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Fractals in Trade Duration: Capturing Long-Range
Dependence and Heavy Tailedness in Modeling Trade Duration

Abstract

Several studies that have investigated a few stocks have found that the spacing between consec-
utive financial transactions (referred to as trade duration) tend to exhibit long-range dependence,
heavy tailedness, and clustering. In this study, we empirically investigate whether a larger sample of
stocks exhibit those characteristics. Based on the modeling mechanism of self-similar processes, this
paper empirically compares stable distribution and fractional stable noise with several alternative
distributional assumptions (lognormal distribution, fractional Gaussian noise, exponential distribu-
tion, and Weibull distribution) in modeling trade duration data. The empirical results suggest that
fractional stable noise and stable distribution dominate these alternative distributional assumptions.
Comparing goodness of fit in modeling trade duration data for stable distribution and fractional sta-
ble noise based on a procedure using bootstrap methods developed by the authors, this paper finds
that empirically the autoregressive conditional duration model with stable distribution fits better
than other combinations, while fractional stable noise itself fits better for the time series of trade
duration.

Key Words: fractional stable noise, point processes, self-similarity, stable distribution, trade
duration

JEL Classification: C41, G14
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1. Introduction

There is considerable interest in the information content and implications of the spacing between con-
secutive financial transactions (referred to as trade duration) for trading strategies and intra-day risk
management. Market microstructure theory, supported by empirical evidence, suggests that the spac-
ing between trades be treated as a variable to be explained or predicted since time carries information
and closely correlates with price volatility (see, Bauwens and Veredas (2004), Diamond and Varrecchia
(1987), Engle (2000), Engle and Russell (1998), Hasbrouck (1996), and O’Hara (1995)). Manganelli
(2005) finds that returns and volatility directly interact with trade duration and trade order size. Trade
durations tend to exhibit long-range dependence, heavy tailedness, and clustering (see, Bauwens and
Giot (2000), Dufour and Engle (2000), Engle and Russell (1998), and Jasiak (1998)).

These findings raise two questions that we address in this paper:

1. Can single stochastic processes which capture long-range dependence and heavy tailedness be used
in modeling trade duration data ?

2. Can a relatively “powerful” distributional assumption in a relatively “simple” functional structure
be used for efficient modeling of trade duration data?

It is necessary to treat long-range dependence, heavy tailedness, and clustering simultaneously in
order to obtain more accurate predictions. Rachev and Mittnik (2000) note that for modeling financial
data, not only does model structure play an important role, but distributional assumptions influence
the modeling accuracy. The stable Paretian distribution1 can be used to capture characteristics of trade
duration since it is rich enough to encompass those stylized facts in such data, such as non-Guassian,
heavy tails, long-range dependence, and clustering. Other researchers have shown the advantages of
stable distributions in financial modeling (see, Fama (1963), Mittnik and Rachev (1993a, 1993b), Rachev
(2003), and Rachev et al. (2005)). Meanwhile several studies have reported that long-range dependence,
self-similar processes, and stable distribution are very closely related (see, Samorodnitsky and Taqqu
(1994), Rachev and Mittnik (2000), Rachev and Samorodnitsky (2001), Doukhan et al. (2003), Racheva
and Samorodnitsky (2003), and Rachev et al. (2005)).

The Hurst index is also used to model long-range dependence, see Hurst (1951,1955). It quantifies
the degree of long-range dependence and measures the self-similarity scaling. Fortunately, one type
of self-similar process can possess the Hurst index and stable distribution together (i.e., can capture
both long-range dependence and heavy tailedness). This kind of stochastic process is a fractional stable
noise generated from fractional stable motion (see, Samorodnitsky and Taqqu (1994)). Therefore,
single stochastic processes can capture long-range dependence and heavy tailedness, answering the first
question posed above. Based on estimating intensity of point processes, an autoregressive conditional
duration (ACD) model is proposed by Engle and Russell (1998) for modeling trade duration with
intertemporal correlation. The ACD model is a joint approach combining transition analysis and Engle’s

1To distinguish between Gaussian and non-Gaussian stable distribution, the latter is usually named stable Paretian

distribution or Lévy stable distribution. Referring to it as a stable Paretian distribution highlights the fact that the tails

of the non-Gaussian stable density have Pareto power-type decay and Lévy stable is the recognition of pioneering works

done by Paul Lévy to the characterization of non-Gaussian stable laws (see Rachev and Mittnik (2000)).
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autoregressive conditional heteroscedasticity (ARCH) model. The motivation behind the ACD and the
ARCH models is that in financial market events tend to occur in clusters. If fractional stable noise
can be subordinated into the functional structure of the ACD model, then the second question can be
answered.

In order to answer the two questions posed above, this paper introduces fractional stable noise
as the single stochastic processes to model trade duration. In the empirical analysis of this paper,
fractional stable noise is subordinated to the ACD model to model trade duration. As to self-similar
processes, other single stochastic processes, such as fractional Gaussian noise which captures long-
range dependence, are also is introduced as an alternative. Since the stable distribution itself can
capture heavy tailedness and long-range dependence, we propose it as an alternative distribution that
can better explain trade duration. In the empirical analysis, stable distribution is also subordinated
to the ACD model. Some other distributions that are often used in modeling trade duration, such
as lognormal distribution, exponential distribution and Weibull distribution, have been selected as
alternative distributional assumptions in order to compare goodness of fit with the stable distribution
and fractional stable noise. Utilizing two test statistics usually used to evaluate model performance
under heavy-tailed assumptions, we examine trade duration for a sample of stocks to compare which
distributional assumption fits better. By applying a newly developed test procedure that we formulate,
based on a bootstrap method, we obtain empirical results that suggest the fractional stable noise and
stable distribution dominate these alternative assumptions with high statistical significance. Comparing
goodness of fit in the modeling of trade duration data for stable distribution and fractional stable
noise, the empirical results indicate that the ACD model with stable distribution fits better than other
combinations, while fractional stable noise itself fits better for the time series of trade duration.

The paper is organized as follows. A brief review of point processes and several trade duration
models based on estimating intensity of such processes is provided in Section 2. In Section 3, we
introduce two self-similar processes: fractional Gaussian noise and fractional stable noise. The method
for estimating the parameters in the underlying process is introduced in Section 4. In Section 5,
the methods of simulating fractional Gaussian noise and fractional stable noise are introduced. The
empirical study based on trade duration data for 18 of the component stocks of the Dow Jones is reported
in Section 6. In that section, we compare the goodness of fit of model under fractional stable noise and
stable distribution together with distributions (the lognormal distribution, fractional Gaussian noise,
exponential distribution, and Weibull distribution). We summarize our conclusions in Section 7.

2. Point processes in modeling durations

Given a probability space (Ω,A,P), a family of random variables (Xt)t∈T on Ω with values in some set
M , (i.e., for all t ∈ T and T is some index set), Xt : (Ω,A) → (M,B) is defined as a stochastic process
with index set T and state space M . A sequence (Tn)n∈N of positive real random variables is a point
process if Tn(ω) < Tn+1(ω) for all ω ∈ Ω and all n ∈ N ; and limn→∞ Tn(ω) = ∞, for all ω ∈ Ω. Tn
is called the nth arrival time and Tn =

∑n
i=1 τi; and τn = Tn − Tn−1 (where τ1 = T1) is called the nth

waiting time (duration) for the point process.

A stochastic process (Nt)t∈[0,∞) is a counting process if: Nt : (Ω,A) → (N0,P(N0)) for all t ≥ 0,
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N0 ≡ 0; Ns(ω) ≤ Nt(ω), for all 0 ≤ s < t and all ω ∈ Ω; lims→t,s>tNs(ω) = Nt(ω), for all t ≥ 0 and all
ω ∈ Ω; Nt(ω) − lims→t,s>tNs(ω) ∈ (0, 1), for all t > 0 and all ω ∈ Ω; and limt→∞Nt(ω) = ∞, for all
ω ∈ Ω. A point process (Tn)n∈N corresponds to a counting process (Nt)t∈[0,∞) and vice versa, i.e.,

Nt(ω) = |{n ∈ N : Tn(ω) ≤ t}| (1)

for all ω ∈ Ω and all t ≥ 0. For all ω ∈ Ω and all n ∈ N ,

Tn(ω) = min{t ≥ 0 : Nt(ω) = n} (2)

The mean value function of the counting process is m(t) = E(Nt), for t ≥ 0, and m : [0,∞) →
[0,∞),m(0) = 0. m is an increasing and a right continuous function with limt→∞m(t) = ∞. If the
mean value function is differentiable at t > 0, then the first-order derivative is called the intensity of
the counting process. Defining λ(t) = dm(t)/dt ,

lim
∆t→0,∆t6=0

1
|∆t|

P (|Nt+∆t −Nt| = 1) = λ(t) (3)

and
lim

∆t→0,∆t6=0

1
|∆t|

P (|Nt+∆t −Nt| ≥ 2) = 0 (4)

From the viewpoint of the point processes literature (for example, Cox and Isham (1980)), ultra-
high frequency financial data can be described as marked point processes; that is, the state space M
is a product space of R2 ⊗M where M is the mark space. Engle (2000) pointed out that ultra-high
frequency transaction data contain two types of processes: time of transactions and events observed
at the time of the transaction. Those events can be identified or described by marks, such as trade
prices, posted bid and ask price, and volume. The amount of time between events is the duration. The
intensity is used to characterize the point processes and is defined as the expected number of events per
time increment considered as a function of time. In survival analysis, the intensity equals the hazard
rate. For n durations, d1, d2, ..., dn, which are sampled from a population with density function f and
corresponding cumulative distribution function F , the survival function S(t) is:

S(t) = P [di > t] = 1− F (t) (5)

and the intensity or hazard rate λ(t) is:

λ(t) = lim
∆t→0

P [t < di ≤ t+ ∆t | di > t]
∆t

(6)

The survival function and the density function can be obtained from the intensity,

λ(t) =
f(t)
S(t)

=
−d log(S (t))

dt
(7)

Several models have been proposed to model durations by estimating the intensity2. The favored
models in the literature are the autoregressive conditional duration (ACD) model proposed by Engle
and Russell (1998), the stochastic conditional duration (SCD) model by Bauwens and Veredas (2004),

2See recent reviews of Bauwens and Hautsch (2006) and Sun et al. (2006).
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and the stochastic volatility duration (SVD) model by Ghysels et al. (2004). The ACD model expresses
the conditional expectation of duration as a linear function of past durations and past conditional
expectation. The disturbance is specified as an exponential distribution and as an extension of the
Weibull distribution. The SCD model assumes that a latent variable drives the movement of durations.
Then the expected durations in the SCD model are treated as the observed durations driven by a latent
variable. The SVD model tries to capture the mean and variance of durations. The SCD and SVD
models are mixed distributions models. The SCD model combines Weibull and gamma distributions
while in the SVD model the durations are expressed as independently and exponentially distributed
with a gamma heterogeneity. Extensions to these models have been suggested in the literature. Jasiak
(1998) offers the fractional integrated ACD model, Gramming and Maurer (1999) replace the Weibull
distribution by the Burr distribution, Bauwens and Giot (2000) propose the logarithmic ACD model,
and Zhang et al. (2001) introduce the threshold ACD model. Bauwens and Giot (2003) propose an
asymmetric ACD model; Feng et al. (2004) propose a linear non-Gaussian state-space version of the
SCD model to capture the leverage effect of the expected durations.

The ACD(m,n) model specified in Engle and Russell (1998) is

di = ψi εi (8)

ψi = ω +
m∑
j=0

αj di−j +
n∑
j=0

βj ψi−j (9)

Bauwens and Giot (2000) give the logarithmic version of the ACD model as follows

di = eψi εi (10)

Two possible specifications of conditional durations are

ψi = ω +
m∑
j=0

αj log di−j +
n∑
j=0

βj ψi−j (11)

and

ψi = ω +
m∑
j=0

αj log εi−j +
n∑
j=0

βj ψi−j (12)

Zhang et al. (2001) extend the conditional duration to a switching-regime version. Defining Lq =
[lq−1, lq), and q = 1, 2, ..., Q for a positive integer Q, where −∞ = l0 < l1 < ... < lq = +∞ are the
threshold values, di follows a q-regime threshold ACD (TACD(m,n)) model; that is:

ψi = ω(q) +
m∑
j=0

α
(q)
j di−j +

n∑
j=0

β
(q)
j ψi−j (13)

For example, if there is a threshold value lh and 0 < h < q, the TACD(1,1) model can be expressed as
following:

ψi =

{
ω1 + α1 di−1 + β1 ψi−1 if 0 < di−1 ≤ lh

ω2 + α2 di−1 + β2 ψi−1 if lh < di−1 <∞
(14)

The threshold lh determines the regime boundaries. Fernandes and Gramming (2005) propose the
nonparametric tests for ACD models and suggested the practical application for estimation of intraday
volatility patterns.
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The SCD model given by Bauwens and Veredas (2004) takes the following form:

di = Ψi εi (15)

where
Ψi = eψi (16)

ψi = ω + β ψi−1 + ui (17)

in which |β| < 1, denotes Ii−1 the information set before di, ui|Ii−1 ∼ N(0, σ2), εi|Ii−1 follows some
distribution with positive support, and ui is independent of εj |Ii−1 for any i and j.

Ghysels et al. (2004) proposed a SVD model by assuming that durations are independently and
exponentially distributed with gamma heterogeneity. More explicitly, the model can be expressed as:

di =
Ui
cVi

(18)

where Ui and Vi are two independent variables with exponential distribution and gamma(a, a) distribu-
tion. Then this expression can be transferred with suitable nonlinear transformations to the expression
with Gaussian factors:

di =
Ψ(1,Φ(F1))
cΨ(a,Φ(F2))

=
H(1, F1)
cH(1, F2)

(19)

where F1 and F2 are i.i.d standard normal variables, Φ is the cdf of the standard normal distribution,
and Ψ(a, .) is the quantile function of the gamma(a, a) distribution.

3. Specification of the self-similar processes

The concept of semi-stable processes (which we today refer to as self-similar processes) was first intro-
duced in Lamperti (1962). Let T be either R, R+ = {t : t ≥ 0} or {t : t > 0}. The real-valued process
{X(t), t ∈ T} has stationary increments if X(t+ a)−X(a) has the same finite-dimensional distrituions
for all a ≥ 0 and t ≥ 0. Then the real-valued process {X(t), t ∈ T} is self-similar with exponent of
self-similarity H for any a > 0, and d ≥ 1, t1, t2, ..., td ∈ T , satisfying:(

X(at1), X(at2), ..., X(atd)
)

d=
(
aHX(t1), aHX(t2), ...aHX(td)

)
. (20)

3.1 Fractional Gaussian noise

For a given H ∈ (0, 1), there is basically a single Gaussian H-sssi 3 process, namely fractional Brownian
motion (fBm), first introduced by Kolmogorov (1940). Mandelbrot and Wallis (1968) and Taqqu (2003)
define fBm as a Gaussian H-sssi process {BH(t)}t∈R with 0 < H < 1. Mandelbrot and van Ness (1968)
define the stochastic representation

BH(t) :=
1

Γ(H + 1
2)

(∫ 0

−∞
[(t− s)H−

1
2 − (−s)H−

1
2 ]dB(s) +

∫ t

0
(t− s)H−

1
2dB(s)

)
, (21)

3The abbreviation of “sssi” means self-similar stationary increments. If the exponent of self-similarity H is to be

emphasized, then “H-sssi” is adopted.
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where Γ(·) represents the gamma function:

Γ(a) :=
∫ ∞

0
xa−1e−xdx,

and 0 < H < 1 is the Hurst parameter. The integrator B is ordinary Brownian motion. The principal
difference between fractional Brownian motion and ordinary Brownian motion is that the increments
in Brownian motion are independent while in fractional Brownian motion they are dependent. For
fractional Brownian motion, Samorodnitsky and Taqqu (1994) define its increments {Yj , j ∈ Z} as
fractional Gaussian noise (fGn), which is, for j = 0,±1,±2, ..., Yj = BH(j − 1)−BH(j).

3.2 Fractional stable noise

While fractional Brownian motion can capture the effect of long-range dependence, it has less power
to capture heavy tailedness. The existence of abrupt discontinuities in financial data, combined with
the empirical observation of sample excess kurtosis and unstable variance, confirms the stable Paretian
hypothesis identified by Mandelbrot (1963, 1983). It is natural to introduce the stable Paretian distri-
bution in self-similar processes in order to capture both long-range dependence and heavy tailedness.
Samorodinitsky and Taqqu (1994) introduce the α-stable H-sssi processes {X(t), t ∈ R} with 0 < α < 2.
If 0 < α < 1, the exponent of self-similarity are H ∈ (0, 1/α] and if 1 < α < 2, the exponent of self-
similarity are H ∈ (0, 1). In addition, Cohen and Samorodnitsky (2006) show that with exponent
H ′ = 1 +H(1/α− 1), process {X(t), t ∈ R} is a well-defined symmetric α-stable (SαS) process. It has
stationary increments and is self-similar. They show that (1) for 0 < α < 1, a family of H ′-sssi SαS
processes with H ′ ∈ (1, 1/α) is obtained, (2) for 1 < α < 2, a family of H ′-sssi SαS processes with
H ′ ∈ (1/α, 1) is obtained, and (3) for α = 1, a family of 1-sssi SαS processes is obtained.

There are many extensions of fractional Brownian motion to the stable distribution. The most com-
monly used is linear fractional stable motion (also called linear fractional Lévy motion), {Lα,H(a, b; t), t ∈
(−∞,∞)}, which Samorodinitsky and Taqqu (1994) define as

Lα,H(a, b; t) :=
∫ ∞

−∞
fα,H(a, b; t, x)M(dx), (22)

where

fα,H(a, b; t, x) := a

(
(t− x)

H− 1
α

+ − (−x)H−
1
α

+

)
+ b

(
(t− x)

H− 1
α

− − (−x)H−
1
α

−

)
, (23)

and a, b are real constants. |a|+ |b| > 1, 0 < α < 2, 0 < H < 1, H 6= 1/α, and M is an α-stable random
measure on R with Lebesgue control measure and skewness intensity β(x), x ∈ (−∞,∞) satisfying:
β(·) = 0 if α = 1. They define linear fractional stable noises expressed by Y (t), and Y (t) = Xt −Xt−1,

Y (t) = Lα,H(a, b; t)− Lα,H(a, b; t− 1) (24)

=
∫
R

(
a

[
(t− x)

H− 1
α

+ − (t− 1− x)
H− 1

α
+

]
+ b

[
(t− x)

H− 1
α

− − (t− 1− x)
H− 1

α
−

])
M(dx),

where Lα,H(a, b; t) is a linear fractional stable motion defined by equations (22) and (23), and M is a
stable random measure with Lebesgue control measure given 0 < α < 2. Samorodinitsky and Taqqu
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(1994) show that the kernel fα,H(a, b; t, x) is d-self-similar with d = H − 1/α when Lα,H(a, b; t) is 1/α-
self-similar. This implies H = d+1/α (see Taqqu and Teverovsky (1998) and Weron et al. (2005)).4 In
this paper, if there is no special indication, the fractional stable noise (fsn) is generated from a linear
fractional stable motion.

4. Estimation in self-similar processes

4.1 Estimating the self-similarity parameter in fractional Gaussian noise

Beran (1994) discusses the Whittle estimator of self-similarity parameter. For fractional Gaussian noise,
Yt, let f(λ;H) denote the power spectrum of Y after being normalized to have variance 1 and let I(λ)
the periodogram of Yt; that is

I(λ) =
1

2πN

∣∣∣∣∣
N∑
t=1

Yt e
i t λ

∣∣∣∣∣
2

. (25)

The Whittle estimator of H is to find Ĥ that minimizes

g(Ĥ) =
∫ π

−π

I(λ)
f(λ; Ĥ)

dλ. (26)

4.2 Estimating the self-similarity parameter in fractional stable noise

Stoev et al. (2002) proposed the least-squares (LS) estimator of the Hurst index based on the finite
impulse response transformation (FIRT) and wavelet transform coefficients of the fractional stable
motion. A FIRT is a filter v = (v0, v1, ..., vp) of real numbers vt ∈ <, t = 1, ..., p, and length is p+ 1. It
is defined for Xt by

Tn,t =
p∑
i=0

viXn(i+t), (27)

where n ≥ 1 and t ∈ N . The Tn,t are the FIRT coefficients of Xt (i.e., the FIRT coefficients of
the fractional stable motion). The indices n and t can be explained as “scale” and “location”. If∑p
i=0 i

rvi = 0, for r = 0, ..., q − 1, but
∑p
i=0 i

qvi 6= 0, the filter vi can be said to have q ≥ 1 zero
moments. If {Tn,t, n ≥ 1, t ∈ N} is the FIRT coefficients of fractional stable motion with the filter
vi that has at least one zero moment, Stoev et al. (2002) prove the following properties of Tn,t: (1),
Tn,t+h

d= Tn,t, and (2), Tn,t
d= nHT1,t, where h, t ∈ N , n ≥ 1. We assume that Tn,t are available for the

fixed scales nj j = 1, ...,m and locations t = 0, ...,Mj − 1 at the scale nj , since only a finite number,
say Mj , of the FIRT coefficients are available at the scale nj . By using these properties, we have

E log |Tnj ,0| = H log nj + E log |T1,0|. (28)

The left-hand side of this equation can be approximated by

Ylog(Mj) =
1
Mj

Mj−1∑
t=0

log |Tnj ,t|. (29)

4Some properties of these processes have been discussed in Mandelbrot and Van Ness (1968), Maejima (1983), Maejima

and Rachev (1987), Manfields et al. (2001), Rachev and Mittnik (2000), Rachev and Samorodnitsky (2001), Samorodnitsky

(1994, 1998), Samorodinitsky and Taqqu (1994), and Cohen and Samorodnitsky (2006).
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Then we get

( Ylog(M1)
...

Ylog(Mm)

)
=

( log n1 1
...

...
log nm 1

)(
H

E log |T1,0|

)
+

( √
M
(
Ylog(M1)− E log |Tn1,0|

)
...√

M
(
Ylog(Mm)− E log |Tnm,0|

)
)
. (30)

We can express above equation as follows

Y = Xθ +
1√
M
ε, (31)

where ε is the vector showing the difference between
√
MYlog(Mm) and

√
ME(log |Tnm,0|). Equation

(31) shows that the self-similarity parameter H can be estimated by a standard linear regression of the
vector Y against the matrix X. Stoev et al. (2002) show the details for implementing such a procedure.

4.3 Estimating the parameters of the stable Paretian distribution

The stable distribution requires four parameters for complete description: an index of stability α ∈
(0, 2] also called the tail index, a skewness parameter β ∈ [−1, 1], a scale parameter γ > 0, and a
location parameter ζ ∈ <. There is unfortunately no closed-form expression for the density function
and distribution function of a stable distribution. Rachev and Mittnik (2000) give the definition for the
stable distribution: A random variable X is said to have a stable distribution if there are parameters
0 < α ≤ 2, −1 ≤ β ≤ 1, γ ≥ 0 and ζ real such that its characteristic function has the following form:

E exp(iθX) =

{
exp{−γα|θ|α(1− iβ(sin θ) tan πα

2 ) + iζθ}, if α 6= 1
exp{−γ|θ|(1 + iβ 2

π (sin θ) ln |θ|) + iζθ}, if α = 1
(32)

and,

signθ =


1, if θ > 0
0, if θ = 0

−1, if θ < 0

(33)

Stable density is not only support for all of (−∞,+∞), but also for a half line. For 0 < α < 1 and
β = 1 or β = −1, the stable density is only for a half line.

In order to estimate the parameters of the stable distribution, the maximum likelihood estimation
(MLE) method given in Rachev and Mittnik (2000) has been employed. Given N observations, X =
(X1, X2, · · · , XN )′ for the positive half line the log-likelihood function is of the form

ln(α, λ;X) = N lnλ+N lnα+ (α− 1)
N∑
i=1

lnXi − λ
N∑
i=1

Xα
i , (34)

which can be maximized using, for example, a Newton-Raphson algorithm. It follows from the first-order
condition,

λ = N

(
N∑
i=1

Xα
i

)−1

(35)
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that the optimization problem can be reduced to finding the value for α which maximizes the concen-
trated likelihood

ln∗(α;X) = lnα+ αν − ln

(
N∑
i=1

Xα
i

)
, (36)

where ν = N−1ΣN
i=1 lnXi. The information matrix evaluated at the maximum likelihood estimates,

denoted by I(α̂, λ̂), is given by

I(α̂, λ̂) =

(
Nα̂−2 ∑N

i=1X
α̂
i lnXi∑N

i=1X
α̂
i lnXi Nλ̂−2

)
.

It can be shown that, under fairly mild condition, the maximum likelihood estimates α̂ and λ̂ are
consistent and have asymptotically a multivariate normal distribution with mean (α, λ)′(see Rachev
and Mittnik (2000)).

Other methods for estimating the parameters of a stable distribution (i.e., the method of moments
based on the characteristic function, the regression-type method, and the fast Fourier transform method)
are discussed in Stoyanov and Racheva-Iotova (2004a, 2004b).

5. Simulation of self-similar processes

5.1 Simulation of fractional Gaussian noise

Paxson (1997) gives a method to generate the fractional Gaussian noise by using the Discrete Fourier
Transform of the spectral density. Bardet et al. (2003) give a concrete simulation procedure based on
this method with respect to alleviating some of the problems faced in practice. The procedure is:

1. Choose an even integer M . Define the vector of the Fourier frequencies Ω = (θ1, ..., θM/2), where
θt = 2πt/M and compute the vector F = fH(θ1), ..., fH(θM/2), and

fH(θ) =
1
π

sin(πH)Γ(2H + 1)(1− cos θ)
∑
t∈ℵ

|2πt+ θ|−2H−1,

where fH(θ) is the spectral density of FGN.

2. Generate M/2 i.i.d. exponential (exp(1)) random variables E1, ..., EM/2 and M/2 i.i.d. uniform
(U [0, 1]) random variables U1, ..., UM/2.

3. Compute Zt = exp(2iπUt)
√
FtEt, for t = 1, ...,M/2.

4. Form the M -vector: Z̃ = (0, Z1, ...Z(M/2)−1, ZM/2, Z(M/2)−1, ..., Z1).

5. Compute the inverse FFT of the complex Z to obtain the simulated sample path.
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5.2 Simulation of fractional stable noise

Replacing the integral in equation (24) with a Riemann sum, Stoev and Taqqu (2004) generate the
approximation of fractional stable noise. They introduce parameters n,N ∈ ℵ, and let the fractional
stable noise Y (t) expressed as

Yn,N (t) :=
nN∑
j=1

(
(
j

n
)H−1/α
+ − (

j

n
− 1)H−1/α

+

)
Lα,n(nt− j), (37)

where Lα,n(t) := Mα((j + 1)/n) −Mα(j/n), j ∈ <. The parameter n is mesh size and the parameter
M is the cut-off of the kernel function. Stoev and Taqqu (2004) describe an efficient approximation
involving the Fast Fourier Transformation algorithm for Yn,N (t). Consider the moving average process
Z(m), m ∈ ℵ,

Z(m) :=
nM∑
j=1

gH,n(j)Lα(m− j), (38)

where

gH,n(j) :=
(
(
j

n
)H−1/α − (

j

n
− 1)H−1/α

+

)
n−1/α, (39)

and where Lα(j) is the series of i.i.d standard stable Paretian random variables. Since Lα,n(j)
d=

n−1/αLα(j), j ∈ <, equations (37) and (38) imply Yn,N (t) d= Z(nt), for t = 1, ..., T . Then, the computing
of Yn,N (t) is moved to focus on the moving average series Z(m), m = 1, ..., nT . Let L̃α(j) be the
n(N + T )-periodic with L̃α(j) := Lα(j), for j = 1, ..., n(N + T ) and let g̃H,n(j) := gH,n(j), for j =
1, ..., nN ; g̃H,n(j) := 0, for j = nN + 1, ..., n(N + T ). Then

{Z(m)}nTm=1
d=
{ n(N+T )∑

j=1

g̃H,n(j)L̃α(n− j)
}nT
m=1

, (40)

because for all m = 1, ..., nT , the summation in equation (38) involves only Lα(j) with indices j in the
range −nN ≤ j ≤ nT − 1. Using a circular convolution of the two n(N + T )-periodic series g̃H,n and
L̃α computed by using their Discrete Fourier Transforms (DFT), the variables Z(n), m = 1, ..., nT (i.e.,
the fractional stable noise), can be generated.

6. Empirical study

In this section, we report the results of empirical tests that investigate the goodness of fit of several
candidate distributional assumptions.

6.1 The data

Ultra-high frequency data of 18 Dow Jones index component stocks based on NYSE trading for year
2003 are examined.5 The companies in the sample are listed in Table 1. Our sample is considerably

5The data were provided by The Securities Industry Research Center of Asia-Pacific in Australia. The Dow Jones index

consists of 30 stocks. The whole database we developed included data from 1996 to 2003 for stocks that remained in the

index over the entire period. Only 18 stocks satisfied that requirement and we use the data of 2003 in this study.
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larger than other studies that have investigated trade duration. Table 2 lists those studies and the
stocks included in each one. Note that for the studies that include U.S. stocks, IBM is included in 7 of
11 studies and because the sample size is small, IBM constitutes a major part of those studies. IBM is
included in our study also.

The trade durations were calculated for regular trading hours (i.e., overnight trading was not con-
sidered). Consistent with Engle and Russell (1998) and Ghysels et al. (2004), open trades are deleted
in order to avoid effects induced by the opening auction. Therefore trade durations only from 10:00 to
16:00 are considered.

Figures 1 to 6 plot several sampled trade duration series. These figures show data characteristics
that are consistent with the data patterns reported in the literature. For the trade durations of each
stock in our study, sample period runs were performed from 4 January 2003 to 31 December 2003. We
will let N denote the length of the sample, sub-sample series that have been randomly selected by a
moving window with length T (1 ≤ T ≤ N). Replacement is allowed in the sampling. Stoev and Taqqu
(2004) suggest that 214 − 6, 000 = 10, 384 is the optimal length for a fractional stable noise series to be
simulated efficiently. Therefore, in the empirical analysis, sub-sample length (i.e., the window length)
of T = 10, 384 was chosen. A total of 684 sub-samples were randomly created.

The trade duration data are distributed asymetrically. All observations of duration are positive
numbers. The stable distribution, fractional Gaussian noise, and fractional stable are all defined on
both positive and negative supports. In our empirical study, we transfer the asymmetrically distributed
series to the symmetrically distributed series before we estimate the corresponding parameters. Note
that only the positive numbers of the generated series are considered in our simulation.

6.2 Preliminary tests

Table 1 shows the descriptive statistics of the trade duration data in our study. From the statistics
reported in this table, it can be seen that excess kurtosis exists.

The Hurst index H ∈ (0, 1) is the index of self-similarity. For Gaussian processes with stationary
increments, when (1) H ∈ (0, 0.5), the increments of a process tend to have opposite signs and thus
are more zigzagging due to the negative covariance; (2) H ∈ (0.5, 1), the covariance between these two
increments is positive and less zigzagging of the process; (3) H = 0.5, the covariance between these two
increments is zero. This can be restated as following: If the Hurst index is (1) less than 0.5, the process
displays “anti-persistence” (i.e., positive excess return is more likely to be reversed and the performance
in the next period is likely to be below the average, or in the contrary, negative excess return is more
likely to be reversed and the performance in the next period is likely to be above the average); (2)
greater than 0.5, the process displays “persistence” (i.e., positive excess return or negative excess return
is more likely to be continued and the performance in the next period is likely to be the same as that
in the current period); (3) equal to 0.5, the process displays no memory (i.e., the performance in the
next period has equal probability to be below and above the performance in the current period).

For fractional stable processes, if the process has the index α (0 < α < 2), then when H = 1/α
which corresponds to a process with independent increments, we say this process has no memory. When
H > 1/α, the process displays long-range dependence and when H < 1/α, the process displays negative
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dependence. In addition, long-range dependence is only possible when α > 1, since H ∈ (0, 1) (see
Samorodnitsky and Taqqu (1994)).

In order to test for long-range dependence in stock returns, we use the methods introduced in Sections
4.1 and 4.2 to estimate the Hurst index under the Gaussian and stable assumptions. We employed the
MLE method explained in Section 4.3 to estimate the stable parameter. The results, reported in Table
1, indicate that the Hurst index does not have an estimated value of 0.5 if fractional Gaussian noise
is assumed. This suggests the occurrence of either long memory or short memory under the Gaussian
assumption.6 In Table 1, we can observe both fluctuation and long memory under the non-Gaussian
stable assumption.

We use the Ljung-Box-Pierce Q-statistic based on autocorrelation function to test the serial corre-
lation (i.e., the memory effect). The Q-statistic is given as follows:

Q :∼ χ2
m = N(N + 2)

m∑
k=1

ρ2
k

N − k
, (41)

where, N denotes the sample size, m the number of autocorrelation lags included in the statistic, and
ρk the sample autocorrelation at lag order k which is

ρk =
∑N−k
t=1 ytyt+k∑N

t=1 y
2
t

. (42)

Ljung and Box (1978) show that the Q-statistic follows the asymptotic chi-square distribution with m
degrees of freedom.

Table 3 shows that the null hypothesis that there is no serial correlation can be rejected at different
lags. This table shows that the memory effect occurs in each duration series. In order to see when
the memory effect vanishes, we compare the Q-statistic with its corresponding critical value. When the
quotation of the Q-statistic and the corresponding critical value are less than 1, we cannot reject the
null hypothesis that there is no serial correlation. Table 3 also shows such quotations. From this table,
all the trade durations exhibit serial correlation. After 500 lags, the memory effect vanishes for 7 stocks
and after 1500 lags, the memory effect vanishes for 13 stocks. From the ratios in Table 3, we find that
the speed of autocorrelation decay is declining, which confirms the effect of long-range dependence.

6.3 The methodology of finding the best model

In our empirical study, we simulate a series for each distributional assumption with and without sub-
ordinating them into the ACD(1,1) structure. Then we compare the goodness of fit of the simulated
together with originial trade duration series.

The ACD model can be defined as same as equation (8) and (9):

di = ψi ui, (43)

and

ψ2
t = κ+

p∑
i=1

γi dt−i +
q∑
j=1

θj ψ
2
t−j , (44)

6There are various extensions of the self-similarity property for generalized random processes, see Dobrushin (1979).
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ut can be calculated from dt/ψt. We define

ũt =
dt

ψ̂t
, (45)

where ψ̂t is the estimation of ψt. In our empirical analysis, an ACD(1,1) model structure is adopted.
The objective is to check the statistical characteristics exhibited by trade duration dt and the error term
ũt in ACD(1,1) structure. We simulate dt and ũt with the ACD(1,1) structure based on the parameters
estimated from the empirical series. Then we test the goodness of fit between the empirical series
and the simulated series. Six candidate distributional assumptions — lognormal distribution, stable
distribution, exponential distribution, Weibull distribution, fractional Gaussian noise, and fractional
stable noise — are analyzed for estimation, simulation, and testing.

The Kolmogorov-Simirnov distance (KS) and Anderson-Darling distance (AD) proposed by Rachev
and Mittnik (2000) are used as the criterion for the goodness of fit testing. They are defined as following:

KS = sup
x∈<

|Fs(x)− F̃ (x)|, (46)

and

AD = sup
x∈<

|Fs(x)− F̃ (x)|√
F̃ (x)(1− F̃ (x))

, (47)

where Fs(x) denotes the empirical sample distribution and F̃ (x) is the estimated distribution function.
The major disadvantage of KS statistic researchers have argued is that it tends to be more sensitive
near the center of the distribution than at the tails. But AD statistic can overcome this. The reliability
of testing the empirical distribution will be increased with the help of these two statistics, with the KS
distance focusing on the deviations around the median of the distribution and the AD distance on the
discrepancies in the tails.

6.4 Results

The AD and KS statistics are calculated for the six candidate distributional assumptions. Table 4
reports the descriptive statistics of the computed AD and KS statistics. From Table 4, fractional stable
noise and stable distribution exhibit a smaller mean value for the AD and KS statistics in comparison
with the other four distributions. Figure 2 shows the boxplot of AD statistics of ũt for the six alternative
distributional assumptions investigated. Figure 3 shows the boxplot of AD statistics for dt. Figure 4
shows the boxplot of KS statistics of ũt for the six alternative distributional assumptions. Figure 5
shows the boxplot of KS statistics of dt. These figures show that fractional stable noise and stable
distribution have a small value of AD and KS statistics, confirming the results reported in Table 4.
These results indicate that with or without an ACD(1,1) model structure, the fractional stable noise
and stable distribution perform better than the other four tested distributional assumptions based on
the criterion for goodness of fit testing.

From Figures 2 to 5, we can see that the fractional stable noise and the stable distribution fit ũt
and dt better than other distributional assumptions. In order to empirically examine our conjecture,
we formulate a statistical test procedure. Because we know that smaller AD and KS statistics mean
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better goodness of fit, in our test we are going to statistically test how significantly “smaller” AD and
KS statistics are. The hypothesis test is:

H0 : µcriterion1 − µcriterion2 ≥ 0 (48)

H1 : µcriterion1 − µcriterion2 < 0

where µcriterion is the mean value of AD or KS statistics of the candidate distributional assumptions
investigated. The distributions of AD and KS values are unknown. All AD or KS values are expressed
as i.i.d. random variables X1, X2, ..., Xn, each with distribution function FX(·|θ). A 100(1−α)% upper
confidence bound (UCB) is defined as U(X1, X2, ..., Xn) for a function of h(θ) if for every θ,

Pθ (h(θ) ≤ U(X1, X2, ..., Xn)) ≥ 1− α (49)

and (−∞, U(X1, X2, ..., Xn)] is the 100(1 − α)% upper confidence interval for h(θ). Similarly, L(X1,
X2, ..., Xn) is a 100(1− α)% lower confidence bound (LCB) for the function h(θ) for every θ

Pθ (h(θ) ≥ L(X1, X2, ..., Xn)) ≥ 1− α (50)

and [L(X1, X2, ..., Xn),+∞) is the 100(1− α)% lower confidence interval for h(θ).

As hypothesis testing and confidence intervals are dual concepts, the hypothesis testing in (50) is
in fact evaluated by following test rules; that is, (1) if UCB is less than zero, H0 can be rejected, (2)
if LCB is greater than zero, H0 cannot be rejected, and (3) if H0 is greater than LCB but at the same
time less than UCB, there is no statistically significant conclusion. Employing the bootstrap method
introduced in DiCiccio and Efron (1996), the 99% bootstrap confidence intervals are reported in Table
5. From this table, at a high confidence level, fractional stable noise and stable distribution are more
suitable to modeling trade duration data with or without support of an ACD(1,1) structure.

In comparing the fractional stable noise and stable distribution, it is unclear as to whether the frac-
tional stable noise is better than the stable distribution or vice versa. Table 6 compares the supporting
cases for the fractional stable noise and stable distribution. The fractional stable noise has a slightly
better support than stable distribution. The stable distribution has a greater number of supporting
cases in comparison to the fractional stable noise in modeling duration data with an ACD(1,1) structure.

7. Conclusions

The empirical research with very few stocks have demonstrated that trade duration data exhibit three
characteristics: long-range dependence, heavy tailedness, and clustering. In this paper, we investigate
the presence of these characteristics using a larger number of stocks and investigate whether for modeling
trade duration data: (1) a single stochastic processes capturing long-range dependence and heavy
tailedness and; (2) a relatively powerful distributional assumption in a relatively simple functional
structure can be used.

To examine these issues, we introduce fractional stable noise and fractional Gaussian noise to capture
long-range dependence and heavy tailedness in modeling the trade duration. In our empirical analysis,
we investigate six distributional assumptions (fractional stable noise, fractional Gaussian noise, stable
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distribution, lognormal distribution, exponential distribution, and Weibull distribution) for modeling
the trade duration for 18 Dow Jones index component stocks. By using parameters estimated from the
empirical series, we simulate a series for each distributional assumption with and without subordinating
them into an ACD(1,1) structure. Then we compare the goodness of fit for these generated series to
the empirical series by adopting two test criteria for testing heavy-tailed distributions, the Kolmogorov-
Simirnov and Anderson-Darling statistics. A test procedure is formulated based on a bootstrap method,
and it is used in order to obtain empirical results.

The above test procedure yields empirical evidence which shows that the stable distribution and
fractional stable noise are better in modeling trade duration than the exponential distribution, log-
normal distribution, Weibull distribution, and fractional Gaussian noise. The results indicate that
residuals from the ACD(1,1) model are more likely to be described by a stable distribution and trade
durations exhibit the features of fractional stable noise. That is, stable distribution subordinated with
an ACD(1,1) structure and fractional stable noise, demonstrate superior performance in the modeling
of trade duration.

We argue that it is critical that the findings reported in this paper be taken into account in modeling
trade duration. Many studies have found that stable distribution is a better description of financial data
because it can capture heavy tailedness and has a close relationship with long-range dependence. As
a self-similar process, fractional stable noise can capture almost all reported stylized facts in financial
return data, such as heavy tailedness, long memory, non-Gaussian characters, and clustering. Therefore,
if fractional stable noise and stable distribution can be properly employed in financial modeling, more
accurate prediction might be realized by well-defined functional models.
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t
H
u
rs
t d

t
α
ũ
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Table 3: Ljung-Box-Pierce Q-test statistic for different lags at α=0.05. The italic numbers show the
ratios of Q-test statistics compared with corresponding critical values.

stock lag10 lag20 lag50 lag100 lag200 lag500 lag1000 lag1500

Alcoa Inc. 760.3 931.7 1379.5 2041.0 3224.5 5912.9 9897.8 13327.0
41.5 29.7 20.4 16.4 13.8 10.7 9.2 8.4

American Express 330.5 336.2 344.5 352.8 372.8 405.6 596.7 691.3
18.1 10.7 5.1 2.8 1.6 0.7 0.6 0.4

Caterpillar 413.9 446.1 516.6 623.5 814.5 1329.9 2093.9 2899.9
22.6 14.2 7.6 5.0 3.4 2.4 1.9 1.8

E.I.DuPont de Nemours 371.6 401.4 455.6 527.1 644.4 840.9 1184.5 1376.5
20.3 12.7 6.7 4.2 2.7 1.5 1.1 0.8

Walt Disney 294.5 319.2 374.8 452.1 606.5 936.2 1475.7 1620.3
16.1 10.1 5.5 3.6 2.5 1.6 1.3 1.0

Eastman Kodak Co. 157.9 177.6 204.4 257.0 351.2 654.6 1078.8 1530.8
8.6 5.6 3.0 2.0 1.5 1.1 1.1 0.9

General Electric 386.8 391.1 393.1 394.8 397.4 406.6 601.1 627.5
21.1 12.4 5.8 3.1 1.6 0.7 0.5 0.3

General Motors 350.8 356.2 365.7 373.3 396.8 513.5 584.7 832.1
19.1 11.3 5.4 3.0 1.6 0.9 0.5 0.5

IBM 159.9 165.7 169.7 174.0 181.2 195.7 357.1 418.0
8.7 5.2 2.5 1.3 0.7 0.3 0.3 0.2

Int. Paper Company 344.3 400.2 519.7 698.0 986.6 1424.1 1846.4 2299.0
18.8 12.7 7.6 5.6 4.2 2.5 1.7 1.4

Coca-Cola Co. 244.2 253.4 266.0 293.4 318.8 366.1 620.3 758.9
13.3 8.0 3.9 2.3 1.3 0.6 0.5 0.4

McDonalds 233.2 256.1 292.2 346.9 442.6 899.3 1016.4 1343.8
12.7 8.1 4.3 2.7 1.8 1.6 0.9 0.8

3M Co. 515.3 528.2 551.2 579.0 631.5 750.7 1044.4 1340.2
28.1 16.8 8.1 4.6 2.6 1.3 0.9 0.8

Altria Group 279.1 284.2 292.6 299.0 319.1 357.7 556.0 617.1
15.2 9.0 4.3 2.4 1.3 0.6 0.5 0.3

Merck & Co. 262.9 268.0 276.1 280.0 285.9 303.0 461.6 535.6
14.3 8.5 4.0 2.2 1.2 0.5 0.4 0.3

Procter & Gamble 517.6 522.9 533.5 541.1 553.0 580.6 774.7 824.3
28.2 16.6 7.9 4.3 2.3 1.1 0.7 0.5

AT&T Inc. 280.2 319.1 398.1 517.9 691.1 990.2 1370.2 1709.4
15.3 10.1 5.8 4.1 2.9 1.7 1.2 1.1

United Technologies 327.1 356.2 417.2 491.2 621.1 834.9 1130.4 1389.9
17.8 11.3 6.1 3.9 2.6 1.5 1.1 0.8

Critical Value 18.3 31.4 67.5 124.3 233.9 553.1 1074.7 1591.2
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Table 5: Bootstrap 99% confidence intervals for mean of differences in AD and KS statistics, “ * ”
indicates statistics for dt, otherwise for ũt. “FGN” stands for fractional Gaussian noise,“fsn” stands for
fractional stable noise,“exp” stands for exponential distribution, “wbl” stands for Weibull distribution.

T : AD AD∗ KS KS∗

E(Tstable − TFGN ) (-2.5223, -1.9851) (-4.3235 , -3.7124) (-0.2318 , -0.2157) (-0.2734 , -0.2594)
E(Tstable − Tlognormal) (-2.4281, -1.8893) (-4.1642 , -3.5481) (-0.2292 , -0.2132) (-0.2706 , -0.2565)
E(Tstable − Texp) (-0.6278 , -0.5913) (-0.6175 , -0.5803) (-0.4895 , -0.4878) (-0.4793 , -0.4774)
E(Tstable − Twbl) (-0.6211 , -0.5850) (-0.6175 , -0.5804) (-0.4868 , -0.4848) (-0.4793 , -0.4773)
E(Tfsn − TFGN ) (-2.5236 , -1.9774) (-4.3204 , -3.7077) (-0.2315 , -0.2154) (-0.2736 , -0.2597)

E(Tfsn − Tlognormal) (-2.4265 , -1.8888) (-4.1638 , -3.5485) (-0.2290 , -0.2130) (-0.2708 , -0.2568)
E(Tfsn − Texp) (-0.6274 , -0.5904) (-0.6182 , -0.5815) (-0.4893 , -0.4875) (-0.4795 , -0.4776)
E(Tfsn − Twbl) (-0.6203 , -0.5838) (-0.6185 , -0.5815) (-0.4866 , -0.4845) (-0.4795 , -0.4776)
E(Tfsn − Tstable) (-0.0057 , 0.0074) (-0.0077 , 0.0059) (-0.0002 , 0.0007) (-0.0007 , 0.0002)
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Table 6: Supporting cases comparison of goodness of fit for fractional stable noise and stable distribution
based on AD and KS statistics. Symbol “ * ” indicates the test for dt, otherwise the test is for ũt. Symbol
“ �” means being preferred and “∼” means indifference. Numbers shows the supporting cases to the
statement in the first column and the number in parentheses give the proportion of supporting cases in
the whole sample.

AD AD∗ KS KS∗

fsn � stable 327 345 327 362
( 47.81%) ( 50.44%) ( 47.81%) ( 52.93%)

stable � fsn 344 328 351 318
( 50.29%) ( 47.95%) (51.32 %) ( 46.49%)

fsn ∼ stable 13 11 6 4
( 1.90%) (1.61 %) (0.87%) ( 0.58%)

Figure 1: Plot of trade duration for several stocks.
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Figure 2: Boxplot of AD statistics for ũt in alternative dis-

tributional assumptions.

Figure 3: Boxplot of AD* statistics for dt in alternative

distributional assumptions.

Figure 4: Boxplot of KS statistics for ũt in alternative dis-

tributional assumptions.

Figure 5: Boxplot of KS* statistics for dt in alternative

distributional assumptions.
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