus, we can find
the 1-0 percentile k,,;_o and the associated conditional value at risk ¢,,_ considering the

distribution EI/ (0,1, J; ) derived from the convolution of i.i.d. random variables E// (0, f)

distributed. All the above models and the following ones have been studied thorough an ex-
post empirical comparison in a separate paper. Thus, a detailed discussion on the estimation of
the parameters of each model has been done in Lamantia et al., 2006.

3. Alternative VaR and CVaR models with stable distributions

In this section we present some alternative models to compute VaR and CVaR. In particular,
we focus our attention on two different stable models for the profit/loss distribution. A
random variable X is stable distributed if it has a domain of attraction. That is, there exists a

sequence of i.i.d. random variables {Yi}ieN’ a sequence of positive real values {di}ieN and a

sequence of real values {ai}ieN such that, as n—-+oo

1 x d
—> Y. +a,—X
n i=1
where "—%— " shows the convergence in the distribution. Thus, the a-stable random
variables describe a general class of distributions including the leptokurtic and asymmetric

ones. The a-stable distribution is identified by four parameters: the index of stability ae (0,2],

the skewness parameter fe[-1,1]; 66 R and ye R* which are, respectively, the location and

the dispersion parameter. If X is a random variable whose distribution is a-stable, we use the
following notation to underline the parameter dependence:

X =8,(7.8.0).

When o=2, the a-stable distribution has a Gaussian density. A positive skewness parameter
(£>0) identifies distributions whose tails are more extended towards the right, while a negative
skewness parameter (<0) characterizes distributions whose tails are extended towards the
negative values of the distribution. A detailed analysis of stable distribution properties can be
found in Samorodnitsky and Taqqu, 1994.

The Functional Central Limit Theorem for normalized sums of i.i.d. random variables
theoretically justifies the stable Paretian approach proposed by Mandelbrot, 1963a-b and
Fama, 1965 to model the behavior of asset returns. However, there is a considerable debate in
literature concerning the applicability of a-stable distributions as they appear in Lévy's central
limit theorems. A serious drawback of Lévy's approach is that in practice one can never know
whether the underlying distribution is heavy tailed, or just has a long but truncated tail. Limit
theorems for stable laws are not robust with respect to truncation of the tail or with respect to
any change from light to heavy tail, or conversely. Based on finite samples, one can never
justify the specification of a particular tail behavior. Hence, one cannot justify the

9



applicability of classical limit theorems in probability theory. Therefore, instead of relying on
limit theorems, we can use the so-called pre-limit theorems which provide an approximation
for distribution functions in case the number of observation T is "large" but not too "large".
We refer to Klebanov, et al, 2001 Klebanov, et al 2000, and paragraph 2.5 of Rachev and
Mittnik, 2000 for a theoretical description of pre-limit theorems considering that a formal
analysis of these results is beyond the scope of this paper. In particular the "pre-limiting"
approach helps to overcome the drawback of Lévy-type central limit theorems. As a matter of
fact, we can assume that returns are bounded "far away", for example, say daily returns cannot
be outside the interval [-0.5,0.5]. Thus, considering the empirical observation on asset returns,
we can assume that the asset returns z; are truncated o;-stable distributed with support,
[-0.5,0.5]. Thus pre-limit theorems show that, for any reasonable number of observations 7,
the truncated stable laws will be well approximated by a stable law. Next, we propose two
parametric stable models. The main advantages of the following parametric models are:

1. a better empirical approximation than the RiskMetrics model;

2. the same computational complexity as the RiskMetrics model after parameters estimation;
3. VaR and CVaR time rules:

VaRG,HT/ (= hH({T )VaRa,t+l/ ¢

CVaRg o7/ = [o(T)CVaRg 1144
obtained when the returns are independent identically stable distributed.

3.1 A parametric model with symmetric a-stable distributed returns

In this subsection, we propose an exponentially weighted moving average model with o stable
distributions (2>o>1) that generalizes the classical EWMA model with Gaussian distribution
(see Longerstaey and Zangari, 1996). In particular, we assume that the conditional distribution

of the vector of returns z,,; = [zu T S ]‘ is a-stable sub-Gaussian (in the period [t,t+1])

with characteristic function

im'z . 2.
D, (m) = £, (") = exp( (' Qpuyyem)? +im' s ).

where O,/ = |:O'§’t H /t] is the conditional dispersion matrix (that we assume is invertible)

and f,,; = E(z,,) even if we assume that within a short period of time the expected return is

null. However, before describing the EWMA model with a-stable sub-Gaussian distributions,
called the stable EWMA model, we describe some properties of the stable sub-Gaussian
vectors.

3.1.1 Unconditional a-stable sub-Gaussian distribution

A stable sub-Gaussian law is the elliptical extension of a Gaussian law when the variance is
infinite. It is just one very particular stable law among the stable ones. In particular, an
unconditional a-stable sub-Gaussian n-dimensional vector z with a<2 and characteristic

function ®,(m) = exp(—(rn'Vm)m2 +im' ,u) is an elliptically distributed vector with nxn

dispersion matrix V:[vlﬂ and infinite variance. While, if a=2, the vector is Gaussian

distributed. As any elliptical vector, even the vector z does not admit a unique representation.
In order to fix one for any & € (1,2), we can write

Z=ﬂ+2\/§G

10



2/a
where B~Sa/2(2(cos(%)j ,1,0} is o/2-stable random variable (called stable

subordinator) independent of Gaussian vector G =[G,,...,G,]'~ N(0,I) with identity

covariance matrix. In addition, JB G is also an « -stable sub-Gaussian vector where the
components 81:\/5 G, are §,(1,0,0) distributed, while the dispersion matrix J (that for

simplicity we consider invertible) is obtained by the nXx#n matrix X ie. V = [v,ﬂ =2X¥' The

term vy , that we call codispersion between asset i and asset j, is defined by
2 -~ o 22—
RIERIa i (14)
where Z; =z; —g; is the centered variable, [z, R f .‘a—1 sen(s )7, (ds) s the

covariation between two jointly symmetric ¢ stable random varlables z;, z; and y;(ds) is the

spectral measure  with support on the unit circle S,. In particular,

1
1

||2,.||a=( j|s,.|“y,.,.(ds)J =([%.%],)%. Using properties 1.2.17 and 2.7.16 in
S5

Samorodnitsky and Taqqu, 1994 we can write for every ge (1,a)
> 5{a-1)
[ z z. ] E (Z iz j

i° ]

BE e

-1
=sgn(z j)|2 | |q and for every pe (0,0) the scale parameter can be written

(g-1)

where Z ;

pj u~ PV sin® udu

b=l = £ L)

- 1"(1 —j V4
Besides, Ju_p_l sin? udu =

)

for every pe(0,2). Then, it follows that for every

qe(1,0):
E(~ 5<q~ 1>)
2 _ 2 “j 2- - g1
vij :ijT:"jj qA(q)E(ziZ;.q >) (15)
E (|Zj| j
r( _gj@
where A(q)= In addition, from relations (14) and (15) we obtain for

2]

[7,21s = V_??“’A(q)E(fif_ﬁ"_l> ) : (16)

every qe (1,0)
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Moreover the codispersion between two components of a stable sub-Gaussian vector can be

obtained using the symmetry of the dispersion matrix V' = [v,z } . As a matter of fact, consider

the a-stable sub-Gaussian vector z with dispersion matrix respectively V' = [vj J , then the sum

z+7; is still a-stable distributed with dispersion v?

) _ .2 2 2
sz, = Viejie = VitV T 2v;, thus we
get that

l]’

2 2., .2
2y Vieji@j ~Vi TV
V2= . (17)
2

2
This result suggests the following estimator Vz{vij} for the entries of the unknown

covariation matrix for some qe (1,a):

A2 ~2 ~2
2 Viejie; Vi T Vi
U 2
~2
where v j; and \3i2® ji@; are estimated as follows for some pe (0,0)
2/p 2p

"2 1 NP 9 1Y) 0P
vji :(A(p)ﬁgl‘zﬁ )‘ ] s Vie j.i® j =(A(P)sz::1 # )+Z§' )‘

Moreover, regarding the sum of independent a-stable sub-Gaussian vectors, the following
lemma holds.

Lemma 1 Ler Z® :[Zl(k),Zz(k)] k=1,2,...,T be T independent a-stable sub-Gaussian

vectors (o>1) with null mean and dispersion matrixes respectively y® = [v(zk)’ij] ij=1,2

1

Lo | Lm0 L, m]| . .
k=1,2,..,T. Then Z=% 72" =| > 2,'"", % Z, is still symmetric with null mean and
k=1 k=1 k=1

2
I I I L <q-1> L Vik2
{zzl“‘),zzz“‘)} =312®,2,0] =3 lim A(q)E(ZI“‘) (2,%) ]=(z v }
o

k=1 k=1 k=1 a  j=19 k=1 v(2,;)’0§2
Proof It is well known that the sum of independent a-stable vectors is a-stable. Observe that
the collections {Zl(k ) }k s {Z (k )}k 1 are collections of independent random variables
=1,...,T = ,...,T

and, for any m#n, Zz('”) and Zl(”) are also independent. Then, as a consequence of properties
277, 2711 and 2.7.15 in Samorodnitsky and Taqqu, 1994, we obtain

T T T
{Z Zl(k), > Zz(k)} =3 [Zl(k),Zz(k)} . Thus, from (16) we get that, for every ge (1,a),
k=1 k=1 k=1 o

é[zﬂk),Zz(k) L - éluzz(m Hz—q 49) E( 7® ( AL )<q_l>J _
= % lim A(Q)E{Zl(k) (Zz(k) )<‘H> j

i
k=19
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where the last equality is verified because the first equality must be true even for ¢ /" «. As a

(k) 12

consequence of formula (14), [Zl(k ) ,Zz(k )} , thus the thesis follows. [

¢ V(k) 2

Even if Z® :[Zl(k),Zz(k)} k=1,2,...,T are T independent a-stable sub-Gaussian vectors,

T

Z=37 ® g symmetric a-stable distributed, but it is not generally a-stable sub-Gaussian
k=1

distributed (a simple counterexample is given by example 2.13 in Samorodnisky and Taqqu,

T

1994). Moreoverif Z=> Z ®) s a-stable sub-Gaussian, then the entries of dispersion matrix
k=1

2-a

o

Z (k)j where i,j=1,2. As a
=100
matter of fact, it is well known that the dispersion of sum of independent a-stable random

Vz[vﬂ are given by ng’m] and vy _(Zv(k)”j

T
variables with dispersion v, ;; k=1,...,T satisfies the relation vfj = ng{)’ ;- On the other
k=1

hand, by the previous Lemma we deduce that the codispersion is given by:
2-a
T
({0,
o \k=l1 o

2-a
= 2
, I A R I AR OV , .
Thus, it follows vj; =| > V() ;i > —— |- A very particular example is the sum of T’
k=1 k=1 V(. ii
(k).Jj

= § z,
k=1

1.i.d. a-stable sub-Gaussian vectors with null mean and dispersion matrix W = [ J that is an

a-stable sub-Gaussian vector with null mean and dispersion matrix w=T% .
As a consequence of the symmetry of a-stable sub- Gaussian random variables, for any p<a,

the dispersion v?,

;i of the centered random variable zj j can be seen as the variance of the

P

random variable ‘;j 2 sgn(gj)«/A(p) ie. Vi —Variance(‘éj ‘5 sgn(Ej)«/A(p)} for any p<a.

T
Then, if the sum X = ) Z; of T independent centered a-stable symmetric random variables

k=1
z;, j=1,2,...,T, satisfies the following relation for any p<a,
£
v¥ = lim v/ = lim variance Z Z sgn(X)JA(p) =
p o p o =

T P I P

=Y lim variance| |%;|2 sgn(Z; )y/4(p) |= lim variance| ¥ | |Z;|2 sgn(Z; )/ 4(p)
k=10 e p e k=1

The third equality above derives from the previous discussion, while the last equality is a

P
consequence of the independence of random variables ‘Zj‘ 2 sgn(Zj )\/A(p) , j=1,2,...T.
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3.1.2 The Stable EWMA model

Suppose that the conditional distribution of the returns vector z,,; = [zhl Hoes Zpy +1]' is a-
stable sub-Gaussian (o€ (1,2)) with characteristic function

P, ()= E (") = exp = (m' Qo) it ).
Under these assumptions we assume

Zog =M, X2 B, G,

t+1/t

2/a
where B+~ S, P [2 (cos (%jj 1, OJ is a stable subordinator independent of Gaussian

vector G, =[G, ,,,...,G,,,]'~ N(0,I) with identity covariance matrix. In addition,
B, G, =0,..T are iid. o-stable sub-Gaussian vectors, where the components
& 1=yBnG ., are S5,(1,0,0) distributed, while the entries of dispersion matrix

_| 2 _ ! .
O = [Gy’m/,} =212 " 41/, are generated as follows:
Zitl = Zigrl —Hignl = OGi 4174 141

- P s |P
Lo =By | A0 = 200, + 0= Dw) 2, (18)

p p
P e (ls s _ g2 s s
Oie i@/t = Lt Uzi,m T2 jA(P) =A0ig i@/ + (- ﬂ)A(P)‘Zi,t + Zj,t‘

2 2 2
2 _Oimji®jul/t — O jjat/t ~ Oiigel/t 19
Ojj i1/t = > ’ (19)
F(l—gj\/iz

where A(q)=

, pe(0,a), A is the decay factor that regulates the

e

weighting on past covariation parameters. These assumptions are consistent with the structure
of dispersion matrix of an a-stable sub-Gaussian vector. In fact, we require that

2/p
Elzm+z .l l4p)| =02, -0
t| [Zig+l T2 41 p O jjs+1/t ~ Oiig+1/t
2 _ D _ ~ P
Ojjs+1/t = 5 and 0y, = E, (‘Zi,tﬂ‘ )A(p).

The scale parameter of i-th return, o;; ./, , is given by

) 1/p K K—i P 1/17
Oiig+/t = (Et ( 2i,z+1‘ )A(p)j = ((1_/1) A(p)IZ:O/1 - ‘Zi,t—K+k‘ j ,

where for any given tolerance level #/=(1-14) > A¥ we can determine the number of

k=K+1
log(#/)

log(4)
level #=0.001 and a decay factor A=0.97 we obtain that K =228. Similarly the scale

parameter of the sum Z; ., +Z; . is given by

useful observations K = as per the RiskMetrics model. Thus, considering a tolerance
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) 3 » 1/p K Kkl 3 » 1/p
Cijimjiie =| Ei| iy ¥ Zjm| |AP) = (1—4)1‘1(1?)1{2:0/1 Zig-k+k T2 j,t—K+k‘ .

Instead 0'1-/2- +1/; 1s the stable covariation parameter between the i-th and the j-th returns and is

holds from formula (19). Observe that the decay factor A determines the relative weights that
are applied to return observations. Thus, the most recent observations are more weighted than
the old ones. Thus, the above model is a particular Stable GARCH(1,1) model (see, among
others, Rachev and Mittnik, 2000) and it is also an EWMA model and an ISR-SARV(1)

P
process applied to the random wvariables Xj,,:‘éj’,‘Z sgn(Zj’t) A(p), because the

dispersion O'Z

: 1+1/; 18 the conditional variance of X; ,,; for every j=1.2,...,n.

n
Under these assumptions, any portfolio is defined by z ), =2 W;z; 1y = W' Opry WEL
i=1
where £, =S5,(1,0,0) and Q,,,, = [%{m/:} . Then, the (1-0)% VaR in the period [t,t+1] is
obtained by multiplying the corresponding percentile, k_gy,, of the standardized o-stable

S¢(1,0,0), times the forecast volatility 0y ,,) .1/, =W'Qp/ W, that is

VaRg 11171 (Z(pys+1) = K120 0 pys+i/1 -
Similarly, the Conditional Value at Risk at (1-0)% confidence level is given by
CVaRg 111/1(Z(p)i+1) = 19,00 p)1+1/: -

Where ¢ g, =E (X /X Skl—e,a) is the CVaR of the corresponding standard o-stable

T
X ~S,(1,0,0). Even in this case, we can consider the aggregated process Z,.r = > Z,,, . If
s=1

the high frequency process z, follows the above a-stable sub-Gaussian EWMA model, then
the conditional distribution of Z, ; is a mixture of o-stable sub-Gaussian vectors. In
particular, the aggregated process is still an ISR-SARV(1) process if we consider the variance

P
of the random variables ‘Zj’t‘Z sgn(Zj’t)w/A(p). According to Lemma 1, the aggregated

T
process Z,.r = > Z,,, attime ¢ is still a-stable sub-Gaussian distributed only if the vectors of
s=1

returns Z,,, are 1.1.d. a-stable sub-Gaussian distributed. In this case, the dispersion matrix

@t +7); of Z, .7 follows the time rule

P 2/
Qz+T/z =T "0/t -

Therefore, if the aggregated process Z,,; is the sum of i.i.d. a-stable sub-Gaussian distributed

vector of returns, we can predict the (1-0)% VaR and CVaR over the period [t,t+7] with the

time rule:
l/x

VaRg o1/ =(T) " VaRg i1

1/
CVaRg,r) =(T) ~ CVaRg ), -

However, if we assume a Stable EWMA model for the returns, the previous aggregation time
rules are only an approximation of future VaR and CVaR estimates and they can be applied
only when T is not too big. Moreover, among the elliptical distributions, the a-stable sub-
Gaussian with o€ (0,2] (with a=2 we obtain the Gaussian case) are the unique elliptical
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distributions such that the sum of i.i.d. elliptical random variables belong to the same family
of elliptical random variables.

3.2 An a-stable model with asymmetrically distributed returns

As an alternative to the previous model, we can take into account the asymmetry of stable
distributions generalizing the model proposed by Rachev et al, 2004. Under these assumptions
the vector of centered return is conditional a-stable distributed, i.e.

2t+1 =Zg M, = bt+ly;+1 +2 B

t+1

G,

t+1

(20)

where 4, = E(z;y;) the factor Y, =S§,(0oy , ﬁYM,O) is an a-stable asymmetric

t+1/t

(i.e. 'BYH] #0) centered index return with dispersion and the skewness respectively equal to

oy, and ﬁYH]. Besides the residual random vector Z,; —b, 1Y, =21/, Bis1 G 18

independent of factor Y,,; and it is conditional a-stable sub-Gaussian distributed, as the above

Stable EWMA model with zero mean and dispersion matrix Q,,,,, = [O'UZ-J ") /J =2 Z

Therefore, the centered return vector Z, :[Zl’t HlowsZpy +1]' is conditionally a-stable

distributed with conditional characteristic function:

Vs a/z o
q)2,+l (m)=E, (" )= eXp(_(|m'Qz+l/zm| +‘m' 1+107,,, ‘ jx

1
x| 1-i ‘m 1%

o
By, sgn(m'b,;) o
j tan 7

a2 o
(|m'Qz+1/zm| ““m'me'YHl

Observe that this characteristic function is obtained by the sum of two independent
multivariate o-stable laws (see Samorodnitsky and Taqqu, 1994 for further details). In
particular, we assume that the centered returns Z; ,,, are generated as follows

~ _ |
Zigyl = bi,z+1Yz+l + 05 11/t€ip1 = (O-ii,tﬂ/ ¢t

o Ve
b 1110y, ‘ X1

_ P N p
0L e = o[l 4w = 200,y + (1= DA, =, @21
s 3 p
Ol i@ aise = Er Uzi,m +Zj 1~ G 05 0) Y0 JA(P) = o)
2 . p
=A0ia i@ -1 T (1= ADA(p) ‘Z,’,z +Z;,—(b,+b;, )Yt‘
2 2 2
0% oo — 0 — 0"
2 @i j t+1/t g4/t g1/t
O a1y = 2 2” : , (23)
o
. ‘bi,t O'Y,‘ By, sgn(b,)
where  pe(0,0). For any i and 4 X;, ~S,|L and

,0
)

5[,12\/B_z G;, ~S5,(1,0,0) because the conditional distribution of residual vector

o
(O-ii,t/t—l + ‘bi,tO-Yt

Z,41 —b, 1Y, 1s o-stable sub-Gaussian and it is independent of factor Y, ;. We require that the
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structure of dispersion matrix Q,,,, = [0'5 41/ t} of residual vectors is defined according to

formulas (14) and (17). The parameter A is a "decay factor" that regulates the weighting of the

past covariation parameters. The vector b, = [bl’t,...,bn’t} is estimated considering the OLS

estimator. Thus, if we assume that the vector b, =b=[b,...,b,] is constant over the time,

N
5 Y0

then Bi :klzvl—, i=1,...,n. Gotzenberger, et al, 1999, Paulauskas and Rachev, 2003

2
s (v®
()
discuss the asymptotic properties of OLS estimators applied to stable models. However, Kurz-
Kim et al, 2005 have shown that other estimators could present better asymptotic properties.

The forecast scale parameter of i-th residual, 0;; ../, 1s defined by:

v K kk P
Oiitil/t = (Et ( A(p)) = ((1_/1) A(p)kgo;t 2i,t—K+k _bi,t—K+kYt—K+k‘ J :

While the time t+1 stable covariation parameter between the i-th and the j-th residual is

~ p
Zig+1 Y Y ‘

2 2 2
Oi@;,i®j+1/t O jjt+1/t ~ Oiig+1/t
defined by 0',; 1y = —2L > i where
’ 2

1/p
K
2 K—k |z = P
Ci@j,i®jt+1/t = ((1_}“)1‘1([))]}:0/1 ‘Zi,t—K+k + 2k — Bk +bj,t—K+k)Yt—K+k‘ j :
Under these assumptions, the forecasted (1-6)% Value at Risk and Conditional Value at Risk
n
of portfolio z(, ;1 =2 W;Z; ;4,1 = w'Z,, in the period [tt+1], are given by the corresponding
i=1

percentile and CVaR, of the a-stable distribution Sy, (0( ) 1+1/¢> B p)e+1/¢-0) where

o
— ' a/z Ib i
O(p)i+l/t = |W Qz+l/tW| + W 0410y,
is the volatility forecast and
o
By, sgn(w'b, ;)
a j
is the skewness forecast. Moreover, in order to contemplate the evolution of the index Y, we
assume that the dispersion parameter oy, follows the recursive formula

'
‘W b Oy,

/2
|W'Qt+1/tw| ""W'leO-YH1

,B(p),t+1/z = (

K
A(p)E(Y P) AP) X Yki|” p P
0_5 t |t+l| _ k=0 :0_5 +A(p)|Yt| |Y;—K—1|

" g(ayByp)  Ke(ayByp) - Kg(oy.py.p)

a
where g(ay,,BY ,p) = (1 + ﬂ; (tan2 (MD)QO{Y COS(L arctan (ﬂy (tan [MBD We
t ¢ 2 2O{Y t 2

refer again to Samorodnitsky and Taqqu, 1994 for further details on properties of stable laws.

T
Under these assumptions, the distribution of aggregated process Z,,; = > Z,,, conditionally
s=l1

on the knowledge of dispersion and skewness is a mixture of a-stable vectors. Therefore no
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time rules can be used to compute VaR and CVaR values of vector Z, ; when the returns
follow the above conditional autoregressive stable Paretian model. However, if we assume
that the vectors Z,_ =0b,, Y, +Z ¢/ he1 Biss G of formula (20) are ii.d. a-stable

T
distributed, then Z, . = > Z,,, is also a-stable distributed. In particular the dispersion and
s=l1

the skewness of a portfolio Z,y,,p =w'Z,  are:
T

a
,BYt s sgn(w'by)

T
Z ‘W bt+vO-Y

o
104 _ o '
O(p)+T/t = 2 (O-(p),t+s/t+s—l +‘W bt+sO-YHS‘ j’
s=1
— t+s
B ==
(p)i+T/t =
1
> OW Oris/trs-1 W|

aj ’
s=l1

In addition, the aggregated vector of the i.i.d. a-stable sub Gaussian distributed residuals

a2

+‘W 45O

t+S

Yis/trs—1Ers, Where g, =.B,,.G,, (with null mean and dispersion matrix

Oris/rvs—1 = Oy forany s=1,...,T)

W1+T t+T Z t+s l+s _|:Zl,t+T Zbll+s t+so° nl+T an t+s }

s=1

is itself a-stable sub Gauss1an distributed with null mean and dispersion matrix
~ ~2 . ~
O =|:O','J',[+T/[:| that follows the time rule Q,, 7, = TZ/O’QHW .

Let us assume that the parameters a, ﬂYt , Oy, ,b, are constant over the time and suppose that
the vector Z,,; is the sum of i.i.d. a-stable distributed vectors Z,,; of formula (20), then the
forecasted (1-6)% VaR and CVaR of portfolio Z ) ,.; =w'Z, p in the period [t,t+T] are
given by the corresponding (1-0) percentile and CVaR, of the a-stable distribution
Sa(G(p)is1/t5 B( 4T /1> 0) where

o
; T(w'btayt B, sgn(w'bt)j
6-(0;7)at+T/[ = T(O-(O;),H-l/t +‘W'blo-Yt‘ j’ ﬁ(p),t+T/l =

a) =:B(p),t+l/z-

' a/z '
T(W Qt_'_l/tM +‘W th-Yt‘
Therefore, the temporal rules

la
VaRg ;7 = ( ) VaRg 11/¢

1
CVaRg i1/ :( ) CVaRg 14171 »

hold when the vectors Z,,; are i.i.d. a-stable distributed and follow the model (20). Thus, as

for the previous cases, these time rules are not verified when we assume the previous
autoregressive model and they could be considered only as an approximated result when T is
not too big. On the other hand, further studies on temporal aggregation of stable processes are
beyond the scope of this paper, and they will be object of future discussions.

4. Conclusions

This paper proposes alternative models for the VaR and CVaR calculation. In the first part we
describe several elliptical EWMA models with finite variance and we discuss the applicability
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of some time rules. Then we introduce and discuss symmetric and asymmetric stable Paretian
models to compute the percentiles and the expected losses. The symmetric stable model is an
elliptical EWMA model with infinite variance, while the asymmetric stable model is a three
fund separation conditional model with symmetric stable residuals. In particular, we prove
simple temporal aggregation rules for each parametric stable model when the returns are i.i.d.
stable distributed. However these rules are not valid for the conditional models even if in the
classic Gaussian case they are still used by practitioners. On the other hand, all the parametric
VaR and CVaR models and the respective time rules introduced here can be theoretically
improved and empirically tested. This research is the starting point for further discussion,
studies, and comparisons on temporal aggregation rules and subject for future research.
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