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Abstract

The loss distribution approach (LDA) is one of the three advanced mea-
surement approaches (AMA) to the Pillar I modelling proposed by Basel
II in 2001. In this paper, one possible approximation of the aggregate and
maximum loss distribution in the extremely Low Frequency/High Severity
case, i.e. the case of infinite mean of the loss sizes and loss inter-arrival
times. In this study independent but not identically distributed losses
are considered. The minimum loss amount is considered increasing over
time. Monte Carlo simulation algorithm is given and several quantiles are
estimated. The same approximation is in place for modelling the max-
imum and aggregate worldwide economy losses caused by very rare and
very extreme events such as 9/11, the Russian rouble crisis, and the U.S.
subprime mortgage crisis.

Key words: very-heavy tails, extremal process, self-similar process, ag-
gregate loss distribution, maximum loss distribution

1 Introduction

A stock market crash, a huge disaster, occurring simultaneously on most

of the stock markets of the world as witnessed in October 1987 would amount

to the quasi-instantaneous evaporation of trillions of dollars. How large might

a possible stock market crash be tomorrow? Extreme asset price movements

appear to be more pronounced recently and have major consequences for an

economy’s financial stability and monetary policy. The aggregate and maxi-

mum losses caused by such very rare but disastrous events should be modelled.

Another area of finance where a similar type of event needs to be quan-

tified is in operational risk modelling. Large operational losses as a result of

accounting scandals, corporate fraud, and rogue trading, to name just a few,

have received increasing attention. The frequency of severe losses, with more

than 100 instances of losses at financial institutions exceeding $100 million has

caused many financial institutions to try to explicitly model operational risk to

determine their economic capital for risk-based capital purposes. As financial

institutions have begun to collect loss data and use it to manage operational

risk, bank regulators have increased their expectations for measuring and mod-
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elling operational risk. Under the current U.S. rules for implementing the Basel

Accord, large internationally active banks will be expected to use internal mod-

els to estimate capital for unexpected operational losses. The loss distribution

approach (LDA) is the most sophisticated and the most favoured by regula-

tors. LDA is the most accurate from a statistical perspective as it utilizes the

exact distribution of historic losses (both frequency and severity) and is based

on an individual bank’s internal loss data. It suggests an actuarial-type model

for the aggregated operational losses. Existing empirical evidence suggests that

the general pattern of operational loss severity data is characterized by high

kurtosis, severe right skewness, and a very heavy right tail created by several

outlying events. The empirical evidence reported in several studies support

this claim (see Cruz [7], Medova [12], Moscadelli [14], Embrechts et al. [10], De

Fontnouvelle et al. [8], Chernobai et al. [5],[6], and Nešlehová et al. [15]). One

approach uses Extreme Value Theory (EVT) to fit a Generalized Pareto Dis-

tribution (GPD) to extreme losses exceeding a high pre-specified threshold (see

Embrechts et al. [9], Embrechts et al. [10], Chavez-Demoulin and Embrechts [3],

and Nešlehová et al. [15]). Another approach to calibrate operational losses is to

fit a parametric family of distributions, such as the lognormal, Weibull, gamma,

and Pareto distribution.1

The main purpose of the paper is to provide approximations of the maximum

and aggregate loss processes assuming (1) the loss amounts follow Pareto distri-

butions and (2) the minimum amount of the consecutive extreme losses increases

over time. The aggregate and maximum loss processes are transformed prop-

erly and weak limits of these transformations are derived. The limit processes

can be used for approximating the initial ones. Some important properties of

the approximating processes are stated and an efficient method for simulation

is provided. Using Monte Carlo simulation we estimate several quantiles of the
1A review of the different approaches used in operational risk modelling is given in Cher-

nobai et al. [4].

3



processes at time t = 1, i.e. one calendar year and compare the quality of the

estimates. As an intermediate step we obtain a new member of the class of the

so-called Sato processes.

This paper is organized as follows. Section 2 provides a description of the

model for loss sizes and loss inter-arrival times and the approximation method

used. Then the limits of the so-called accompanying processes are obtained

and the limit approximating processes in the general case (which is the main

result of the paper) are derived. Section 3 gives a method for simulating the

approximating processes at any given time t > 0. Section 4 reports the results

from a simulation study. Section 5 concludes the paper and summarizes the

findings.

2 Model Setup

Usually an actuarial-type model is based on a sequence {(Tk, Xk), k =

1, 2, . . .} of loss arrival times Tk and loss amounts Xk. The loss amounts are

assumed mutually independent and identically distributed and independent of

loss arrivals. In this model we assume that the severities are independent but not

identically distributed. Let Xk, k = 1, 2, . . . be independent Pareto distributed

random variables with

P(Xk > x) =
(

c(k)
x

)α

, x ≥ c(k),

where c(k) = Ckδ, 0 < α < 1, C > 0 and δ > 0. In this way c(k) ↑ ∞.

The sequence {Xk, k = 1, 2, . . .} represents the loss amounts. The constant C

controls the minimum value of the loss and the constant δ controls the growth

rate of this minimum value over time. Let Yk be i.i.d. positive r.v.’s representing

the operational losses inter-arrival times with distribution function G(x). Define

the loss arrival times by

T0 = 0, Tn =
n∑

k=1

Yk, n = 1, 2, 3, . . . ,

4



and the associated counting process N(t) = max{n : Tn ≤ t < Tn+1}.
Suppose Yk belong to the domain of attraction of a stable law with index of

stability γ ∈ (0, 1), i.e. 1 − G(x) = x−γL(x), x → ∞ with γ ∈ (0, 1) and L(.)

slowly varying at infinity. The aggregate loss up to time t > 0 is then defined

by

Z(t) =
N(t)∑

k=1

Xk, t > 0.

Note that in this very-heavy tailed case the maximum loss process

M(t) =
N(t)∨

k=1

Xk, t > 0

determines the behavior of the aggregate loss process Z(t). Both processes and

their relationship is investigated in this paper.

2.1 Approximation method

In order to find approximations for Z(t) and M(t) we transform the loss

arrival times and loss sizes in such a way that the number of losses in a fixed

interval gets larger and the loss sizes get smaller. It is well known there exists

a sequence b(n) > 0 such that

Tn(·) :=
∑[n·]

k=1 Yk

b(n)
⇒ Dγ(·),

where b(n) is determined from the relation n(1−G(b(n)) → 1
Γ(1−γ) , and can be

chosen as b(n) ∼ n1/γLb(n). The process Dγ(t) is a γ−stable Levy motion, where

the Laplace transform of D = Dγ(1) is given by Ee−λD = e−λγ

, λ > 0. Since

b(.) is regularly varying with index 1/γ > 0, Theorem 1.5.12, [1] gives that there

exists a regularly varying function b̃ with index γ such that b(b̃(c)) ∼ c, c →∞.

(For two positive functions f, g f ∼ g means f(c)/g(c) → 1 as c →∞.) The two

functions b and b̃ are connected through the following relation

b(b̃(c)) ∼ b̃(b(c)) ∼ c as c →∞.(2.1)

5



Now the normalized counting process N(nt)/b̃(n), t > 0 is weakly convergent to

the hitting time process Λ(t) = inf{u : Dγ(u) > t} of Dγ , i.e.

(2.2)
N(n·)
b̃(n)

⇒ Λ(·).

As an inverse of Dγ , the process Λ is γ-self-similar, for t > 0, Λ(t) d= (D/t)−γ

and its probability density is given by ft(x) = tγ−1x−1−1/γgγ(tx−1/γ), where gγ

is the probability density of D. The process {Λ(t)}t≥0 does not have stationary

and independent increments (see Meerschaert and Scheffler [13]).

Consider the sequence of point processes

(2.3) Ñn = {
(

Tnk =
Tk

b(n)
, Xnk =

Xk

a(n)

)
, k = 1, 2, . . .},

where a(n) =
(

nαδ+1

αδ+1

)1/α

, n ≥ 1. Define a sequence of extremal processes

(2.4) Ỹn(t) =
Nn(t)∨

k=1

Xnk =
∨

Tnk≤t

Xk

a(n)
, t > 0, n = 1, 2, 3, . . . ,

and a sequence of sum processes

(2.5) S̃n(t) =
Nn(t)∑

k=1

Xnk =
∑

Tk≤b(n)t

Xk

a(n)
, t > 0, n = 1, 2, 3, . . . ,

where Nn(t) = max{k : Tnk ≤ t} = max{k : Tk ≤ b(n)t} = N(b(n)t). Our goal

is to find weak limits of the sequences S̃n and Ỹn. These limit processes will be

used for approximating the initial ones.

The problem is solved in two steps. The first one is to find limits of the

following sequence of processes

(2.6) Yn(t) =
kn(t)∨

k=1

Xnk =
∨

k/n≤t

Xk

a(n)
, t > 0, n = 1, 2, 3, . . . ,

and respectively the sequence of sum processes

(2.7) Sn(t) =
kn(t)∑

k=1

Xnk =
∑

k/n≤t

Xk

a(n)
, t > 0, n = 1, 2, 3, . . . ,
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associated with the point processes

Nn = {(tnk, Xnk) , k = 1, 2, . . .} =
{(

k

n
,

Xk

a(n)

)
, k = 1, 2, . . .

}
, n = 1, 2, . . .

and kn(t) = max{k : tnk ≤ t} = max{k : k ≤ nt} = [nt]. After that we

move forward to find the limits of S̃n and Ỹn using the results obtained in the

first step and a relation between the counting process Nn(t) and the counting

function kn(t). We call the processes with deterministic time points Sn, Yn and

Nn accompanying to the processes with random time points S̃n, Ỹn and Ñn,

respectively. This scheme is followed by Pancheva and Jordanova [16], [17].

2.2 Accompanying Processes

In order to find the weak limits of the sequences (2.6) and (2.7), we use

a theorem (Functional Extremal Criterion) stated in the work of Pancheva et

al. [19]. The theorem gives a relationship between the convergence of a sequence

of extremal processes and a sequence of sum processes associated with the same

uniformly negligible triangular array (u.n.t.a.). We find directly the limit of the

sequence (2.6) and after that check a technical condition stated in the theorem

which together with the convergence of the extremal processes (2.6) gives the

convergence of the sum processes (2.7).

The sequence of point processes {Nn, n ≥ 1} forms a u.n.t.a. since k/n →∞,

as k → ∞ and (k + 1)/n − k/n → 0, n → ∞ and the space components Xk

(see Definition 1 in Pancheva et al. [19]) satisfy the asymptotic negligibility

condition

(2.8) sup
k≤n

P
(

Xk

a(n)
> x

)
= sup

k≤n

(
c(k)

a(n)x

)α

=
(

c(n)
a(n)x

)α

→ 0, n →∞.

The distribution function fn(t, x) of the extremal process Yn(t) is given by

fn(t, x) = P(Yn(t) < x) =
∏

k/n≤t

P
(

Xk

a(n)
< x

)
=

∏

k/n≤t

(
1−

(
c(k)

a(n)x

)α)
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= exp


 ∑

k/n≤t

log
(

1−
(

c(k)
a(n)x

)α)
 ∼ exp


−

∑

k/n≤t

(
c(k)

a(n)x

)α

 .

The last relation is due to (2.8). For the sum in the right-hand side of the above

expression we have

∑

k/n≤t

(
c(k)

a(n)x

)α

=
(

C

a(n)x

)α ∑

k/n≤t

c(k)α

[and taking into account the form of c(k) and a(n) and Theorem 1.15.11, [1] we

get]

∼ Cα

xα

αδ + 1
nαδ+1

∑

k/n≤t

kαδ ∼ Cα

xα
× αδ + 1

nαδ+1
× [nt]αδ+1

αδ + 1
→ Cα

xα
tαδ+1, n →∞.

Now letting n →∞, we obtain the limit

fn(t, x) = P(Yn(t) < x) → f(t, x) = exp(−x−αCαtαδ+1), t > 0, x > 0.

which is a distribution function of an extremal process Y generated by a Poisson

point process with mean measure

µ((0, t]× [x,∞)) =
Cαtαδ+1

xα
for x > 0, t > 0.

It is well known that the convergence of the one-dimensional distributions of

extremal processes implies convergence of all finite dimensional distributions.

Moreover, the monotonicity of the sample paths of these processes gives weak

convergence Yn ⇒ Y. The lower curve of the limit extremal process is identically

zero. Also for t > 0 the r.v. Y (t) follows Frechet distribution.

The process Y is self-similar with exponent H = δ + 1/α, since

P(Y (λt) < x) = exp
(
−Cα(λt)αδ+1

xα

)
= exp

(
− Cαtαδ+1

(
x

λδ+1/α

)α

)

= P
(
Y (t) <

x

λδ+1/α

)
= P

(
λδ+1/αY (t) < x

)
.

The last relation implies {Y (λt)}t>0
d= {λHY (t)}t>0. Furthermore,

P(Y (t2) < x) = P (Y (t1) ∨ Um(t1, t2] < x) = P (Y (t1) < x) P (Um(t1, t2] < x) ,

8



where Um(t1, t2] is the max-increment of Y in the interval (t1, t2]. From the

above equality follows that the distribution of this max-increment is

P (Um(t1, t2] < x) =
P (Y (t2) < x)
P (Y (t1) < x)

= exp

[
−Cα(tαδ+1

2 − tαδ+1
1 )

xα

]

which means that the process Y does not have homogeneous max-increments.

In order to prove the convergence of the sequence (2.7) and find the limit

process we are going to use the functional extremal criterion stated in Pancheva

et al. [19]. The convergence of the corresponding sequence of extremal processes

(2.6) is already established, hence we are going to verify the condition

(2.9) lim
n→∞

∑

k/n≤t

E
(

Xk

a(n)
I{ Xk

a(n)
≤ h}

)
→

∫ t

0

∫ h

0

xµ(ds, dx), n →∞.

Fix h > 0 and note that

E
(

Xk

a(n)
I{ Xk

a(n)
≤ h}

)
=

∫ h

0

xdP(Xk/a(n) < x)

=
∫ h

0

x

(
c(k)
a(n)

)α

αx−α−1dx = α

(
c(k)
a(n)

)α
h1−α

1− α
.

Thus
∑

k/n≤t

E
(

Xk

a(n)
I{ Xk

a(n)
≤ h}

)
=

∑

k/n≤t

α

(
c(k)
a(n)

)α
h1−α

1− α

=
α

1− α
h1−α

∑

k/n≤t

(
c(k)
a(n)

)α

→ α

1− α
h1−αCαtαδ+1, as n →∞.

On the other hand

∫ t

0

∫ h

0

xµ(ds, dx) = Cα

∫ t

0

∫ h

0

xα(αδ + 1)sαδx−α−1dxds

= Cαtαδ+1 α

1− α
h1−α < ∞,

and therefore (2.9) is satisfied.

Now using the functional extremal criterion one can state that Sn ⇒ S where

the characteristic function of S(t), t > 0 has the following form
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EeizS(t) = exp
(∫ t

0

∫ ∞

0

(eizx − 1)µ(ds, dx)
)

(2.10)

= exp
(

Cαtαδ+1

∫ ∞

0

(eizx − 1)αx−α−1dx

)
.

This is the characteristic function at time t > 0 of a self-similar additive process

generated by self-decomposable law of positive r.v. X = S(1) with characteristic

function

(2.11) EeizX = exp
[∫ ∞

0

(eizx − 1)
Cααx−α

x
dx

]
,

In this case the Hurst exponent is again H = δ + 1/α.

The process S(t) has independent increments and the characteristic function

of the increment Us(t1, t2] = S(t2)− S(t1), t1 < t2 is given by

EeizUs(t1,t2] = EeizS(t2)/EeizS(t1)

= exp
[
Cα

(
tαδ+1
2 − tαδ+1

1

) ∫ ∞

0

(eizx − 1)αx−α−1dx

]
.

The above relations show that the process does not have homogeneous incre-

ments. So the process S(t) is a self-similar additive process or Sato process.

2.3 General Case

Let us return to the sequence of point processes (2.3) and the associated se-

quences of extremal and sum processes (2.4) and (2.5). These extremal processes

can be rewritten as

Ỹn(t) =
∨

Tk≤b(n)t

Xk

a(n)
=

∨

k≤N(b(n)t)

Xk

a(n)

=
∨

k≤N(b(n)t)
n n

Xk

a(n)
= Yn

(
N(b(n)t)

n

)
.

According to the relation (2.1) and the convergence (2.2) we see that

(2.12) θn(·) :=
N(b(n)·)

n
∼ N(b(n)·)

b̃(b(n))
⇒ Λ(·).
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In addition to the above convergence, there is a relation between the counting

function kn(t) and counting process Nn(t) given by

kn(θn(t)) = [N(b(n)t)] = N(b(n)t) = Nn(t).

Using the fact Yn ⇒ Y, as n → ∞ and the continuity of composition theorem

one gets

Ỹn(·) = Yn

(
N(b(n)·)

n

)
⇒ Y ◦ Λ(·) =: Ỹ (·).

On the other hand,

Ỹn(t) =
∨

Tk≤b(n)t

Xk

a(n)
=

∨

k≤N(b(n)t)

Xk

a(N(b(n)t))
× a(N(b(n)t))

a(n)

=
a(N(b(n)t))

a(n)

∨

k≤N(b(n)t)

Xk

a(N(b(n)t))
=

a(N(b(n)t))
a(n)

YN(b(n)t)(1).

Taking into account that Yn(1) d→ Y (1), as n → ∞, the form of the sequence

a(.) and (2.2) it is easily verified that

a(N(b(n)t))
a(n)

=
(

N(b(n)t)
n

)H

∼
(

N(b(n)t)
b̃(b(n))

)H
d→ Λ(t)H , t > 0.

In this way we proved that

(2.13) Ỹ (t) := Y (Λ(t)) d= Λ(t)HX
d= tγH X

DγH
=: tγHX̃,

where X and Λ(t) are independent and X is self-decomposable r.v. with char-

acteristic function given by (2.11). Moreover, note that (2.13) implies

Ỹ (ct) d= (ct)γHX̃
d= cγH Ỹ (t).

The last relation proves that the process Ỹ (t) is self-similar with exponent

equal to γH. However, in contrast with Y, the subordinated process Ỹ does not

have independent increments, since Λ does not have independent increments.

Since Y does not have homogeneous increments, the process Ỹ does not have
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homogeneous increments too. The distribution function of Ỹ (t), t > 0 is given

by

P(Ỹ (t) < x) = P(Y (Λ(t)) < x) =
∫ ∞

0

P(Y (s) < x)dP(Λ(t) < s)

=
∫ ∞

0

Cαsαδ+1x−α t

γ
s−1−1/γgγ(ts−1/γ)ds =

Cαtx−α

γ

∫ ∞

0

sαδ−1/γgγ(ts−1/γ)ds.

Consider the sequence of sum processes

S̃n(t) =
Nn(t)∑

k=1

Xnk =
∑

Tk≤b(n)t

Xk

a(n)
, t > 0, n = 1, 2, 3 . . .

For this sequence of processes the conditions of Theorem 8, [19] are satisfied

and one can state the convergence

S̃n(·) ⇒ S ◦ Λ(·) =: S̃(·).

The characteristic function of the limit process S̃(t) at time t > 0 has the form

EeizS̃(t) = E exp
[
CαΛ(t)αδ+1

∫ ∞

0

(
eizx − 1

)
αx−α−1dx

]

=
∫ ∞

0

exp
[
Cαsαδ+1

∫ ∞

0

(
eizx − 1

)
αx−α−1dx

]
dP(Λ(t) < s)

=
∫ ∞

0

exp
[
Cαsαδ+1

∫ ∞

0

(
eizx − 1

)
αx−α−1dx

]
t

γ
s−1−1/γgγ(ts−1/γ)ds.

Moreover, the characteristic functions of S̃(ct) and cγH S̃(t) coincide, thus, the

process S̃ is also self-similar with exponent γH. The above results can be sum-

marized in the following

Proposition 2.1. Let the sequence of point processes (2.3) and associated with

it sequences of extremal (2.4) and sum processes (2.5) be given. There exist

weak limits Ỹ and S̃ of the two sequences, respectively. Both limit processes are

self-similar with common self-similarity exponent. For t > 0, the distribution

function of Ỹ (t) is given by

P(Ỹ (t) < x) =
Cαtx−α

γ

∫ ∞

0

sαδ−1/γgγ(ts−1/γ)ds,
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and the characteristic function of S̃(t) is given by

EeizS̃(t) =
∫ ∞

0

exp
[
Cαsαδ+1

∫ ∞

0

(
eizx − 1

)
αx−α−1dx

]
t

γ
s−1−1/γgγ(ts−1/γ)ds.

gγ is the probability density function of a one sided γ−stable r.v. D with Laplace

transform Ee−λD = e−λγ

, λ > 0.

3 Simulation

In the previous section the limit processes Ỹ and S̃ were described in terms

of their distribution function and characteristic function, respectively. These

expressions are difficult to use since both depend on the probability density gγ

which is not known in closed form except for γ = 1/2 (Levy distribution). In

this section we provide a method for simulating the processes Ỹ and S̃ at a

given fixed time t > 0. In order to do that we are going to use the properties of

the accompanying processes Y and S, and the time process Λ.

From (2.10) immediately follows the Laplace transform of S(t) for t > 0 is

Ee−λS(t) = exp
(

Cαtαδ+1

∫ ∞

0

(e−λx − 1)αx−α−1dx

)
.

Hence for the increment is in place

Ee−λUs(t1,t2] = exp
[
Cα

(
tαδ+1
2 − tαδ+1

1

) ∫ ∞

0

(e−λx − 1)αx−α−1dx

]
.

The above two equations and the form of the Laplace transform of an α−stable

subordinator Sα(σ, 1, 0) (see Definition 1.1.6 and Proposition 1.2.12, [21]) lead

to the following

Proposition 3.1. For t > 0 the r.v. S(t) follows the stable distribution Sα(σ, 1, 0)

with

σ = C × (
tαδ+1 × Γ(1− α)× cos(πα/2)

)1/α
.

Moreover, for 0 < t1 < t2, the r.v. Us(t1, t2] follows the stable distribution
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Sα(σ, 1, 0) with

σ = C × ((
tαδ+1
2 − tαδ+1

1

)× Γ(1− α)× cos(πα/2)
)1/α

.

Since for t > 0, the distribution function f(t, x) = exp(−x−αCαtαδ+1), the

r.v. Y (t) follows the Frechet distribution with scale parameter equal to Ctδ+1/α

and shift parameter equal to zero.

Using Proposition 3.1 and the stochastic representation Λ(t) d= (D/t)−γ we

can give two expressions for the r.v.’s S̃(t) and Ỹ (t), for fixed t > 0.

Proposition 3.2. For the random variables S̃(t), t > 0 and Ỹ (t), t > 0 the

following stochastic representations hold:

S̃(t) d= (D/t)−γHS1,

Ỹ (t) d= (D/t)−γHY1.

The random variable D follows the stable distributionSγ(σγ , 1, 0) with σγ =

(cos(πγ/2))1/γ
, the random variable S1 follows the stable distribution Sα(σα, 1, 0)

with σα = C × (Γ(1− α)× cos(πα/2))1/α
, and the random variable Y1 follows

the Frechet distribution with scale parameter C > 0 and location parameter 0.

Proposition 3.2 provides an efficient method for simulation of the random

variables S̃(t), t > 0 and Ỹ (t), t > 0. This is extremely important since the

quality of the higher quantiles estimates strongly depends on the number of

scenarios generated. This statement is confirmed by the simulation reported in

the following section.

4 Monte Carlo Quantile Estimates

In this section the results from a simulation study are presented. We gen-

erate N scenarios for the approximating processes at time t = 1, i.e. one year.
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The period of one year is chosen since it is a regulatory requirement for opera-

tional risk estimation. Based on these simulations, we estimate several quantiles,

including 99.9%, of the aggregate and maximum loss distributions. The exper-

iment is repeated 200 times in order to find the mean and the variance of the

estimates. The importance of the number of scenarios will be presented using

two different values of N and comparing the results.

Tables 1 and 2 contain the means and standard deviations of the quantile

estimates of the aggregate and maximum loss distributions. The value of the

tail indices α and γ is 0.95, δ = 0.0001. The parameter C is chosen as $1 million

because this is the lower threshold for external databases. The results are based

on 200 samples with size 10,000, i.e. N = 10,000. As expected, the estimates of

the most extreme quantiles in Tables 1 and 2 have very high standard deviations.

It is clear that the estimate for the 99.9% quantile based on 10,000 scenarios is

unreliable.

Taking advantage of the expressions in Proposition 3.2 we generate 10 million

scenarios in approximately 25 seconds using Pentium M 2.0GHz processor. The

algorithm is based on the Chambers-Mallows-Stuck method for stable random

variables generation (see Chambers et al. [2]).

The results obtained using N = 10 million scenarios are given in Tables

3 and 4 for the aggregate and maximum loss, respectively. The improvement

is significant for the q99.9% estimate of the aggregate loss distribution. The

standard deviation of this estimate is equal to 1.030% of its mean; that is, 10

million scenarios provide a low variance estimate given the input parameters of

the model.

Although the estimate of the 99.9% quantile based on 10 million scenarios

has a small variance, it depends on the input parameters. Hence, biases in the

estimates of the model parameters can lead to a bias in the estimated quantile.

The less the value of α, the heavier the tail of the losses is. On the other hand,

the less the value of γ, the rarer the individual losses are. Figure 1 gives the

15



99.9% quantile as a function of the two parameters α and γ. Note that in the

region where α is small and γ is high the difference in the quantiles is more

pronounced. Figure 2 shows a part of the surface given in Figure 1 since the

area where α > 0.7 looks like a plane compared to the area where α < 0.7.

Figures 3 and 4 show the sensitivity of the 99.9% quantile with respect to α

given the value of γ is 0.90. Again two different scales for α are chosen for better

visualization. The figures indicate that one should be very careful in estimation

of the parameter α since its value seriously affects the 99.9% quantile.

5 Conclusions

This paper develops new approximations of the maximum and aggregate

loss processes when the losses are very rare but their amount is very large. The

assumption that the loss amounts are i.i.d. is relaxed and these amounts are

assumed to follow a Pareto distribution with different parameters. In this way,

the minimum amount of the consecutive losses increases over time. The method

is based on time and space changes of the original maximum and aggregate

loss processes. The weak limits of the sequences of transformed processes are

obtained. The limits are found in two steps. First the limits of the sequences

of the so-called accompanying processes are achieved. Then the limits of the

initial sequences are obtained by subordination of the respective accompanying

sequences limits with a random time change.

Simulation algorithms for the approximating processes at any fixed t > 0

are derived. Monte Carlo simulations for both the aggregate loss and extremal

loss processes at time t = 1 are generated. Estimates for several quantiles of

the aggregate and maximum losses are compared. It turns out that the Monte

Carlo method used gives fast and efficient higher quantile estimates when 10

million simulations are drawn.
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Figure 1: The 99.9% aggregate loss quantile as a function of α and γ.
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Figure 2: The 99.9% aggregate loss quantile as a function of α and γ.
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Figure 3: The 99.9% aggregate loss quantile as a function of α for γ = 0.90.
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Figure 4: The 99.9% aggregate loss quantile as a function of α for γ = 0.90.
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Table 1: Aggregate loss quantiles ($ million): N = 10,000.

Quantile Mean (m̂) Std. (σ̂) σ̂/m̂
q99% 157.824 15.068 9.548%
q99.5% 301.803 40.540 13.433%
q99.9% 1651.119 594.926 36.032%

Table 2: Maximum loss quantiles ($ million): N = 10,000.

Quantile Mean (m̂) Std. (σ̂) σ̂/m̂
q99% 5.383 0.132 2.455%
q99.5% 6.315 0.198 3.142%
q99.9% 8.428 0.392 4.656%

Table 3: Aggregate loss quantiles ($ million): N = 10 million.

Quantile Mean (m̂) Std. (σ̂) σ̂/m̂
q99% 156.070 0.444 0.285%
q99.5% 296.770 1.296 0.437%
q99.9% 1499.200 15.449 1.030%

Table 4: Maximum loss quantiles ($ million): N = 10 million.

Quantile Mean (m̂) Std. (σ̂) σ̂/m̂
q99% 5.396 0.004 0.075%
q99.5% 6.300 0.0059 0.094%
q99.9% 8.447 0.0138 0.164%
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