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Abstract

Fitting multivariatea-stable distributions to data is still not feasible in highe
dimensions since the (non-parametric) spectral meastine aharacteristic func-
tion is extremely difficult to estimate in dimensions higliean 2. This was
shown by Chen and Rachev (1995) and Nolan, Panorska and Mc@1{1996).
a-stable sub-Gaussian distributions are a particular (patiac) subclass of the
multivariate o-stable distributions. We present and extend a method based
Nolan (2005) to estimate the dispersion matrix ofrastable sub-Gaussian dis-
tribution and estimate the tail index of the distribution. In particular, we de-
velop an estimator for the off-diagonal entries of the disjpa matrix that has
statistical properties superior to the normal off-diagasimator based on the
covariation. Furthermore, this approach allows estinmatibthe dispersion ma-
trix of any normal variance mixture distribution up to a scalarameter. We
demonstrate the behaviour of these estimators by fitting-stable sub-Gaussian
distribution to the DAX30 components. Finally, we conducttable principal
component analysis and calculate the coefficient of taieddpnce of the prini-
pal components.

Keywords and Phrasesu-Stable Sub-Gaussian Distributions, Elliptical Distributions,
Estimation of Dispersion Matrix, Coefficient of Tail Dependence, Risk &tgment,
DAX30.
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1 Introduction

Classical models in financial risk management and portfolio optimization suitteas
Markowitz portfolio optimization approach are based on the assumption thdacds
tor returns and stock returns are normally distributed. Since the seminabfvistan-
delbrot (1963) and further investigations by Fama (1965), Chen aoHeRg1995),
McCulloch (1996), and Rachev and Mittnik (2000) there has been detming em-
pirical evidences that the normal distribution must be rejected. Thesdigatimns
led to the conclusion that marginal distributions of risk factors and stocknetx-
hibit skewness and leptokurtosis, i.e., a phenomena that cannot be exptsirithe
normal distribution.

Stable orx-stable distributions have been suggested by the authors above for mod-
eling these pecularities of financial time series. Beside the facttistdble distribu-
tions capture these phenomena very well, they have further attractivedsavhich
allow them to generalize Gaussian-based financial theory. First, theythayprop-
erty of stability meaning, that a finite sum of independent and identically digtdbu
(i.i.d.) a-stable distributions is a stable distribution. Second, this class of distribution
allows for the generalized Central Limit Theorem: A normalized sum of i.i.ddoen
variables converges in distribution to arstable random vector.

A drawback of stable distributions is that, with a few exceptions, they domawk
any analytic expressions for their densities. In the univariate case ltstiaabe could
be negotiated by numerical approximation based on new computationaliptesib
These new possibilities make thestable distribution also accessible for practitioners
in the financial sector, at least, in the univariate case. The multivariatable case
is even much more complex, allowing for a very rich dependence struatinieh
is represented by the so-called spectral measure. In general, theabpszasure is
very difficult to estimate even in low dimensions. This is certainly one of the main
reasons why multivariate-stable distributions have not been used in many financial
applications.

In financial risk management as well as in portfolio optimization, all the models
are inherently multivariate as stressed by McNeil, Frey and Embrecht§)20bie
multivariate normal distribution is not appropriate to capture the complex depee
structure between assets, since it does not allow for modeling tail dapeesde-
tween the assets and leptokurtosis as well as heavy tails of the marginal detur
tributions. In many models for market risk management multivariate elliptical dis-
tributions, e.g.t-distribution or symmetric generalized hyperbolic distributions, are
applied. They model better than the multivariate normal distributions (MNDs}ehe
pendence structure of assets and offer an efficient estimation precedugeneral,
elliptical distributions (EDs) are an extension of MNDs since they are alsdiedlily
contoured and characterized by the so-called dispersion matrix. Trerslmp matrix
equals the variance covariance matrix up to a scaling constants if seconchteahe
the distributions exist, and has a similar interpretation as the variance-cwmearnza-
trix for MNDs. In empirical studies it is shown that especially data of multivariate
asset returns are roughly elliptically contoured.

In this paper, we focus on multivariatestable sub-Gaussian distributions (MSSDs).

For further information, see McNeil, Frey and Embrechts (2005)



In two aspects they are a very natural extension of the MNDs. First, they the
stability property and allow for the generalized Central Limit Theorem, impoféan
tures making them attractive for financial theory. Second, they belongtoldiss of
EDs implying that any linear combination of anstable sub-Gaussain random vec-
tor remainsy-stable sub-Gaussian and therefore the Markowitz portfolio optimization
approach is applicable to them.

We derive two methods to estimate the dispersion matrix ofvestable sub-
Gaussian random vector and analyze them emprically. The first methoskid ba the
covariation and the second one is a moment-type estimator. We will see thatdine se
one outperforms the first one. We conclude the paper with an empiridgsanaf the
DAX30 usinga-stable sub-Gaussian random vectors.

In section 2 we introduce-stable distributions and MSSDs, respectively. In sec-
tion 3 we provide background information about EDs and normal variamggire
distributions, as well as outline their role in modern quantitative market risk geana
ment and modeling. In section 4 we present our main theoretical resultserive d
two new moments estimators for the dispersion matrix of an MSSD and show the
consistency of the estimators. In section 5 we analyze the estimators empirgally u
ing boxplots. In section 6 we fit, as far as we know, for the first timexastable
sub-Gaussian distribution to the DAX30 and conduct a principal compametysis
of the stable dispersion matrix. We compare our results with the normal distributio
case. In section 7 we summarize our findings.

2 «-stable Distribution: Definitions and Properties

2.1 Univariate a-stable distribution

The applications ofv-stable distributions to financial data come from the fact that
they generalize the normal (Gaussian) distribution and allow for the hedsyatal
skewness, frequently observed in financial data.

There are several ways to define stable distribution.

Definition 1. Let X, X1, Xo, ..., X;, be i.i.d. random variables. If the equation
X1+ Xo+ o+ Xn L, X +d,

holds for alln € N with ¢, > 0 andd,, € R, then we callX stable ora-stable

distributed.

The definition justifies the term stable because the sum of i.i.d. random variable
has the same distribution &S up to a scale and shift parameter. One can show that
the constant,, in definition 1 equals!/®.

The next definition represents univariatestable distributions in terms of their
characteristic functions and determines the parametric family which desarnbesi-
ate stable distributions.

Definition 2. A random variable isv-stable if the characteristic function &f is

. B exp (—o®[t|* [1 —if (tan %) (signt)] +iut) , a#1
Elexp(itX)) = { exp (—olt| [1+ iﬁ%(sig% In [¢])] + ipt) , a=1.

wherea € (0,2], 5 € [-1,1],0 € (0,00) andp € R.
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The probability densities ofi-stable random variables exist and are continuous
but, with a few exceptions, they are not known in closed forms. Thesepéras
are the Gaussian distribution far = 2, the Cauchy distribution forx = 1, and the
Lévy distribution foree = 1/2. (For further information, see Samorodnitsky and Taqqu
(1994), where the equivalence of these definitions is shown). Tlaeneder is called
the index of the law, the index of stability or the characteristic exponent. difzeter
[ is called skewness of the law. #f = 0, then the law is symmetric, i > 0, it is
skewed to the right, i < 0, it is skewed to the left. The parametelis the scale
parameter. Finally, the paramejers the location parameter. The parameteiend
determine the shape of the distribution. Since the characteristic functiome$table
random variable is determined by these four parameters, we denote ssatibeitions
by So(o,8,1). X ~ S,(o, 0, 1), indicating that the random variabl& has the
stable distributiorb,, (o, 3, 11). The next definition of an-stable distribution which is
equivalent to the previous definitions is the generalized Central Limit Emeor

Definition 3. A random variableX is said to have a stable distribution if it has a
domain of attractioni.e., if there is a sequence of i.i.d. random variabfesys, ...
and sequences of positive numbéfs),cn and real number&,, )N, such that

Y1+ + ... 4%,
1+ 2(;‘ + n+an£)X
n

The notation denotes convergence in distribution. If we assume that the se-
quence of random variabl€¥;);cn has second moments, we obtain the ordinary
Central Limit Theorem (CLT). In classical financial theory, the CLT isttineoretical
justification for the Gaussian approach, i.e., it is assumed that the pricesg(ét)
follows a log-normal distribution. If we assume that the log-retdtgsS;, /S, ,),
i=1,...,n, areiid. and have second moments, we concludddas,) is approxi-
mately normally distributed. This is a result of the ordinary CLT since the stdck p
can be written as the sum of independent innovations,i.e.,

log(S;) = Zlog(sti)_log(sti—l)
i=1
= Zn:log <Stl)
i1 St/

wheret,, = t,to = 0, Sp = 1 andt; — t,—1 = 1/n. If we relax the assumption that
stock returns have second moments, we derive from the generalizedhatibg(S;)

is approximatelyn-stable distributed. With respect to the ClaFstable distributions
are the natural extension of the normal approach. The tail parambk#san important
meaning fora-stable distributions. Firsty determines the tail behavior of a stable
distribution, i.e.,

lim A*P(X >)\) — C4

A—00

m AP(X <)) — C_.

A——00



Second, the parametercharacterizes the distributions in the domain of attraction
of a stable law. IfX is a random variable withm)_,., A*P(|X| > X\) = C > 0 for
somel < a < 2, thenX is in the domain of attraction of a stable law. Many authors
claim that the returns of assets should follow an infinitely divisible law, i.e.afor
n € N there exists a sequence of i.i.d. random varigldg );—1 ..., satisfying

x4 an,k-
k=1

The property is desirable for models of asset returns in efficient maskate
the dynamics of stock prices are caused from continuously arising bepémdient
information. From definition 3, it is obvious thatstable distribution are infinitely
divisible.

The next lemma is useful for deriving an estimator for the scale parameter

Lemma 1. Let X ~ S,(0,06,1), 1 < o < 2andf = 0. Then forany) < p < «
there exists a constant, g(p) such that:

E(X — pf")'/? = ca (p)o
Whereca,ﬁ(p) = (E‘Xo‘p)l/p’ XO ~ Sa(la 67 O)
Proof. See Samorodnitsky and Taqqu (1994). O

To get a first feeling for the sort of data we are dealing with, we displaygarg
1 the kernel density plots of the empirical returns, the Gaussian fit ang-seble fit
of some representative stocks. We can clearly discern the individeas &m the plot
where the normal fit causes problems. It is around the mode where théahpaak
is too high to be captured by the Gaussian parameters. Moreover, in thecneguints
of the tails, the empirical distribution attributes less weight than the Gaussiaibwlstr
tion. And finally, the tails are underestimated, again. In contrast to the @autise
stable distribution appears to account for all these features of the erhgdisttéoution
quite well.

Another means of presenting the aptitude of the stable class to represgat sto
returns is the quantile plot. In Figure 2, we match the empirical stock retucemtes
of Adidas AG with simulated percentiles for the normal and stable distributians, f
the respective estimated parameter tuples. The stable distribution is liable tw@rod
almost absurd extreme values compared to the empirical data. Hence, evéonee
discard the most extreme quantile pairs. However, the overall position dihthef
the joint empirical-stable percentiles with respect to the interquartile line apgpeises
convincingly in favor of the stable distributioA.

2.2 Multivariate o-stable distributions

Multivariate stable distributions are the distributions of stable random vecidrsy
are defined by simply extending the definition of stable random variablBs' toAs

2In Figure 2 we remove the two most extreme points in the upper and lower&sifectively.



in the univariate case, multivariate Gaussian distribution is a particular €asalo
tivariate stable distributions. Any linear combination of stable random ve®aas
stable random variate. This is an important property in terms of portfolio magelin
Multivariate stable cumulative distribution functions or density functions atally
not known in closed form and therefore, one works with their chanatitefunctions.
The representation of these characteristic functions include a finite reeasthre unit
sphere, the so-callezpectral measureThis measure describes the dependence struc-
ture of the stable random vector. In general, stable random vectodéffazelt to use
for financial modeling, because the spectral measure is difficult to estinetérelow
dimensions. For stable financial model building, one has to focus on ceufaitasses
of stable random vectors where the spectral measure has an easiserggtion. Such

a subclass is the multivariatestablesub-Gaussiataw. They are obtained by multi-
plying aGaussiarvector byl¥'/2 wherelV is a stable random variable totally skewed
to the right. Stable sub-Gaussian distributions inherit their dependenceusgrirom
the underlying Gaussian vector. In the next section we will see that thédisin

of multivariate stable sub-Gaussian random vectors belongs to the clefipti€al
distributions. The definition of stability iR? is analogous to that iR..

Definition 4. A random vectorX = (X7, ..., X) is said to be atable random vector
in R¢ if for any positive numbers! and B there is a positive number and a vector
D € R? such that

AXW 4+ BX@ Lox 4+ D
whereX ™) and X are independent copies &f.

Note, that anx-stable random vectaoX is called symmetric stable X satisfies
P(X € A)=P(-X €A
for all Borel-setsA in RY,

Theorem 1. Let X be a stable (respectively symmetric stable) vectoRih Then
there is a constant € (0, 2] such that in Definition 4C' = (A% + B*)'/®. Moreover,
any linear combination of the componentsdbf the typey” = Zle b X, =0Xis
an a-stable (respectively symmetric stable) random variable.

Proof. A proof is given in Samorodnitsky and Taqqu (1994). O

The parameter in theorem 1 is called the index of stability. It determines the tail
behavior of a stable random vector, i.e., thetable random vector is regularly varying
with tail indexa?2. For portfolio analysis and risk management, it is very important that
stable random vectors are closed under linear combinations of the compaiue to
theorem 1. In the next section we will see that elliptically distributed randatoxe
have this desirable feature as well.

The next theorem determinesstable random vectors in terms of the character-
istic function. Since there is a lack of formulas for stable densities and distribu
functions, the characteristic function is the main device to fit stable randotarseo
data.

3For further information about regularly varying random vectors Resnick (1987).



Theorem 2. The random vectoX = (X1,..., X) is an a-stable random vector in
R iff there exists an unique finite meastiteon the unit spher&s?—!, the so-called
spectral measurand an unique vectqe € R? such that:

(i) If o #1,
E(X) = exp{- SHI(t,S)IO‘(l—isign((t,S))tan%)F(dS)+i(t,u)}
iy If a =1,
E(EX) = exp{- - I(t,S)!(l+igsign((t’5))lnl(t> s))L(ds) +i(t, 1)}

In contrast to the univariate case, stable random vectors have moappked fre-
quently in financial modeling. The reason is that the spectral measure)@asare on
the unit spheres?—1, is extremely difficult to estimate even in low dimensions. (For
further information see Rachev and Mittnik (2000) and Nolan, Panons#tdvecCul-
loch (1996).)

Another way to describe stable random vectors is in terms of linear projections
We know from theorem 1 that any linear combination

d

(va) = Z biXi

i=1

has ana-stable distributionS, (o (b), 5(b), u(b)). By using theorem 2 we obtain for
the parameters(b), 5(b) andpu(b)

1/a
o = ([, 10.00r@s)
Jga-11(b, s)|* sign(b, s)T'(ds)

Jsa-1 1(b, s)[*T(ds)

and

(b, 1) if az#l
p(b) = { (b, 1) — ;fsd_l(b,i) In|(b,s)[T(ds) if a=1.

The parameters(b), 3(b), andu(b) are also called the projection parameters ang,
B(.) andu(.) are called the projection parameter functions. If one knows the values of
the projection functions for several directions, one can reconstppcogimatively the
dependence structure of arstable random vector by estimating the spectral measure.
Because of the complexity of this measure, the method is still not very effidernt.
for specific subclasses of stable random vectors where the specasliradias a much
simpler form, we can use this technique to fit stable random vectors to data.

Another quantity for characterizing the dependence structure betweestable
random vectors is theovariation



Definition 5. Let X; and X be jointly symmetric stable random variables with> 1
and letl” be the spectral measure of the random vegor, X2)'. Thecovariationof
X1 on X5 is the real number

(X1, Xa]o = / 51557 > T(ds), )
St

where the signed power<’> equals

a~P~ = |a|Psign a.

The covariance between two normal random varialleendY can be interpreted
as the inner product of the spaég((2, A, P). The covariation is the analogue of
two a-stable random variable¥ andY in the spacel, (2, A, P). Unfortunately,
L. (9, A, P) is not a Hilbert space and this is why it lacks some of the desirable and
strong properties of the covariance. It follows immediately from the definihahthe
covariation is linear in the first argument. Unfortunately, this statement is urfdr
the second argument. In the casexof 2, the covariation equals the covariance.

Proposition 1. Let (X, Y") be joinly symmetric stable random vectors with> 1.
Thenforalll < p < «a,
EXY<r~1>  [X,Y],

By lYllg”

where||Y||, denotes the scale parametenaf

Proof. For the proof, see Samorodnitsky and Tagqu (1994). O]

In particular, we apply proposition 1 in section 4.1 in order to derive an ekirma
for the dispersion matrix of an-stable sub-Gaussian distribution.

2.3 «-stable sub-Gaussian random vectors

In general, as pointed out in the last sectiarstable random vectors have a complex
dependence structure defined by the spectral measure. Since thiserisasuy diffi-
cult to estimate even in low dimensions, we have to retract to certain subclabsze
the spectral measure becomes simpler. One of these special classes iftittagiate
«-stable sub-Gaussian distribution.

Definition 6. Let Z be a zero mean Gaussian random vector with variance covariance
matrix 3 andW ~ S, /5((cos %)2/0‘, 1,0) a totally skewed stable random variable
independent of. The random vector

X=p+vWzZ

is said to be a sub-Gaussianstable random vector. The distribution &fis called
multivariatea-stable sub-Gaussian distribution.

An a-stable sub-Gaussian random vector inherits its dependence struotardéé
underlying Gaussian random vector. The maXiis also called the dispersion matrix.
The following theorem and proposition show propertiesedtable sub-Gaussian ran-
dom vectors. We need these properties to derive estimators for thegilisperatrix.

9



Theorem 3. The sub-Gaussian-stable random vectoX with location parameter
1 € R? has the characteristic function

E(eit’X) — it (5t'S0)*/?

Y

whereX;; = FZ;Z;,14,j = 1,...,d are the covariances of the underlying Gaussian
random vectoK 71, ..., Z;)'.

For a-stable sub-Gaussian random vectors, we do not need the spectslrenea
in the characteristic functions. This fact simplifies the calculation of the piojec
functions.

Proposition 2. Let X € R? be ana-stable sub-Gaussian random vector with location
parametep: € R? and dispersion matriX. Then, for alla € R?, we haved’ X ~
Sa(o(a), B(a), u(a)), where

() o(a) = L(a'Sa)l/?
(i) Bla) =0
(i) p(a)

Proof. It is well known that the distribution of’ X is determined by its characteristic
function.

=dp.

E(exp(it(d'X))) = B(exp(i(ta’)X)))
= exp(itap) exp(—y%(ta)’z(ta)lwl)
_ exp(ita’u)exp(—]%tQa’Ea’a/z‘)
= exp(-Jt|*|(5a'Sa)3[* + ita'p)

If we chooser(a) = 3(a'Sa)'/?, 3(a) = 0 andp(a) = o'y, then for allt € R we
have

E(exp(it(a’X))) = exp (—a(a)o‘|t|°‘ [1 —iB(a) (tan %) (signt)} + z',u(a)t) .
O

In particular, we can calculate the entries of the dispersion matrix directly.

Corollary 1. LetX = (X3, ..., X,,)" be ana-stable sub-Gaussian random vector with
dispersion matrix:. Then we obtain

(I) 043 — 20’(602

(i) oy = Cleten)—cteize)

Sincea-stable sub-Gaussian random vectors inherit their dependence strattu
the underlying Gaussian vector, we can interptetas the quasi-variance of the com-
ponentX; ando;; as the quasi-covariance betwegpand.X ;.

10



Proof. It follows from proposition 2 that (e;) = %ai Furthermore, if we set =
eit+e; with ¢ % j,we yielda(ei + €j) = (%(Uu + QUZ‘J‘ + O'jj))l/2 and forb = e; — €5,
we obtaino (e; — e;) = (3(04 — 2045 + 04;))*/. Hence, we have
B o?(ei +ej) — o*(ei — €;)
Uij = 5 .

O]

Proposition 3. Let X = (X1, ..., X,,)’ be a zero mean-stable sub-Gaussian random
vector with dispersion matriX. Then it follows

{XZ‘, Xj]oe = 270[/201‘]'0'](»?_2)/2.
Proof. For a proof see Samorodnitsky and Taqqu (1994). O

3 «a-stable sub-Gaussian distributions as elliptical distribu-
tions

Many important properties af-stable sub-Gaussian distributions with respect to risk
management, portfolio optimization, and principal component analysis candeg-u
stood very well, if we regard them as elliptical or normal variance mixtureiloistr
tions. Elliptical distributions are a natural extension of the normal distributilictw
is a special case of this class. They obtain their name because of thexfathdir den-
sities are constant on ellipsoids. Furthermore, they constitute a kind ofadeabn-
ment for standard risk management, see Embrechts, McNeil and Strautiré8®).(
First, correlation and covariance have a very similar interpretation as inahes@&n
world and describe the dependence structure of risk factors. Settmnarkowitz
optimization approach is applicable. Third, value-at-risk is a coherent risisune.
Fourth, they are closed under linear combinations, an important propesgyms for
portfolio optimization. And finally, in the elliptical world minimizing risk of a portfo-
lio with respect to any coherent risk measures leads to the same optimaliportfo
Empirical investigations have shown that multivariate return data for grotips
similar assets often look roughly elliptical and in market risk management the elliptic
hypothesis can be justified. Elliptical distributions cannot be applied in aiiglior
operational risk, since hypothesis of elliptical risk factors are founcktefected.

3.1 Elliptical distributions and basic properties

Definition 7. A random vectorX = (X1, ..., X4)' has

() a spherical distribution iff, for every orthogonal matfixe R4,
Ux £ X.
(i) an elliptical distribution if

X<, Ay,

whereY is a spherical random variable addec R4** andy € R are a matrix
and a vector of constants, respectively.

11



Elliptical distributions are obtained by multivariate affine transformationsloésp
ical distributions. Figure 7 (a) and (b) depict a bivariate scatterplot\¥\Bversus
Daimler Chrysler and Commerzbank versus Deutsche Bank log-retuotis sBatter-
plots are roughly elliptical contoured.

Theorem 4. The following statements are equivalent
(i) X is spherical.
(i) There exists a functiog of a scalar variable such that, for atlc RY,
ox(t) = B(e"X) = (t't) = (83 + ... + £3).
(iii) Forall a € R?, we have

aX < el X,

(iv) X can be represented as

4

X =RS

whereS is uniformly distributed oi6? ! = {z ¢ R?: 2’z = 1} andR > 0 is
a radial random variable independent of S.

Proof. See McNeil, Frey and Embrechts (2005) O]

1) is called the characteristic generator of the spherical distribution andevihes
notationX € Sy(1).

Corollary 2. Let X be a d-dimensional elliptical distribution witiX < uw+ AY,
whereY is spherical and has the characteristic generatorThen, the characteristic
function of X is given by

ox (1) = BE(e'X) = e Fp(t'st),

whereX = AA’.
Furthermore, X can be represented by

X =u+ RAS,
wheres is the uniform distribution 0%~ and R > 0 is a radial random variable.
Proof. We notice that

¢X<t) _ E(eit’X) _ E(eit’(,u+AY)) _ eit’uE(ei(A’t)’Y) _ eit’uw((A/t)/(A/t))
e (1! AA'L)

12



Since the characteristic function of a random variate determines the distniputio
we denote an elliptical distribution by

X ~ Ed(lJ‘v 27 1/1)
Because of 4
i+ RAS = p+ chS,

the representation of the elliptical distribution in equation (2) is not unique.alVéhe
vectoru the location parameter andthe dispersion matrix of an elliptical distribution,
since first and second moments of elliptical distributions do not necesssisty But
if they exist, the location parameter equals the mean and the dispersion mati equ
the covariance matrix up to a scale parameter. In order to have uniguenegke
dispersion matrix, we demankdt(X) = 1.

If we take any affine linear combination of an elliptical random vector, thd@s,
combination remains elliptical with the same characteristic genetatoket X ~
E4(u, X,7), then it can be shown with similar arguments as in corollary 2 that

BX +b ~ Ei(Bu+b,BLB )

whereB € R**? andb € R,
Let X be an elliptical distribution. Then the densifyr), z € R¢, exists and is a
function of the quadratic form

f(a) = det(2)"?g(Q) with Q = (z — p)'S ™ (z — p).
g is the density of the spherical distributidnin definition 7. We cally the density
generator ofX. As a consequence, singehas an unimodal density, so is the density
of X and clearly, the joint density is constant on hypersherdg. = {z € R? :
Q(x) = ¢}, ¢ > 0. These hyperspheréds,. are elliptically contoured.

Example 1. An a-stable sub-Gaussian random vector is an elliptical random vector.
The random vectox/W Z is spherical, wherdV ~ S, ((cos Z%)?/%,1,0) and Z ~
N(0, 1) because of

VWZLUuvwz

for any orthogonal matrix. The equation is true, singds rotationally symmetric.
Hence any linear combination 7V Z is an elliptical random vector. The character-
istic function of amx-stable sub-Gaussian random vector is given by

E(e“/X) it (5t
due to Theorem 3. Thus, the characteristic generator ofvestable sub-Gaussian
random vector equals
wsub(sa O[) = 67(%8)2/61-

Using the characteristic generator, we can derive directly thatestable sub-Gaussian
random vector is infinitely divisible, since we have

e(s,0) = e (977 = <€<;n;/a)a/2>n
(?l}sub (712%,04))”.

13




3.2 Normal variance mixture distributions

Normal variance mixture distributions are a subclass of elliptical distributidie.
will see that they inherit their dependence structure from the underlyingg§an ran-
dom vector. Important distributions in risk management such as the multivarjate
generalized hyperbolic, ak-stable sub-Gaussian distribution belong to this class of
distributions.

Definition 8. The random vectoX is said to have a (multivariate) normal variance
mixture distribution (NVMD) if

X =p+WY2AzZ
where
(I) 7 ~ Nd(O,Id);

(i) W > 0is a non-negative, scalar-valued random variable which is independen
of G, and

(i) A€ R™andu € R are a matrix of constants, respectively.

We call a random variabl& with NVMD a normal variance mixture (NVM). We
observe thalX,, = (X|W = w) ~ Ny(p, wX), whereX = AA’. We can interpret
the distribution of X as a composite distribution. According to the lawlef, we
take normal random vectors,, with mean zero and covariance matax randomly.
In the context of modeling asset returns or risk factor returns with novardnce
mixtures, the mixing variablé)” can be thought of as a shock that arises from new
information and influences the volatility of all stocks.

SinceUVIWZ £ VIWWZ forall U € O(d) every normal variance mixture distri-
bution is an elliptical distribution. The distributiol of X is called the mixing law.
Normal variance mixture are closed under affine linear combinations, Hiegeare
elliptical. This can also be seen directly by

BX +u1 £ B(WAZ+ po)+p=vVWBAZ + (Bug + 1)
= VWAZ + .

This property makes NVMDs and, in particular, MSSDs applicable to portfoéory.

The class of NVMD has the advantage that structural information abountittieg law

W can be transferred to the mixture law. This is true, for example, for theepmopf
infinite divisibility. If the mixing law is infinitely divisible, then so is the mixture law.
(For further information see Bingham, Kiesel and Schmidt (2003).) Itvsoals from

the definition that am-stable sub-Gaussian random vector is also a normal variance
mixture with mixing lawi’ ~ S, ((cos %2)%/¢,1,0).

3.3 Market risk management with elliptical distributions

In this section, we discuss the properties of elliptical distributions in terms of mar
ket risk management and portfolio optimization. In risk management, one is mainly
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interested in modeling the extreme losses which can occur. From empiricsligase
tions, we know that an extreme loss in one asset very often occurs withdsisgs in
many other assets. We show that this market behavior cannot be modetes rioyr-
mal distribution but, with certain elliptical distributions, e.g-stable sub-Gaussian
distribution, we can capture this behavior.

The Markowitz’s portfolio optimization approach which is originally based @n th
normal assumption can be extended to the class of elliptical distributions. Adfis; s
tical dimensionality reduction methods such as the principal component anaigsis
applicable to them. But one must be careful, in contrast to the normal distributio
these principal components are not independent.

Let F' be the distribution function of the random variable then we call

F7(a) =inf{x e R: F(z) > a}
the quantile functionF is also the called generalized inverse, since we have
F(F™ () = o,
for any df F.

Definition 9. Let X; and X, be random variables with ds; and ;. The coefficient
of the upper tail dependence &f and X5 is

Ay = )\u(Xl,XQ) = lim P(XQ > F;(q)|X1 > Ff(q)), (2)

q—>17

provided a limitA, € [0, 1] exists. If\, € (0, 1], thenX; and X, are said to show
upper tail dependence; K, = 0, they are asymptotically independent in the upper
tail. Analogously, the coefficient of the lower tail dependence is

A= N(X1, Xo) = li%1+ P(Xz < F 7 (q)| X1 < FY (q)), (3)
q;}

provided a limit\; € [0, 1] exists.
For a better understanding of tail dependence we introduce the cafaagtulas.
Definition 10. A d-dimensional copula is a distribution function fin1]<.

It is easy to show that fot/ ~ U(0, 1), we haveP(F(U) < z) = F(z) and if
the random variabl&” has a continuous df, thenG(Y') ~ U(0,1). The concept of
copulas gained its importance because of Sklar's Theorem.

Theorem 5. Let F' be a joint distribution function with margins,, ..., £;. Then, there
exists a copula : [0,1]% — [0, 1] such that for allzy, ..., z4 in R = |00, 00],

F(x1,...,xq) = C(F1(x1), ..., Fy(zq)). (4)

If the margins are continuous, thefis unique; otherwis€' is uniquely determined
on Fi(R) x F»(R) x .... x F4(R). Conversely, ilC' is a copula andF, ..., F,; are
univariate distribution functions, the functiafi defined in (4) is a joint distribution

function with margind, ..., Fy.
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This fundamental theorem in the field of copulas, shows that any multivaligte
tribution £’ can be decomposed in a copdlaand the marginal distributions &f. Vice
versa, we can use a copulaand univariate dfs to construct a multivariate distribution
function.

With this short excursion in the theory of copulas we obtain a simpler express
for the upper and the lower tail dependencies, i.e.,

P(Xy < F(q), X1 < F(q))

Ay =  lim
T o P(X1 < F;(q))
_ iy ¢
q—>0+ q

Elliptical distributions are radially symmetric, i.gi,— X 4 i+ X, hence the coef-
ficient of lower tail dependencl equals the coefficient of upper tail dependenge
We denote with\ the coefficient of tail dependence.

We call a measurable functigh: R — R regularly varying(at co) with index
a € Rif, forany ¢ > 0, lim, .o f(tz)/f(z) = t*. Itis now important to notice
that regularly varying functions with index € R behave asymptotically like a power
function. An elliptically distributed random vectdf = RAU is said to be regularly
varying with tail indexa, if the functionf(z) = P(R > ) is regularly varying with
tail indexa. (see Resnick (1987).) The following theorem shows the relation between
the tail dependence coefficient and the tail index of elliptical distributions.

Theorem 6. Let X ~ E4(u, 3, 1) be regularly varying with tail indexx > 0 and a
positive definite dispersion matrix. Then, every pair of components say X; and
X, is tail dependent and the coefficient of tail dependence corresgtond

Of(pij) s s
V1—s2
MXG, Xji @, pij) = —7—5—— (5)
fo — ds
Wheref(pij) =1/ 1-&-2& andpij = O'Z'j/, /00 jj-
Proof. See Schmidt (2002). O

It is not difficult to show that amx-stable sub-Gaussian distribution is regularly
varying with tail indexx. The coefficient of tail dependence between two components,
say X; and X, is determined by equation (5) in theorem 6. In the next example, we
demonstrate that the coefficient of tail dependence of a normal distriigtaamo.

Example 2. Let (X3, X») be a bivariate normal random vector with correlatign
and standard normal marginals. Lét, be the corresponding Gaussian copula due to
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Sklar’s theorem, then, by the Ldgital rule,

/ d h h) —
Vo= opm Ceed s dC(ga) o Celathigth) —Colgq)
—0t ¢ q—0+  dq q—0+ h—0+ h
— i qig Ce@ T ath) = Cylg+ hg) + Cpla+hq) — Cpla,q)
q—0+ h—0 h
.. PU <q+h,qg<Uy<q+h))
= lim lim
q—0+ h—0 P(g<Uy <q+h)

. Plg<Ui<q+hUs<q)
+ lim lim
q—0+ h—0 Plg<Ui <q+h)
= lim P(Uy <q|U; =¢q)+ lim P(U; <q|Us =q)
q4>(]+ q—0t

= 2 lim P(Uz < q|Us = q)

q—>

= 2 lim PO () <3 (g)|@ L (U)) = @ 1(q))
q—>

= 2 lim P(Xy<z|X;=2)

r——00

Since we have(,|X; = 2 ~ N(pz,1 — p?), we obtain
A=2 lim @(z\/1-p/y/14+p)=0 (6)

Equation (6) shows that beside the fact that a normal distribution is ney tesited
the components are asymptotically independent. This, again, is a contraticéion
pirical investigations of market behavior. Especially, in extreme markett&ihs
when a financial market declines in value, market participants tend to &&loavoge-
neously, i.e. they leave the market and sell their assets. This behavémsdasses in
many assets simultaneously. This phenomenon can only be captured bytmtgb
which are asymptotically dependent.

Markowitz (1952) optimizes the risk and return behavior of a portfolio Base
the expected returns and the covariances of the returns in the codsateset uni-
verse. The risk of a portfolio consisting of these assets is measured bgrihace
of the portfolio return. In addition, he assumes that the asset returng falloulti-
variate normal distribution with meanand covarianc&. This approach leads to the
following optimization problem

min w'Sw,
weR?
subject to
/
wp = Hp
wl = 1.

This approach can be extended in two ways. First, we can replace thmam@ss
tion of normally distributed asset returns by elliptically distributed asset retama
second, instead of using the variance as the risk measure, we can applysitive-
homogeneous, translation-invariant measure of risk to rank risk or tondet the
optimal risk-minimizing portfolio. In general, due to the work of Artzner et 8299),
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a risk measure is a real-valued function M — R, whereM c L°(Q,F, P) is

a convex cone.L(2, F, P) is the set of all almost surely finite random variables.
The risk measure is translation invariantif for all . € M and everyl € R, we
haveo(L + 1) = o(L) + . It is positive-homogeneotsfor all A > 0, we have
o(AL) = Xpo(L). Note, that value-at-risk (VaR) as well as conditional value-at-risk
(CVaR) fulfill these two properties.

Theorem 7. Let the random vector of asset returds be F (i, 2, v). We denote
by W = {w € R? : Zle w; = 1} the set of portfolio weights. Assume that the
current value of the portfolio i%” and letL(w) = VZ?ZI w; X; be the (linearized)
portfolio loss. Lety be a real-valued risk measure depending only on the distribution
of a risk. Suppose is positive homogeneous and translation invariant andlet

{w e W : —w'u = m} be the subset of portfolios giving expected return Then,
argmin,, ¢y o(L(w)) = argmin,, ¢y, w'Sw.

Proof. See McNeil, Frey and Embrechts (2005). O

The last theorem stresses that the dispersion matrix contains all the infarmatio
for the management of risk. In particular, the tail index of an elliptical ramglector
has no influence on optimizing risk. Of course, the index has an impact oaline
of the particular risk measure like VaR or CVaR, but not on the weights diptienal
portfolio, due to the Markowitz approach.

In risk management, we have very often to deal with portfolios consisting nyma
different assets. In many of these cases it is important to reduce the dbmaitg
of the problem in order to not only understand the portfolio’s risk but sidorecast
the risk. A classical method to reduce the dimensionality of a portfolio whasssas
are highly correlated is principal component analysis (PCA). PCA ischasethe
spectral decomposition theorem. Any symmetric or positive definite matdan be
decomposed in

Y = PDP/,

whereP is an orthogonal matrix consisting of the eigenvectors @i its columns and
D is a diagonal matrix of the eigenvaluesXf In addition, we demand; > \;_1,

i = 1,...,d for the eigenvalues of in D. If we apply the spectral decomposition
theorem to the dispersion matrix of an elliptical random vecfowith distribution
Eq4(u, X,7), we can interpret the principal components which are defined by

Y, =P/(X —p),i=1,...d, 7)
as the main statistical risk factors of the distribution’dfn the following sense
P{YXP; = max{w'Sw : w'w = 1}. (8)
More generally,
P/Y>P; = max{w'Sw : w € {Py, ..., P,_1 }*, w'w = 1}.

From equation (8), we can derive that the linear combinatior- P (X — p) has the
highest dispersion of all linear combinations &pd{ has the highest dispersion in the
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linear subspacépy, ..., P;_1}+. If we interprettrace ¥ = 2?21 oi; as a measure of
total variability in X and since we have

d d .
Y PP =) A=traceX =) oy,
= =1 i=1

we can measure the ability of the first principal component to explain thebi#giaf
ok d
X bytheratioy 7, A;/ > 251 Aj.
Furthermore, we can use the principal components to construct a stafestial
model. Due to equation (7), we have

Y = P(X — p),
which can be inverted to
X =pu+ PY.

If we partitionY” due to(Y7, Y>)', whereY; € R* andY, € R?~* and alsoP leading
to (P, P»), whereP; € R¥** and P, € R%*(4~F) we obtain the representation

X=pu+PY1+PBYs=pu+PY +e

But one has to be careful. In contrast to the normal distribution case rimgpal

components are only quasi-uncorrelated but not independent. Fudieerwe obtain
for the coefficient of tail dependence between two principal componsayy; and

Yj

f\/1/2 s

0 1—s2

AYi,Y5,0,a) = -
(¥i,Y5,0, ) T ds

4 Estimation of an a-stable sub-Gaussian distributions

In contrast to the general case of multivariatstable distributions, we show that the
estimation of the parameters of anstable sub-Gaussian distribution is feasible. As
shown in the last sectiom-stable sub-Gaussian distributions belong to the class of el-
liptical distributions. In general, one can apply a two-step estimation proeéoiuthe
elliptical class. In the first step, we estimate the dispersion matrix up to a scatepa
eter and the location parameter. In the second step, we estimate the pardrtiater o
radial random variabl&/. We apply this idea ta-stable sub-Gaussian distributions.
In sections 4.1 and 4.2 we present our main theoretical results, derisiimgag¢ors
for the dispersion matrix and proving their consistency. In section 4.3 esept a
new procedure to estimate the parametarf an a-stable sub-Gaussian distribution.
Note that witho; := o(e;) we denote the scale parameter of jie component of an
«-stable random vector.
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4.1 Estimation of the dispersion matrix with covariation

In section 2.1, we introduced the covariation of a multivaratstable random vec-
tor. This quantity allows us to derive a consistent estimator fax-atable dispersion
matrix.

Proposition 4. (a) Let X € R¢ be a zero meam-stable sub-Gaussian random
vector with dispersion matriX. Then, we have

2

ma(ej)Q—pE(XiX;P—b)’p € (1,a). )

Oij =

(b) Let X1, X5, ..., X,, beii.d. samples with the same distribution as the random
vectorX. Lets; be a consistent estimator fof, the scale parameter of thith
component ofX, then, the estimator

~(2 ~2—
caO

1)

Z WX (10)

3\*—‘

is a consistent estimator fot;, whereX; refers to the ith entries of the obser-
vationX;, t =1,...,n

Proof.  a) Due to the proposition we have

Jij Prgp.S 2‘1/20'(.2.71))/2[)(“ X']a
TP 2 R B X0 B(X, )
Lemmal ga/2 (? O‘)/ZE(XZ-Xfp 1>)a§‘/(ca,g(p)p(f§)

Cor.1 (i) -
orl() op/2, (? P)/QE(XX.@ )/ (can(P)P)

= § ijX,;f”*1>
Ca 0

b) The estimatow; is consistent andf(z) = z>7P is continuous. Then, the
estimator52~" is consistent fow;?’p. %22:1 inX,fj?’*D is consistent for
E(X,-Xfp_b) due to the law of large numbers. Since the product of two con-

sistent estimators is consisteﬁng) is consistent.
O

4.2 Estimation of the dispersion matrix with moment-type esimators

In this section, we present an approach of estimating the dispersion matdk ish
applicable to the class of normal variance mixtures. In general, the agppadiaws

one to estimate the dispersion matrix up to a scaling constant. If we know the tail
parametery of ana-stable sub-Gaussian random vector, we can estimate-gtable
sub-Gaussian dispersion matrix.
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Lemma 2. Let X = u + VW Z be ad-dimensional normal variance mixture with
meany. and dispersion matrix:. W belongs to the parametric distribution famiy
with existing first moments. Furthermore, we have

(i) PV =Py, € {Py:0¢c 0},

(i) P(WW >2) = L(z)z~®andL : R — R slowly varying,

(i) det(X) = 1.
Then, there exists a functien © x (0,«) — R such that, for allu € R4, we have

E(jd' (X — p)P) = ¢(f0, p)"(a'Sa)/?,
The functior: is defined by
(0.0) = [ " Po(do)E(2P)
and, for allf € ©, satisfies
;l;ig(l) c(0,p) =1, (11)

whereZ is standard normally distributed.

Proof. We have

E(la"(X = w)[") E(ldW?Z[7)

E(WP?)(d'Sa)P?E(|d' Z)(d'Sa) % |P).

Note thatZ = a/Z/(a/Sa)'/? is standard normally distributed.
Since f(z) = |z| is integrable with respect t&, for all & € © and the normal
distribution, we conclude by Lebesque’s Theorem

lime(0,p) = lim [ 2P/2Py(dz)E(|Z|P)
p—0 p—0
_ / lim 2%/2 Py(dz) E(lim | Z]P)
p—0 p—0
= /1Pg(dm)E(l):1.
O

Theorem 8. Let X, c: © x (0,) — R be asinlemma 2 and lety, ..., X,, be i.i.d.
samples with the same distribution &S The estimator

. Gl (X = )P
on(p,a) = n ; W (12)

() is unbiased, i.e.,

E(6n(p,a)) = (a/Ea)p/2 foralla € R
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(ii) is consistent, i.e.,

P(|6n(p,a) — (@'Sa)P’?| > €) — 0 (n — o).

Proof. (i) follows directly from lemma 2. For statement (ii), we notice that we can
show

A / P 1 0(9072/77') 2 / P
P~ >0 = o () ) wen

with the Markov inequation. Then (ii) follows from equation (11) in lemma 2. [J

on(p,a)®?, a € RY is a biased, but consistent estimator faka’). The ad-
vantages of the method are that it is easy to implement and it is intuitive. Further-
more, we can easily extend the method by using weightfor every observation
X;, i = 1,...,n, which enables us to implement the EWMA method suggested by
Riskmetrics. The last theorem allows us to estimate the dispersion matrix of alnorma
variance mixture by component and up to a scaling parameter, since weeanelof
the two following estimation approaches

~2 A

On p(ei + ej) — U%/p(ei — ej)
4

(13)

Oij =

or

n

S=arg min er 2 (03P (a;) — aj(2)a;)*. (14)

The last approach even ensures positive definiteness of the disperaidx, but the
approach is mathematically more involved.

In the next theorem, we present an estimator that is based on the follovergeob
vation. LetingX, X, X5, X3, ... be asequence of i.i.d. normal variance mixtures, then
we have

n /
lim lim (1 L Xi — pla)
n—oop—0 \ n i1

D 1/p n
= lim dX; — ula 1/n
RO ) Tim T] lo/X; — p(a)|

i=1

= (d'za)"?.

The last equation is true because of (ii) of the following theorem. The btfe
equality (*) can be found in Stoyanov (2005).

Theorem 9. Let X, c: © x (0,) — R be as inlemma 2 and lety, ..., X,, be i.i.d.
samples with the same distribution &s The estimator

A 1 - / 1/
(@) = gy L1965 =0
() is unbiased, i.e.,

E(6n(a)) = (@'Sa)*foralla € R
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(ii) is consistent, i.e.,

P(|6u(a) = (a'Sa)"/?| > €) = 0 (n — o).

Proof. (i) follows directly from lemma 2. For statement (ii), we notice that we can
show

) 1 (e(0o,2/n)
(] 1/2 < = 0, _ /
Ploufa) ~ @207 > 0 < (3 1) @sa)
due to the Markov inequation. Then (ii) follows from the equation (11) in lemma
2. O

Note, thato2(a), a € R?, is a biased but consistent estimator fof¥a).

For the rest of this section we concentratecortable sub-Gaussian random vec-
tors. In this case the dispersion matrix is unique since the scalar-valugoimarari-
ableW ~ S, /5((cos %)2/‘1, 1,0) has a well-defined scale parameter which deter-
mines the scale parameter of the dispersion matrix. Since-stable sub-Gaussian
random vector is symmetric, all linear combinatiari& are also symmetric due to
theorem 1. We obtaifi = («, 3) with 5 = 0 and one can show

(YL~ pla)
c(a,p)f = cla,=0,p) =2 F(Ql—p/Q)ﬁ

- Zan(Bron(1-2)

(For the proof, see Hardin (1984) and Stoyanov (2005).) With theo&msd 9,
we derive two estimators for the scale parameter) of projections ofa-stable sub-
Gaussian random vectors. The first one is

on(p,a) = % <72T sin (%p> I'(p)T (1 - Z>>_1 zn: X
=1

based on theorem 8. The second one is

n

0u0) = i 1L
=1

-2

[0l Xi — (@)™

=1

.

based on theorem 9. We reconstruct the stable dispersion matrix fromojeetmns
as shown in the equations (13) and (14).
4.3 Estimation of the parametera

We assume that the dafé, ..., X,, € R? follow a sub-Gaussian-stable distribu-
tion. We propose the following algorithm to obtain the underlying parametdrthe
distribution.
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(i) Generate i.i.d. samples,, us, ..., u, according to the uniform distribution on
the unit hyperspher§?—".

(i) For all 7 from 1 ton estimate the index of stability; with respect to the data
w; X1, u; Xo, ..., u; Xy, using an unbiased and fast estimatdor the index.

(iif) Calculate the index of stability of the distribution by
R
o = E Z Q.
k=1

The algorithm converges to the index of stabilityf the distribution. (For further
information we refer to Rachev and Mittnik (2000).)

4.4 Simulation of a-stable sub-Gaussian distributions

Efficient and fast multivariate random number generators are indisplen®a mod-

ern portfolio investigations. They are important for Monte-Carlo simulation¥d&,
which have to be sampled in a reasonable timeframe. For the class of elliptical dis
butions we present a fast and efficient algorithm which will be used #ositmulation

of a-stable sub-Gaussian distributions in the next section. We assume thesidisper
matrix 3 to be positive semi-definite. Hence we obtain for the Cholesky decomposi-
tion ¥ = AA’ a unique full-rank lower-triangular matrid € R"™*". We present a
generic algorithm for generating multivariate elliptically-distributed randowtors.

The algorithm is based on the stochastic representation of corollary Zhé-genera-

tion of our samples, we use the following algorithm:

Algorithm for EC,.(u, R; 1s,) Simulation
(i) SetX = AA’, via Cholesky decomposition.
(i) Sample a random number frof'.
(i) Sampled independent random numbefs, ..., Z; from a N1 (0, 1) law.
(iv) SetU = Z/||Z|| with Z = (Z4, ..., Zg).
(v) ReturnX = u+ VW AU

If we want to generate random number witlg( 1., 2, 1,5) law with the algorithm,
we choosdV < wy2(cos(Z2)%/@,1,0)[|Z]|?, whereZ is Ny4(0, Id) distributed. It
can be shown thatZ||? is independent of botiW’ as well asZ/||Z||.

5 Emprical analysis of the estimators

In this section, we evaluate two different estimators for the dispersion mdtéx o
a-stable sub-Gaussian distribution using boxplots. We are primarily interested
timating the off-diagonal entries, since the diagonal entsigsare essentially only
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the square of the scale parameterEstimators for the scale parametehave been
analyzed in numerous studies. Due to corollary 1 and theorem 9, the estimator

(1) (Gn(ei + ) = (Gnlei — €)))?

6ij (n) = 9 (15)
is a consistent estimator for; and the second estimator
(2) 2 1 «
~ (2 o ~ N2—p & v <p—1>
;5 (n,p) = ca,o(p)PJn(e]) n kz_leszj : (16)

is consistent because of proposition 4#ef j. We analyze the estimators empirically.
For an empirical evaluation of the estimators described above, it is sufficien
exploit the two-dimensional sub-Gaussian law since for estimatjpgve only need
theith andjth component of the dats;, X», ..., X,, € R%. For a better understanding
of the speed of convergence of the estimators, we choose differaptesaizes{ =
100, 300, 500, 1000). Due to the fact that asset returns exhibit an index of stability in
the range betweeh5 and2, we only consider the values= 1.5, 1.6, ..., 1.9. For the
empirical analysis of the estimators, we choose the matrix

-(11)

The corresponding dispersion matrix is
v (5 1
= AA= ( 11 25 ) '

5.1 Empirical analysis of4.’ (n)

For the empirical analysis @ff]l) (n), we generate samples as described in the previous
paragraph and use the algorithm described in section 4.4. The gensmaiptes fol-
low ana-stable sub-Gaussian distribution, i.&;, ~ F5(0, %, gup(., a)), i = 1,...,n,
whereA is defined above. Hence, the value of the off-diagonal entry of thedisgm
matrix oo is 11.

In Figures 4 through 7, we illustrate the behavior of the estimég))r(n) for
several sample sizes and various values for the tail indexai.e-, 1.5,1.6, ..., 1.9.
We demonstrate the behavior of the estimator using boxplots based on 1i0pl@ sa
runs for each setting of sample length and parameter value.

In general, one can see that for all valuesdhe estimators are median-unbiased.
By analyzing the figures, we can additionally conclude that all estimatorsighely
skewed to the right. Turning our attention to the rate of convergence obtheates
towards the median value @i, we examine the boxplots. Figure 4 reveals that for a
sample size ofi = 100 the interquartile range is roughly equal to four for all values
of a. The range diminishes gradually for increasing sample sizes until whichean
seen in Figures 4 to 7. Finally in Figure 7, the interquartile range is equalatat ab
1.45 for all values ofv. The rate of decay is roughly /2. Extreme outliers can be
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observed for small sample sizes larger than twice the median, regardissvaiiue
of a. Forn = 1,000, we have a maximal error around about 1.5 times the median.
Due to right-skewness, extreme values are observed mostly to the riglet ioiettian.

5.2 Empirical analysis of&'; (n, p)

We examine the consistency behavior of the second estimator as defin&)l agéln
using boxplots. In Figures 5 through 12 we depict the statistical behdaitioe estima-
tor. For generating independent samples of various lengths fer1.5,1.6,1.7, 1.8,
and1.9, and two different values gf we use the algorithm described in Section4.4.
For the values op, we selectl.0001 and1.3, respectively. A value fop closer to one
leads to improved properties of the estimator as will be seen.

In general, we can observe that the estimates are strongly skewed. Tmsds
pronounced for lower values of while skewness vanishes slightly for increasing
All figures display a noticeable bias in the median towards low values. Finallyjla
be seenq}g)(n) seems more appealing théﬁ) (n,p).

For a sample length of = 100, Figures 8 and 9 show that the bodies of the
boxplots which are represented by the innerquartile ranges are ashijh for a
lower value ofp anda. As « increases, this effect vanishes slightly. However, results
are worse fop = 1.3 as already indicated. For sample lenghts.of 300, Figures
10 and 11 show interquartile ranges betwégnand2.4 for lower values op. Again,
results are worse fgr = 1.3. Forn = 500, Figures 12 and 13 reveal ranges between
1.3 and 2.3 as« increases. Again, this worsens wheiincreases. And finally for
samples of lengtm = 1,000, Figures 14 and 15 indicate that for= 1.00001 the
interquartile ranges extend betwekfor « = 1.9 and1.5 for « = 1.5. Depending on
«, the same pattern but on a worse level is displayeg fer1.3.

It is clear from the statistical analysis that concerning skewness and mmads
the estimatoﬁg;)(n) has properties superior to estimalﬁéf) (n, p) for both values of

p. Hence, we use estimatéf;)(n).

6 Application to the DAX 30

For the empirical analysis of the DAX30 index, we use the data from the iKihds
Kapitaldatenbank. We analyze data from May 6, 2002 to March 31, 2B06each
company listed in the DAX30, we considér000 daily log-returns in the study pe-
riod.>

6.1 Model check and estimation of the parametery

Before fitting an-stable sub-Gaussian distribution, we assessed if the data are appro-
priate for a sub-Gaussian model. This can be done with at least two diffeethods.

“In most of these plots, extreme estimates had to be removed to providecfear display of the
boxplots.

°During our period of analysis Hypo Real Estate Holding AG was in the DAXofdy 630 days.
Therefore we exclude this company from further treatment leavingiths2® stocks.
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In the first method, we analyze the data by pursuing the following steps Nalsm
(2005)):

(i) For every stockX;, we estimaté = (&, 3;, 64, fui), i = 1, ..., d.
(i) The estimatedy;’s should not differ much from each other.
(i) The estimated3;’s should be close to zero.
(iv) Bivariate scatterplots of the components should be elliptically contoured

(v) If the data fulfill criteria (ii)-(iv), a sub-Gaussian model can be justifilf there
is a strong discrepancy to one of these criteria we have to reject a ugsi@a
model.

In Table 1, we depict the maximum likelihood estimates for the DAX30 compo-
nents. The estimatetl, i = 1, ..., 29, are significantly below 2, indicating leptokurto-
sis. We calculate the average tode- 1.6. These estimates agree with earlier results
from Hochsbtter, Fabozzi and Rachev (2005). In that work, stocks of the DAX@0
analyzed during the period 1988 through 2002. Although using diffexstimation
procedures, the results coincide in most cases. The estimiated= 1, ..., 29, are
between—0.1756 and0.1963 and the averaged, equals—0.0129. Observe the sub-
stantial variability in thex's and that not al3’s are close to zero. These results agree
with Nolan (2005) who analyzed the Dow Jones Industrial Average c€woimg item
(iv), it is certainly not feasible to look at each bivariate scatterplot ofdim. Figure
16 depicts randomly chosen bivariate plots. Both scatterplots are roulijplycal
contoured.

The second method to analyze if a dataset allows for a sub-Gaussian ismodel
quite similar to the first one. Instead of considering the components of the3DAX
directly, we examine randomly chosen linear combinations of the componerds. W
only demand that the Euclidean norm of the weights of the linear combinatioDisel..
to the theory ofx-stable sub-Gaussian distributions, the index of stability is invariant
under linear combinations. Furthermore, the estimatetilinear combination should
be close to zero under the sub-Gaussian assumption. These consideiedib us to
the following model check procedure:

() Generatei.i.d. samples, ..., u, € R? according to the uniform distribution on
the hyperspher§,;_;.

(i) For each linear combination, X, i = 1, ..., n, estimate); = (di,@, Giy i)
(i) The estimatedy;’s should not differ much from each other.

(iv) The estimated;’s should be close to zero.

(v) Bivariate scatterplots of the components should be elliptically contoured.

(vi) If the data fulfill criteria (ii)-(v) a sub-Gaussian model can be justified
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If we conclude after the model check that our data are sub-Gaussiabuted, we
estimate they of the distribution by taking the mean = % >, &;. This approach
has the advantage compared to the former one that we incorporate mareatiém
from the dataset and we can generate more sample estimades 3;. In the former
approach, we analyze only the marginal distributions.

Figure 17 depicts the maximum likelihood estimateslifiad linear combinations
due to (ii). We observe that the estimateéd i = 1,...,n, range from1.5 to 1.84.
The averagey, equalsl.69. Compared to the first approach, the tail indices increase,
meaning less leptokurtosis, but the range of the estimates decreasesstiftetesl
Bi’s, i =1,...,n, liein arange of-0.4 and0.4 and the averagej, is —0.0129. In
contrast to the first approach, the variability in this increases. It is certainly not
to be expected that the DAX30 log-returns follow a pure i.adstable sub-Gaussian
model, since we do not account for time dependencies of the returnsvafiability
of the estimatedy’s might be explained with GARCH-effects such as clustering of
volatility. The observed skewness in the datannot be captured by a sub-Gaussian
or any elliptical model. Nevertheless, we observe that the mean gf$he close to
zero.

6.2 Estimation of the stable DAX30 dispersion matrix

In this section, we focus on estimating the sample dispersion matrix efstable
sub-Gaussian distribution based on the DAX30 data. For the estimatiordpreceve
use the estimatcﬁg)(n), 1 # j presented in Section 5. Before applying this estimator,

we center each time series by subtracting its sample mean. Estiﬁéﬁt@r) has the
disadvantage that it cannot handle zeros. But after centering theluzaare no zero
log-returns in the time series. In general, this is a point which has to be eoedid
carefully.

For the sake of clearity, we display the sample dispersion matrix and cos@rian
matrix as heat maps, respectively. Figure 18 is a heat map of the samplesidispe
matrix of the a-stable sub-Gaussian distribution. The sample dispersion matrix is
positive definite and has a very similar shape and structure as the samalt@oog
matrix which is depicted in Figure 19. Dark blue colors correspond to lowegalu
whereas dark red colors depict high values.

Figure 20 (a) and (b) illustrate the eigenvalues = 1, ...29, of the sample disper-
sion matrix and covariance matrix, respectively. In both Figures, thesfgetivalue is
significantly larger than the others. The amounts of the eigenvectors dectimeilar
fashion.

Figures 21 (a) and (b) depict the cumulative proportion of the total vilitjaex-
plained by the firsk principal components corresponding to thiargest eigenvalues.
In both figures, more thafi0% is explained by the first principal component. We
observe that the first principal component in the stable case explains sligbtky
variability than in the ordinary case, e.g()% of the total amount of dispersion is
captured by the first six stable components whereas in the normal cag&56his
explained. In contrast to the normal PCA the stable components are npemiknt
but quasi-uncorrelated. Furthermore, in the case ef 1.69, the coefficient of tail

The estimated's differ sometimes significantly from zero.
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dependence for two principal components, 3agndY;, is

1/2 4169
ds
J” s ~ 0.21

1 ¢1.69
0 V1-s2

A(Y;,Y;,0,1.69) =

due to theorem 6 for all # j,i,j = 1,...,29.

In Figure 22 (a), (b),(c), and (d) we show the first four eigenvectfrthe sam-
ple dispersion matrix, the so-called vectors of loadings. The first vecrorsiively
weighted for all stocks and can be thought of as describing a kind ox ipdefolio.
The weights of this vector do not sum to one but they can be scaled to beesesecond
vector has positive weights for technology titles such as Deutsche Telékfingon,
SAP, Siemens and also to the non-technology companies Allianz, Commeyaloank
Tui. The second principal component can be regarded as a traditeggtiet buy-
ing technology titles and selling the other DAX30 stocks except for AlliananCo
merzbank, and Tui. The first two principal components explain ara@igfié of the
total variability. The vectors of loadings in (c) and (d) correspond to tirel #nd
fourth principal component, respectively. It is slightly difficult to interpifeis with
respect to any economic meaning, hence, we consider them as pure atatistiati-
ties. In conclusion, the estimatét;(n), i # j, offers a simple way to estimate the
dispersion matrix in an i.i.da-stable sub-Gaussian model. The results delivered by
the estimator are reasonable and consistent with economic theory. Finakyress
that a stable PCA is feasible.

7 Conclusion

In this paper we present different estimators which allow one to estimate e siisn
matrix of any normal variance mixture distribution. We analyze the estimators theo

retically and show their consistency. We find empirically that the estima(}%(n)

has better statistical properties than the estimajjar(n, p) for i # j. We fit ana-
stable sub-Gaussian distribution to the DAX30 components for the first time. Th
sub-Gaussian model is certainly more realistic than a normal model, sincdutesap
tail dependencies. But it has still the drawback that it cannot incorptirae depen-
dencies.
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Figure 3: Bivariate scatterplot of BMW versus DaimlerChrysler and Cornbaatk
versus Deutsche Bank. Depicted are daily log-returns from May 62 20@ugh
March 31, 2006.
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Name Ticker Symbol ! 16} o il
Addidas ADS 1.716 0.196 0.009| 0.001
Allianz ALV 1.515 -0.176 0.013]| -0.001
Atlanta ALT 1.419 0.012 0.009| 0.000
BASF BAS 1.674 -0.070 0.009| 0.000
BMW BMW 1.595 -0.108 0.010| 0.000
Bayer BAY 1.576 -0.077 0.011| 0.000
Commerzbank CBK 1.534 0.054 0.012| 0.001
Continental CON 1.766 0.012 0.011| 0.002
Daimler-Chryser| DCX 1.675 -0.013 0.011| 0.000
Deutsch Bank DBK 1.634 -0.084 0.011| 0.000
Deutsche Brse DB1 1.741 0.049 0.010| 0.001
Deutsche Post DPW 1.778 -0.071 0.011| 0.000
Telekom DTE 1.350 0.030 0.009| 0.000
Eon EOA 1.594 -0.069 0.009| 0.000
FresenMed FME 1.487 0.029 0.010| 0.001
Henkel HEN3 1.634 0.103 0.008| 0.000
Infineon IFX 1.618 0.019 0.017| -0.001
Linde LIN 1.534 0.063 0.009| 0.000
Lufthansa LHA 1.670 0.030 0.012]| -0.001
Man MAN 1.684 -0.074 0.013| 0.001
Metro MEO 1.526 0.125 0.011| 0.001
MncherRck MUV2 1.376 -0.070 0.011| -0.001
RWE RWE 1.744 -0.004 0.010| 0.000
SAP SAP 1.415 -0.093 0.011| -0.001
Schering SCH 1.494 -0.045 0.009| 0.000
Siemens SIE 1.574 -0.125 0.011| 0.000
Thyssen TKA 1.650 -0.027 0.011| 0.000
Tui TUI 1.538 0.035 0.012| -0.001
Volkswagen VoW 1.690 -0.024 0.012| 0.000

Average values a=1,6|=-0,0129

Table 1: Stable parameter estimates using the maximum likelihood estimator
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Figure 18: Heat map of the sample dispersion matrix. Dark blue colorsspames
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Figure 20: Barplots (a) and (b) depict the eigenvalues of the samplasimpenatrix
and the sample covariance matrix.
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Figure 21: Barplot (a) and (b) show the cumulative proportion of the th$gersion
and variance explained by the components, }&, | A;/ 322 \.
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© (d)

Figure 22: Barplot summarizing the loadings vectgrsg., gs and g4 defining the
first four principal components:(a) factor 1 loadings; (b) factor 2ilogst (c) factor 3
loadings; and (d) factor 4 loadings
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