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Abstract Over the past decades the stylized fact of time-varying volatility in financial series has gained

significant attention amongst scholars as well as practitioners. Within this context, the GARCH model has been

exceptionally successful and numerous publications have revealed the empirical relevance of the model. In this

paper, we introduce a new model: the minimally cross-entropic conditional density (MCECD) model which is

a generalization of the GARCH(1,1) model. It is so-named because the parameter updating method is based on

cross-entropy minimization rather than autoregression. Our approach is capable of explaining a conditional density,

where potentially all parameters are time-varying.

JEL classifications C32, C58, G17.

Keywords General autoregressive conditional heteroskedasticity;autoregressive conditional density; cross-

entropy; exponential power distribution; stable Paretiandistribution; tempered stable distribution; tempered infinitely

divisible distribution;
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Minimally Cross-Entropic Conditional Density:
A Generalization of the GARCH Model

Introduction

Today volatility clustering is a generally accepted stylized fact in the finance literature. It describes the tendency

of large changes to be followed by large changes and small changes to be followed by small changes. The

models proposed byEngle(1982) andBollerslev(1986)–autoregressive conditional heteroscedasticity (ARCH)and

generalized ARCH (GARCH)–are recognized as the leading concepts for modeling time-varying volatility in financial

time series. This fact is reflected in the unparalleled growth of the GARCH literature, including numerous variants and

applications over the past decades.

Although the first formal approach to analyze the behavior ofspeculative prices dates back toBachelier(1900),

it was Mandelbrot’s pathbreaking papers (Mandelbrot(1963) and Mandelbrot(1967)) that found clear empirical

evidence for changes in the variance over time. WithEngle(1982) andBollerslev(1986) a mathematical formulation

of heteroskedasticity was provided which up to date has beenextended and modified to cover more sophisticated

empirical facts.1

One way to generalize the GARCH model is to consider not only conditional volatility, but also conditional

higher moments.Hansen(1994) argues that “there is no reason to assume, in general, that the only features of

the conditional distribution which depend upon the conditioning information are the mean and variance”.2 As a

consequenceHansen(1994) introduced the first GARCH-like approach to conditional density, the autoregressive

conditional density (ARCD). His original concept is based on a specific distributional assumption, the skewed

Student’st distribution. Parameter dynamics are modeled by independent autoregressions of corresponding moments.

Various empirical studies have already been conducted to analyze and test the behavior of the ARCD model.3

In this paper, we introduce a new model for conditional densities which includes the GARCH model as a special

case.4 Our approach resorts to the cross-entropy concept from information theory in order to model the parameter

dynamics. The minimally cross-entropic conditional density (MCECD) model overcomes three shortcomings of the

classical autoregression-based approach. First, there isa direct link between conditional distribution and parameter

dynamics, thereby avoiding the problems associated with moment estimators. For some distributions–such as the

stable Paretian distribution–even the first and second moments may not be finite, which makes sample moments

unsuitable for parameter inference.5 Furthermore there is no optimal estimator for higher moments available, as

discussed byKim and White(2004), leading to numerous alternative ARCD specifications for skewness and kurtosis

dynamics as reported byDark (2010). Second, MCECD consistently models multiple time-varying parameters and

accounts for potential inter-dependencies. In ARMA-GARCH, each new observation is interpreted as a driver for

both changing mean and volatility at the same time. New factscan, however, only signal a change in one factor.



4

As a consequence, the use of ARMA-GARCH estimated parametertrajectories for conditional density models is

problematic. Finally, MCECD can cope with a non-linear parameter process, significantly improving the explanatory

power. Higher moments represent a non-linear feature of a random variable, but classical autoregression is a linear

model even if applied to non-linear estimators, (e.g., absolute or squared values).

Our paper is divided into three part. We first outline important concepts of parameter estimation and information

theory. This is meant as a short overview of relevant terms and their relation, rather than a comprehensive summary.

Then we introduce the general MCECD model and analyze special cases for conditional mean and volatility. Our

focus is especially on the link between distributional assumption and parameter process, as well as the simultaneous

modeling of multiple time-varying parameters. Our goal is to highlight the advantages of MCECD compared to

GARCH-like models. We conclude the paper with an empirical comparison of the MCECD model we propose and the

battle-tested ARMA-GARCH model with respect to explanatory power, goodness-of-fit, and forecasting quality.

1 Background

In this section, we explain the central concepts for the MCECD model. We highlight some important facts

concerning the maximum likelihood estimation (MLE), present an intuitive definition of entropy and cross-entropy

terms, and point out their relevance for our model.

Parameter inference using MLE goes back to the seminal work of Fisher(1922). Decades laterGodambe(1960)

proved that of all estimating functions the MLE is optimal with respect to efficiency.6 Compared to other inference

methods, such as (generalized) methods of moments (GMM), itdoes not depend on moment estimators. Given a

probability density function (PDF)fθ : R → [0, 1] with parameter vectorθ and the observation vectorx, the optimal

MLE parameters can be derived from the first-order optimality of the log-likelihood function under certain smoothness

conditions

∂ log fθ(x)

∂θ
= 0.

This makes MLE especially attractive for applications withnon-zero skewness and leptokurtosis, where sample

moments might differ significantly from the underlying value.

For the inference not to be ill-posed, the number of observations should be greater than or equal to the dimension

of the parameter vector. A simple example demonstrates thiscondition. Given the PDF of a Gaussian distribution

N(µ, σ2) and one observationx1, applying the first-order condition leads to the following estimated parameters:µ = x1

andσ2 = 0. A zero variance suggests, however, that the observed process is non-stochastic, which is inconsistent with

our assumption. If only one observation is available, only one parameter can be estimated. The remaining components

of the vectorθ have to be given ex-ante.

The term entropy originates from thermodynamics and definesa measure for the disorder within a system.

Shannon(1948) extended the definition for the use in information theory, where it is a measure of uncertainty
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associated with a random variable. In a probability space(Ω, ℘, P ), the entropyH(X) of a finite-state℘-measurable

random variableX with probabilitiesP (X = xi) = pi for i = 1, ..., n is mathematically speaking

H(X) := −
n
∑

i=1

pi · log(pi).

Hence the higher the entropyH(X) is, the higher the disorder, or the lesser the available information.

Given an alternative distributionQ defined on the measurable space(Ω, ℘) andQ(X = xi) = qi, then the cross-

entropy is given by

H(P, Q) := −
n
∑

i=1

pi · log(qi).

Note that this term is closely related to the Kullback-Leibner (KL) divergence (also known as relative entropy,

Kullback (1959)). From this definition, we can see that cross-entropy minimization against the uniform distribution

P (X = xi) = 1
n

H(P, Q) := − 1

n
·

n
∑

i=1

log(qi).

is the equivalent to log-likelihood maximation for the distribution Q. For a non-trivial distributionP , the minimum

cross-entropy can be interpreted as a weighted MLE, whereP determines the importance of the observationsxi.7 On

the other hand, the KL divergence is a measure of distance between two distributions. Hence, an alternative view is

that minimizing the cross-entropy, minimizes the difference between the theoreticala priori probability modelP and

the empiricala posterioriQStart.

Maximum entropy and minimum cross-entropy are already an integral part of several important concepts and

applications.Jaynes(1957) introduced the principle of maximum entropy, which is applied in the empirical likelihood

method byOwen(1988) for parameter inference. Closest to our approach is the principle of minimum discrimination

information (MDI) by Kullback (1959)—sometimes also called principle of minimum cross-entropy (MCE). MDI

postulates that given new facts, a new distribution should be chosen which is as close (KL divergence) as possible to

the original distribution, so that the information gain by new data is as small as possible. For our model, we will apply

the cross-entropy minimization to describe the parameter dynamics for the conditional density. In this sense, MCECD

is defined as the likelihood-based alternative for ARCD, just as MLE is the likelihood-based alternative for GMM.

2 The MCECD model

2.1 The definition

In the following, we introduce our MCECD model for a financialreturn series. We assume a probability space

(R, ℘(R), P ), where℘(R) denotes the Borelσ-algebra. Furthermore, there exists a stochastic processǫ : T × R → R

inducing the natural filtrationFt = F ǫ
t = ℘

(

{ǫs|s ≤ t}
)

.8 In our model, the conditional density will only depend on

the history of the process(ǫt)t and hence on its natural filtration. We also assume that the cumulative distribution
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function (CDF)Fθ : R → [0, 1] contains the Gaussian as a special caseθ = θNorm.

Remark 2.1 We use the notation(υ, ω−i) to refer to a vector of the form

(υ, ω−i) = (ω1, ..., ωi−1, υ, ωi+1, ..., ωm).

Definition 2.2 (MCECD Model) Given a white noise process(ǫt)t∈N>0
with ǫt ∼ N(0, 1), the CDFFθ : R → [0, 1]

with m-dimensional parameter vectorθ = (θ1, ..., θm) ∈ Θ, we can define the return processrt as a transformed

white-noise process

rt = F−1
θt

(FθNorm
(ǫt)) . (1)

The time-varying parametersθt = (θt,1, ..., θt,m) can be derived by component, minimizing them-dimensional cross-

entropy process(Ht(θ))t∈N>0
with Ht(θ) = (H1

t (θ), ..., Hm
t (θ))

θt,i = argmin
ξ∈Θi

−Hi
t(ξ, θt,−i). (2)

The dynamics of thei-th component(i ∈ {1, ..., m}) of the cross-entropy process(Ht(θ))t follow the equations

Hi
t(θ) := α0 · log(fθ(x̄i)) + αi · log(fθ(rt−1)) + βi · Hi

t−1(θ) (3)

Hi
1(θ) := log(fθ(x0,i)) ,

where them-dimensional vectors̄x = (x̄1, ..., x̄m) ∈ R
m andx0 = (x0,1, ..., x0,m) ∈ R

m are constants,βi is defined

byβi := 1 − α0 − αi, and theαi satisfy for alli ∈ {0, ..., m + 1}

αi ≤ 0 and
m+1
∑

i=0

αi = 1. (4)

Theαi can be interpreted as a discrete probability measure.α0 is the probability that the parameters are time-

invariant. Fori ∈ {1, ..., m}, αi is the likelihood that the current observationrt−1 signals a change in parameteri.

αm+1 stands for the probability that the parameters int equal the ones int − 1. Them-dimensionalx0 determines the

starting points of the parameter processes, whereasx̄ defines average parameter values associated with the probability

α0. From defintion2.2 we see that parameter dynamics in the MCECD are derived from aminimum cross-entropy

expression, which is equivalent to a weighted MLE. Since thedistributional assumption is used in the cross-entropy

term, there is a close link between parameter dynamics and probability law. MLE inherently accounts for dependencies

in the parameter structure and that is why we expect an equivalent characteristic for the MCECD model. Later on, we

explicitly analyze the multiple parameter case for time-varying mean and volatility.

Proposition 2.3 Let (Ht(θ))t∈N>0
be a general cross-entropy process defined in2.2, then for eacht ∈ N>1 the

following iterative formula holds for every componenti ∈ {1, ..., m}

Hi
t (θ) = βi

t−1 · log(fθ(x0,i)) +
t−1
∑

s=1

βi
s−1 · α0 log(fθ(x̄i)) +

t−1
∑

s=1

βi
s−1 · αi log(fθ(rt−s)). (5)
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Proof. Proof by induction. See appendixA.

Proposition 2.4 Given a MCECD model defined as in2.2 with the innovation process(ǫt)t∈N>0
and its natural

filtration Ft, then the cross-entropy processHi
t (θ) is predictable, that meansHi

t(θ) is Ft−1-measurable, for all

i ∈ {1, ..., m} andθ ∈ Θ.

Proof. See appendixB.

Remark 2.5 The MCECD models from2.2 can be defined for abitrary combinations of time-varying parameters.

In order to specify a distinct model, we introduce the following nomenclature: The names of the time-varying

moments, accounted for by the MCECD model, are used as prefixes. A Vola-MCECD model denotes a model with the

volatility parameter as the only time-varying parameter. Analogously, in a Mean-Vola-MCECD, only the parameters

corresponding to the first two moments are modeled as time-varying, and in a Skew-MCECD, only the skewness

parameter is time-varying.

In Sections2.3 and 2.4 we define and analyze the Vola-MCECD and Mean-Vola-MCECD models more

thoroughly.

2.2 Stationarity of the MCECD model

A key feature of models for financial time series is stationarity, which claims, loosely speaking, that future returns

follow the same distributional law as past returns. Although, in the context of MCECD, the conditional density function

is time-dependent, the unconditional probability function is stationary. This stems from the fact that both the innovation

process(ǫt)t∈Z and the parameter process(θt)t∈Z are stationary. As white noise satisfies this condition by definition,

we focus for the remainder of this section on the parameter process.

Lemma 2.6 Given a return series(rt)t∈Z, β > 0 and a PDFfθ(x) such that allrt induce a positive value independent

of θ

fθ(rt) > 0,

then the weighted geometric seriesS∞

S∞ =

∞
∑

k=0

βk · log(fθ(rt−k−1)) (6)

is absolute convergent, if and only ifβ < 1.

Proof. See appendixC.

For β = 0, the convergence is trivial. Within our paper we will assumethatfθ(rt) > 0 is always satisfied and hence

log(fθ(rt)) is finite.
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Based on the convergence property in2.6, we define a MCECD process with infinite history, the unconditional

MCECD analogous toNelson(1990).

Definition 2.7 (Unconditional MCECD) LetFθt
(x), ǫt, rt, andθt be defined as in2.2, but with infinite historyt ∈ Z.

T
¯

hen the unconditional MCECD is completely specified by the following equation system for its cross-entropy process

−∞Hi
t(θ) =

∞
∑

s=1

βi
s−1 · α0 log(fθ(x̄i)) +

∞
∑

s=1

βi
s−1 · αi log(fθ(rt−s)). (7)

The results of2.4and2.6 lead us directly to the following proposition.

Proposition 2.8 Given an unconditional MCECD model defined in2.7, then the resultingm-dimensional parameter

process(θt)t is (strictly) stationary.

Proof. See appendixD.

With this proposition, we can conclude that the return process generated by MCECD according to equation (1) is

stationary.

2.3 The Vola-MCECD model

2.3.1 A comparison to GARCH

MCECD generalizes the seminal GARCH framework. In this section, we resort to a special MCECD model,

the Vola-MCECD, wherem = 1 andθt is the volatlity parameter and we show the equivalence of Vola-MCECD and

GARCH. Therefore we need the following assumptions.

Assumption A1 The volatility is the only time-varying parameterθt = σt and the conditional distribution is

Gaussianrt ∼ N(µ, σ2
t ) with PDFfµ,σ(x).

The resulting conditional Vola-MCECD model takes the form

σt = argmin
σ

−Ht(σ)

Ht(σ) = α0 · log(fµ,σ(x̄)) + α1 · log(fµ,σ(rt−1)) + α2 · Ht−1(σ)

H1(σ) = log(fµ,σ(x0)) ,

whereHt(σ) = H1
t (σ) and x̄ andx0 are scalars. The unconditional Vola-MCECD model is defined analogously to

2.7.
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Proposition 2.9 Given a Vola-MCECD model which satisfies assumption A1, thenthere exists an equivalent GARCH

model with specification

σ2
t = α̃0 + α1 · e2

t−1 + α2 · σ2
t−1

σ2
1 = σ2

0 ,

where(et)t∈N>0
with et := rt − µ is the excess return processet ∼ N(0, σ2

t ) and α̃0 := (1 − α1 − α2) · σ̄2, where

σ̄2 := (x̄ − µ)2 andσ2
0 := (x0 − µ)2.

In particular, both models govern the same volatility process

σMCECD
t = σGARCH

t ,∀t ∈ N>0

Proof. See appendixE.

Remark 2.10 The equivalence of the two models should, of course, also be reflected in equivalent stationarity

conditions. FromNelson(1990), we know that the GARCH model is stationary if and only ifα1 + α2 < 1 given that

α̃0 > 0. For the Vola-MCECD model we know thatα0 + α1 + α2 = 1. From2.9, we can easily see thatα̃0 > 0 implies

α0 > 0. Hence a positivẽα0 leads toα1 + α2 = 1 − α0 < 1, which is exactly the stationarity condition presented in

Nelson(1990).

Note that our result is based on the Gaussian distribution (see assumption A1). Researchers as well as practitioners,

however, use a variety of different distributions in order to account for special features of the return data.

Bollerslev and Wooldridge(1992) showed that even if the assumption of normality is violated, the normal distribution

can be used for inference of GARCH parameters. This procedure is called quasi-maximum likelihood (QMLE) and

leads to consistent estimators. Given proposition2.9, QMLE is also applicable to the special case of Vola-MCECD.

Since one of our objectives is to show that MCECD provides a link between parameter process and distributional

assumption, we will nevertheless analyze the non-Gaussiancase more thoroughly in the next section.

2.3.2 Models with non-Gaussian innovations

SinceMandelbrot(1963) and Fama(1963), it is a generally accepted fact that log-returns of financial time-

series display leptokurtosis and non-zero skewness. One way to account for these features is to use a stable Paretian

distribution.Mittnik et al.(2002) discuss the stationarity problem for this distributionalassumption within the GARCH

framework and propose a solution within the empirically relevant parameter range. This highlights one of the

drawbacks related to autoregression models: the classicalapproach does not link the distributional assumption and

the parameter dynamics. Instead, GARCH-like models rely onmoment estimators.

In order to demonstrate the effects of the distributional assumption in the MCECD model, we consider two

distributions which account for both leptokurtosis and non-zero skewness: the skewed exponential power distribution
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(SEP), a generalization of the exponential power distribution (EP),9 and theα-stable distributionSα(C, β, µ). For

the SEP, we derive an explicit Vola-MCECD model and outline its differences relative to the Gaussian case. For

Sα(C, β, µ), we analyze the induced parameter process based on numerical analysis only, due to the lack of a closed-

form expression for its PDF.

In order to compare the MCECD approach to the classical autoregression, we introduce the term ”linear

autoregressive” parameter process, which ressembles the GARCH concept.

Definition 2.11 Given a parameter process(θt)t∈Z of a MCECD model defined in2.2. Then thei-th component of the

parameter process is called linear autoregressive, ifθt,i follows the equations

θγ
t,i = α0 · θ̄γ

i + αi · gθ−i
(rt−1) + βi · θγ

t−1,i (8)

θγ
1,i = θγ

0,i,

wheregθ−i
(x) is the ML estimator for parameterθi based on the observationx, γ is a real-valued exponent, and̄θ

andθ0 arem-dimensional parameter vectors.

A simple induction over time leads us to the iterative formula for a linear autoregressive parameter process

θγ
t,i = βt−1

i · θγ
0,i + α0

t−1
∑

s=1

βs−1
i · θ̄γ

i + αi

t−1
∑

s=1

βs−1
i · gθ−i

(rt−s). (9)

Our findings in propostion2.9 suggest that the volatility process under Gaussian assumption is linear autore-

gressive. This raises the question of which feature the underlying distribution must possess so that the corresponding

volatility process is linear autoregressive. For our analysis, we restrict the set of probability laws to those which satisfy

a standardization condition: iffθ(x) is a PDF based on a random variableX with location parameterθ1 = µ and scale

parameterθ2 = σ, then for the standardized random variableX−µ
σ it holds that

fθ(x) =
1

σ
· fθStd

(

x − µ

σ

)

=
1

σ
· f
(

x − µ

σ

)

, (10)

whereθStd denotes the parameter vector of the standardized random variable.

For the cross-entropy process in a Vola-MCECD this implies

Ht(σ) = α0 · log

[

1

σ
f

(

x̄ − µ

σ

)]

+ α1 · log

[

1

σ
f

(

rt−1 − µ

σ

)]

+ α2 · Ht−1(σ)

H1(σ) = log

[

1

σ
f

(

x0 − µ

σ

)]

.

Furthermore, the first derivative of the log-density function with respect to the scale parameterσ is

∂ log
[

1
σf(x−µ

σ )
]

∂σ
= − 1

σ
− f ′(x−µ

σ )

f(x−µ
σ )

· x − µ

σ2
,

wheref ′(x−µ
σ ) denotes the first derivative off .
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In order to obtain the parameter process, we look at the first-order optimality for the cross-entropy minimization

σt = argmin
σ

−Ht(σ),

given the iterative formula for the cross-entropy

∂Ht(σ)

∂σ

∣

∣

∣

σt

= α2
t−1 ·

(

− 1

σ
− f ′(x0−µ

σ )

f(x0−µ
σ )

· x0 − µ

σ2

)

+

t−1
∑

s=1

α2
s−1 · α0 ·

(

− 1

σ
− f ′( x̄−µ

σ )

f( x̄−µ
σ )

· x̄ − µ

σ2

)

(11)

+

t−1
∑

s=1

α2
s−1 · α1 ·

(

− 1

σ
− f ′( rt−s−µ

σ )

f( rt−s−µ
σ )

· rt−s − µ

σ2

)

= 0.

With this equation, we can formulate a distributional condition for linear autoregressive volatility processes.

Proposition 2.12 Consider a distribution with PDFfθt
(x) that satisfies equation (10) and that is differentiable on

x ∈ R\{µ}. For this distribution, let(σt)t∈N>0
be the volatility process from a Vola-MCECD model. Then(σt)t∈N>0

is linear autoregressive if and only if forx 6= µ = 0 it holds that

−
f ′

θStd
t

(x)

fθStd
t

(x)
= k(sign(x), θStd

t ) · xγ−1, (12)

wherek(sign(x), θStd
t ) is a function independent ofσt andγ is a real-valued exponent.

Proof. The proposition follows directly from equation (11) because the equation can be solved with a linear

autoregressive form forσt as given in equation (9), if and only if the ratio−f ′(x−µ
σ )/f(x−µ

σ ) is ceteris paribus

piecewise proportional to
(

x−µ
σ

)γ
in the intervalsx < µ andx > µ.

We exemplify the rule for linear autoregressive parameter processes by scrutinizing two non-Gaussian distribu-

tions: the SEP and theSα(β, C, µ). For the SEP we resort to the characterization byZhu and Zinde-Walsh(2009).

Given the parameters for locationµ ∈ R, scaleσ > 0, shapeα > 0, and skewnessβ ∈ (0, 1), the PDF of the SEP is

fSEP (x; α, σ, β, µ) =











1
σ K(α) exp

(

− 1
α

∣

∣

∣

x−µ
2βσ

∣

∣

∣

α)

: x ≤ µ

1
σ K(α) exp

(

− 1
α

∣

∣

∣

x−µ
2(1−β)σ

∣

∣

∣

α)

: x > µ,

whereK(α) = [2α1/αΓ(1 + 1/α)]−1. By definition, the PDF satisfies the standardization condition in equation (10).

Hence, proposition2.12applies and we compute the first derivativef ′ of the PDF withµ = 0 andσ = 1

f ′
SEP (x; α, 1, β, 0) =











− K(α)
(2β)α exp

(

− 1
α

∣

∣

∣

x
2β

∣

∣

∣

α)

· |x|α−1 : x < 0

− K(α)
(2(1−β))α exp

(

− 1
α

∣

∣

∣

x
2(1−β)

∣

∣

∣

α)

· |x|α−1
: x > 0.

Due to the absolute value function, the PDF is not differentiable atx = µ = 0. The ratio of the first derivative and PDF

satisfies equation (12)

−f ′
SEP (x; α, 1, β, 0)

fSEP (x; α, 1, β, 0)
=











1
(2β)α |x|α−1

: x < 0

1
(2(1−β))α · |x|α−1

: x > 0,
(13)
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and that is why the volatility processσt is of a linear autoregressive type. To obtain an explicit formula for the volatility

process, we join (13) with the first-order optimality in (11). Solving forσt then yields

σα
t = αt−1

2 · σα
0 + α0

t−1
∑

s=1

αs−1
2 · σ̄α + α1

t−1
∑

s=1

αs−1
2 · k(sign(rt−s − µ), β) · |rt−s − µ|α, (14)

with σα
0 := k(sign(x0 − µ), β) · |x0 − µ|α andσ̄α := k(sign(x̄ − µ), β) · |x̄ − µ|α. Note that the special casex = µ is

also covered in this formula. Apart from the different exponent compared to the classical GARCH model, the equation

contains a scaling term for the variance estimator

k(sign(x − µ), β) :=











(2 · β)
−α

: x < µ

(2 · (1 − β))
−α

: x > µ.

The value ofk(sign(x − µ), β) atx = µ can be arbitrary because|x − µ|α = 0. For the SEP based Vola-MCECD, the

volatility effect (change in conditional volatility caused by the latest observationrt−1) depends on the skewnessβ

of the underlying distribution. For example,β > 0.5 implies a negative skewness and the impact of a positive excess

return et = rt − µ > 0 on the volatility is higher compared toet < 0. This behavior directly stems from the ML

inference with a skewed distribution. As the probability mass is not spread symmetrically around the mean, the ML

variance estimators also differ with the sign of the excess return.

Consequently, the skewness of a distribution has an inverted, but much smaller impact on the volatility estimator

as the empirically observed leverage effect.10 In order to enable our model to reproduce this empirical finding, we

can modify the cross-entropy scenarios. For example, usingthe adjusted observatioñrt := rt − δ (δ ∈ R) for the

cross-entropy process, the Vola-MCECD—analogously to theN-GARCH—can account for the leverage effect.

A look at the volatility formula (14) for the SEP driven Vola-MCECD model, reveals its close relation to the

power-ARCH model proposed byDing et al. (1993) and applied byMittnik et al. (2002) in the stable Paretian case.

In fact for zero-skewness (β = 0.5), we obtain the exact power-ARCH dynamics. Therefore, the question arises as to

whether a Vola-MCECD model based on a stable Paretian distribution yields the same parameter process as in (14).

The stable Paretian distribution is defined by its characteristic functionφ(t; α, β, C, µ), a Fourier transform of its

PDF

φ(t; α, β, C, µ) = exp{itµ − C|t|α(1 − iβ sign(t)z(t, α))}, (15)

whereµ ∈ R, C > 0, β ∈ [−1, 1], andα ∈ (0, 2] drive mean, dispersion, skewness and kurtosis, respectively, and

z(t, α) :=











tan(πα
2 ) : α 6= 1

− 2
π ln |t| : α = 1.

Although stable Paretian distributions have, in general, infinite variance, we can model the dispersion of the distribution

by its scale parameterC. In fact
√

2C equalsσ if α = 2 (the Gaussian case). For our following argumenation, we use

dispersion and volatility process as synonyms. It is commonknowledge that the stable Paretian PDFf(x; α, β, C, µ)
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satisfies the standardization condition in(10), but does not have a closed-form expression. In order to apply proposition

2.12, we need to analyze the ratio−f ′(x; α, β, 1, 0)/f(x; α, β, 0, 1) numerically.

[ FIGURE1 ABOUT HERE ]

Figure 1 shows that the ratio is not proportional toxγ , except for the Gaussian caseα = 2. Therefore the

dispersion parameter process of an stable Paretian driven Vola-MCECD model is not linear autoregressive and hence

equation (14) for the SEP does not describe the parameter process when theunderlying distribution is stable Paretian.

Looking at the volatility dynamics under non-Gaussian assumptions, there are three key observations. First, if the

MLE inference is applicable for the assumed probability law, then parameter processes exist and are uniquely defined.

Second, in the MCECD approach inter-dependences between parameters are model-inherent. This also emphasizes the

need to specify all parameters correctly; for example, to estimate the volatility in the SEP driven MCECD, one needs

a good estimator for skewness. Third, optimal MCECD parameter processes, even for volatility, can be non-linear, as

shown in the stable Paretian case.

2.4 The Mean-Vola-MCECD model

Optimal parameter trajectories are in general dependent oneach other. Therefore, we analyze in this section a

model with conditional mean and volatility. Consistent with our nomenclature, the corresponding model is called

Mean-Vola-MCECD. To guarantee traceability, we employ thefollowing assumption.

Assumption A2 The mean and the volatility are the only time-varying parametersθt = (µt, σt) and the conditional

distribution is Gaussianrt ∼ N(µt, σ
2
t ).

The resulting conditional Mean-Vola-MCECD model is of the form

µt = argmin
ξ

−H1
t (ξ, σt)

σt = argmin
ξ

−H2
t (µt, ξ),

with the cross-entropy process for the mean component

H1
t (µ, σ) = α0 · log(fµ,σ(x̄1)) + α1 · log(fµ,σ(rt−1)) + (α2 + α3) · H1

t−1(µ, σ)

H1
1 (µ, σ) = log(fµ,σ(x0,1))

and for the volatility component

H2
t (µ, σ) = α0 · log(fµ,σ(x̄2)) + α2 · log(fµ,σ(rt−1)) + (α1 + α3) · H2

t−1(µ, σ)

H2
1 (µ, σ) = log(fµ,σ(x0,2)).
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x̄ andx0 are two-dimensional vectors. The unconditional Mean-Vola-MCECD model can be defined analogously to

2.7. With the assumption of a Gaussian conditional distribution, an explicit form for the dynamics of the parameter

processθt is available.

Proposition 2.13 Given a MCECD model which satisfies assumption A2, then the mean processµt follows the

equations

µt = α0 · x̄1 + α1 · rt−1 + (α2 + α3) · µt−1

µ1 = x0,1,

and the volatility processσt follows

σ2
t (µt) = α0 · (x̄2 − µt)

2 + α2 · (rt−1 − µt)
2 + (α1 + α3) · σ2

t−1

σ2
1(µt) = (x0,2 − µt)

2.

Proof. See appendixF.

In the Mean-Vola-MCECD model, the volatility dynamics given in proposition2.13are dependent on the estimator

of the mean. The model inherently accounts for inter-dependencies in the parameter structure, even when multiple

parameters are time-varying. The empirical results in the next section also emphasize the strength of Mean-Vola-

MCECD when analyzing the trajectories of parameter processes.

3 Empirical comparison of Mean-Vola-MCECD and ARMA-GARCH

In this section, we empirically compare Mean-Vola-MCECD toits autoregression-based alternative, the ARMA-

GARCH process. The dynamics of ARMA-GARCH are given by

rt = a · et−1 + b · rt−1 + c + et (16)

r1 = c,

whereet = σt · ǫt andσt is modeled by GARCH

σ2
t = α0 + α1 · e2

t−1 + β1 · σ2
t−1

σ2
1 = σ2

0 .

We analyze the models along three dimensions: (1) simultaneously modeling of time-varying mean and volatility,

(2) distinguishing time-varying from time-invariant trajectories, and (3) forecasting properties. Concerning goodness-

of-fit, we apply the Kolmogorov-Smirnov (KS) test, the Anderson-Darling (AD) statistic, and the Cramér-van Mises

(CvM) statistic. They measure general fit (KS, CvM) and tail fit (AD, AD2) as well as the biggest distance (KS, AD)

and average distance (AD2, CvM). For inference, we use Bollerslev’s QMLE method, whereby the innovation process

is governed by the Koponen distribution (Koponen(1995)).
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In order to test the modeling of conditional moments, we employ simulated Gaussian log-returns with time-

varying mean and volatility. For the remaining analyses, weresort to daily log-returns of U.S. stock indices and

several individual U.S. stocks from the Dow Jones Average. For the goodness-of-fit tests, the different time windows

always end at 06/25/2009. This means that a 10-year time spanstarts at 06/26/1999 and ends at 06/25/2009, an 8-

year time span starts at 06/26/2001 and ends at 06/25/2009, and so on. Backtesting is performed based on log-returns

between 06/26/2008 and 06/24/2009, using a shifting time window of 9 years of historical data for model calibration.

Our selection is such that it includes the Dotcom Collapse inApril 2000 and the U.S. financial crisis that began in

September 2008.

3.1 Simultaneous modeling of time-varying moments

We generate a conditional density process(rt)t∈N>0
based on the Gaussian distributionrt ∼ N(µt, σ

2
t ),

where mean and volatility are time-varying. The parameter processes are independent ofrt, but instead derived

from an underlying uniformly distributed processes(pµ
t )t∈N>0

and (pσ
t )t∈N>0

using the following specifications

µt =











µt−1 + 0.001 : pµ ≥ 0.9

µt−1 − 0.001 : pµ ≤ 0.1
σt =











σt−1 · 1.08 : pσ ≥ 0.75

σt−1 · 0.925 : pσ ≤ 0.25.

[ FIGURE2 ABOUT HERE ]

Figures2 show that both models, ARMA-GARCH and Mean-Vola-MCECD are suitable for modeling time series

with conditional mean and conditional volatility. Their approximation quality for the parameter trajectories is similar.

This finding is supported by the goodness-of-fit analysis shown below:

KS test p-value AD AD2 CvM

Mean-Vola-MCECD 0 0.98651 0.08704 0.2751 0.02900

ARMA-GARCH 0 0.95672 0.10329 0.3571 0.03731

Both models yield an equivalent overall as well as tail fit.

3.2 Distinguishing between time-varying and time-invariant moments

In the following we examine Mean-Vola-MCECD and ARMA-GARCHmodels when applied to empirical stock

index returns. Although, in general, both models can cope with time-varying mean and volatility, the parameter

estimates for Mean-Vola-MCECD from Table1 suggest that the mean of the S&P 500 index returns is time-invariant

and positive. This result is contrasted by the ARMA-GARCH estimates in Table1. The ARMA parameters clearly

suggest a time-varying component in the mean. Figure3 illustrates the time-varying effect in the conditional mean.

[ FIGURE3 ABOUT HERE ]
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Furthermore, the goodness-of-fit results in Table4 speak in favor of the Mean-Vola-MCECD model, hence the

ARMA-GARCH results might be misleading when it comes to time-invariant mean. Another way to see this is to look

at the performance of a pure GARCH model with non-zero mean. Since the GARCH model also yields a better fit, we

conclude that the data are characterized by a time-invariant mean. The Mean-Vola-MCECD indicates whether or not a

parameter process is time-invariant. Therefore, it might be the preferred choice to obtain reliable parameter trajectories

for the conditional density.

[ TABLE 4 ABOUT HERE ]

For the analyses based on the log-return data of DJA and Nasdaq 100 indices, parameter estimates and goodness-

of-fit results again support our findings.

3.3 Quality of one-day forecasting

In a first step, we use classical Value-at-Risk (VaR) backtesting to evaluate the one-day forecasting quality of both

models. We apply the Kupiec test11 and the Lopez statistic12 for confidence levels 0.01 and 0.05. Both statistics focus

on the left tail of the return distribution. The Kupiec statistic measures the frequency of exceedings over the specified

quantile, whereas the Lopez statistics also considers the distance to the quantile.13

[ TABLE 5 ABOUT HERE ]

According to the results reported in Table5, there is no statistical evidence for an improved forecasting quality

of Mean-Vola-MCECD. The strength of Mean-Vola-MCECD is to model multiple parameters and hence the whole

CDF more accurately. VaR, however, evaluates only one pointof the distribution. In order to judge the out-of-sample

goodness-of-fit for the conditional CDF, we need a holistic approach. Given the log-return process(rt)t and the derived

parameter process(θt)t, under a distributional assumptionFθ(x) we define

yt := Fθt
(rt). (17)

If Fθt
describes the log-return distribution over time, thenyt is uniformly distributed. Hence the forecasting quality

for the conditional CDF can be assessed by analyzing the empirical distribution ofyt.

[ TABLE 6 ABOUT HERE ]

Table6 suggests that for the three stock indices investigated, Mean-Vola-MCECD leads to a better approximation

of forecasted CDFs. The difference is even more pronounced for individual stocks as shown in Table6 for three

U.S. stocks. Hence, Mean-Vola-MCECD is a more suitable approach for conditional CDF forecasting, yielding both a

better tail and overall fit compared to ARMA-GARCH. For application in portfolio and risk management, we expect

Mean-Vola-MCECD to lead to better backtesting results, when more advanced criteria such as the expected tail loss

(ETL) are used.
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4 Conclusion

In this paper, we introduce a new time series model, minimally cross-entropic conditional density, for conditional

density based on cross-entropy. Our model is a generalization of the seminal GARCH model. We show that MCECD

can overcome problems associated with an autoregressive approach. In particular, it establishes a strong link between

distributional assumption and parameter dynamics, thus accounting for dependencies in the parameter structure.

Furthermore, it does not rely on moment estimators, resolving inference problems for distributions with infinite

moments, such as stable Paretian. In the realm of non-Gaussian distribution, we show that MCECD includes the

power-ARCH model as a special case and that induced parameter dynamics can be non-linear, even for the volatility

process.

The empirical analysis shows that Mean-Vola-MCECD leads toa slightly improved goodness-of-fit and

forecasting quality while yielding similar results in the multiple time-varying parameter case. An advantage of the

MCECD based model is that it needs fewer parameters, thus reducing the risk of overfitting. The most interesting

characteristic is its capability to detect if a parameter process is time-varying. This feature is key in analyzing market

dynamics in risk and portfolio management.
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Footnotes

1SeeBera and Higgins(1993), Duan(1997), andChristoffersen and Jacobs(2004a) for an overview of GARCH-

like models as well as empirical studies.

2The work ofGallantet al. (1991) had already promoted the idea of a conditional density.

3SeeDark (2010) for an overview of empirical studies and model specifications on ARCD.

4We use GARCH and ARMA-GARCH as synonyms for GARCH(1,1) and ARMA(1,1)-GARCH(1,1).

5SeeRachev and Mittnik(2000) for a solution in the stable Paretian case.

6SeeBera and Bilias(2002) for a historical review of parameter estimation.

7SeeBera and Bilias(2002) for an overview of the link between minimum cross-entropy and maximum likelihood.

8℘(•) denotes theσ-algebra.

9Subbotin(1923) first proposed this probability law as the generalized error distribution (GED).Box and Tiao

(1973) then introduced the name exponential power distribution.

10SeeBlack (1976).

11SeeKupiec(1995).

12SeeLopez(1998).

13SeeChernobaiet al. (2007) for a comprehensive view on VaR backtesting.
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Figure legends

Figure 1 : Ratio of first derivative and PDF of a stable Paretian distribution with parameters

β = 0, C = 1, andµ = 0.

Figure 2 : Conditional mean and volatility trajectories of simulated data compared to corresponding

trajectories of Mean-Vola-MCECD (top charts) and ARMA-GARCH (bottom charts)

Figure 3 : Trajectories of conditional mean (top chart) and volatility (bottom chart) for 10 years

daily log-return data of S&P 500 index
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Appendices

A Proof for iterative formula of general cross-entropy process

We prove this proposition by means of induction. The base case t = 2 directly follows from the definition2.2

Hi
2(θ) = βi

1 · log(fθ(x0,i)) + βi
0 · α0 log(fθ(x̄i)) + βi

0 · αi log(fθ(r1))

= α0 · log(fθ(x̄i)) + αi · log(fθ(r1)) + βi · log(fθ(x0,i))

= α0 · log(fθ(x̄i)) + αi · log(fθ(r1)) + βi · Hi
1(θ)

For the inductive step, we assume that there exists at ∈ N>0 for which the equation (5) holds and write

Hi
t+1(θ) = α0 · log(fθ(x̄i)) + αi · log(fθ(rt−1)) + βi · Hi

t (θ)

= α0 · log(fθ(x̄i)) + αi · log(fθ(rt−1))

+ βi ·
[

βi
t−1 · log(fθ(x0,i)) +

t−1
∑

s=1

βi
s−1 · α0 log(fθ(x̄i)) +

t−1
∑

s=1

βi
s−1 · αi log(fθ(rt−s))

]

.

Now we expand the equation and get

Hi
t+1(θ) = α0 · log(fθ(x̄i)) + αi · log(fθ(rt−1)) + βi

t · log(fθ(x0,i)) +
t
∑

s=2

βi
s−1 · α0 log(fθ(x̄i))

+

t
∑

s=2

βi
s−1 · αi log(fθ(rt−s))

= βi
t · log(fθ(x0,i)) +

t
∑

s=1

βi
s−1 · α0 log(fθ(x̄i)) +

t
∑

s=1

βi
s−1 · αi log(fθ(rt−s)).

Base case and inductive step together prove the iterative formula in (5).

B Proof for predictability of cross-entropy process

In order to prove the predictability of the cross-entropy process, we need to show thatHi
t (θ) is a deterministic

function of the past innovationsǫt−1, ..., ǫ1. We do so by induction over timet. With equation (3) the base caset = 2

results in

Hi
2(θ) = α0 · log(fθ(x̄i)) + αi · log(fθ(r1)) + βi · Hi

1(θ).

If we substituter1 andHi
t (θ) by their defining terms we get

Hi
2(θ) = α0 · log(fθ(x̄i)) + αi · log(fθ(F

−1
θ1

(FθNorm
(ǫ1)))) + βi · log(fθ(x0,i)).

Sincex̄i, x0,i, andαi are deterministic, it is left to show that the termlog(fθ(F
−1
θ1

(FθNorm
(ǫ1)))) is F1-measurable.

The defining equation system

θ1,i = argmin
ξ∈Θi

−Hi
1(ξ, θt,−i)
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reveals thatθ1 is deterministic. Furthermore, we know thatθNorm is deterministic and hence we conclude that

the randomness oflog(fθ(F
−1
θ1

(FθNorm
(ǫ1)))) is only driven byǫ1, which is—by definition of the filtration—F1-

measurable, thus proving the predictability for the base case.

For the inductive step, we assume thatHi
t(θ) isFt−1-measurable. In analogy to the base case we conclude from

Hi
t+1(θ) = α0 · log(fθ(x̄i)) + αi · log(fθ(F

−1
θt

(FθNorm
(ǫt)))) + βi · Hi

t(θ)

thatHi
t+1(θ) is Ft-measurable iflog(fθ(F

−1
θt

(FθNorm
(ǫt)))) is Ft-measurable. Since for every componenti it holds

that

θt,i = argmin
ξ∈Θi

−Hi
t(ξ, θt,−i),

and by assumptionHi
t(θ) is Ft−1-measurable, we know thatθt is alsoFt−1-measurable. Consequentlyθt is alsoFt-

measurable. By definition of the filtration,ǫt is Ft-measurable. From this it follows directly that thelog-term as a

deterministic function ofFt-measurable random variables isFt-measurable and thus thatHi
t+1(θ) is predictable.

C Proof for convergence of weighted geometric series

Since we assume thatfθ(rt) > 0, and hence−∞ < log(fθ(rt−k−1) < ∞ we can define

Cmax := sup
k≥0

∣

∣

∣
log(fθ(rt−k−1))

∣

∣

∣
> 0

This yields
∣

∣

∣
βk · log(fθ(rt−k−1))

∣

∣

∣
= βk ·

∣

∣

∣
log(fθ(rt−k−1))

∣

∣

∣
≤ βk · Cmax

Furthermore we know that if0 < β < 1, then the geometric series
∞
∑

k=0

βk =
1

1 − β

converges. Hence we conclude with the comparison test for absolute convergence of series that if0 < β < 1, then the

weighted geometric series in (6) converges as well.

For the reverse implication, we prove that ifβ ≥ 1 then (6) diverges. According to then-th term test, the series

does not convert if

lim
k→∞

βk · log(fθ(rt−k−1)) 6= 0.

However, the termlog(fθ(rt−k−1)) does not converge to0. This is because there exists an infinite sequence(l) =

(l1, l2, ...) ∈ N
∞
>0 with log(fθ(rt−li−1)) < 0 and lim infk→∞ log(fθ(rt−k−1)) < 0. Sinceβk ≥ 1, we know that the

squenceβk · log(fθ(rt−k−1)) does not converge to0 which completes the proof.

D Proof for stationarity condition of MCECD

Before proving the proposition, we introduce the folloing notations
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Remark D.1 For s, t ∈ Z

a) A subsequence of a time series, which contains the values from s to t:

s(a)t := (as, ..., at),

b) The value of a time series att given the sequence started ats with valueas = a0:

sat := at

∣

∣

as=a0
.

The proof will be divided into two part. First we show that thePDFgi
t+k(h; θ) of the cross-entropy process−∞Hi

t+k(θ)

for value h at time t + k is independent of the time shiftk. The second part proves that the condition for strict

stationarity is satisfied in the unconditional MCECD model.

We know that the cross-entropy process−∞Hi
t(θ) with PDF gi

t(h; θ) and CDFGi
t(h; θ) is strictly stationary if

and only if the joint distribution is invariant over time.

Gi(ht1 , ..., htu
; θ) = Gi(ht1+k, ..., htu+k; θ),

wheret1 < ... < tu ∈ Z is a arbitrary set of selected time points, andk ∈ N>0 is the time shift parameter.

Part I: With lemma2.6, the unconditional cross-entropy process converges for every t ∈ Z if and only if all βi < 1.

On the other hand, with condition (4) βi = 1 implies α0 = 0 and α1 = 0. This directly yields−∞Hi
t(θ) = 0. We

conclude that the unconditional cross-entropy process converges for every arbitrary selection ofαi which satisfies the

non-negativity and standardization condition in (4). Due to proposition2.4, ∞Hi
t(θ) is −∞Ft−1-predictable, where

the filtration is defined by−∞Ft = σ
(

{ǫs|s ∈ Z ands ≤ t}
)

. Conditioning the cross-entropy process at timet by the

innovation path−∞(ǫ)t−1 = y yields a deterministic term

−∞Hi
t (θ)

∣

∣

∣

−∞(ǫ)t−1

.

With the law of the total probability the PDF for the cross-entropy valueh at timet equals the integral over all PDF

values of the innovation paths−∞(ǫ)t−1 = y leading to−∞Hi
t (θ) = h. The set of all these innovation pathsy will be

denoted byY i
t (θ, h) = {y ∈ R

∞|−∞Hi
t (θ)

∣

∣

−∞(ǫ)t−1=y
= h}

gi
t(h; θ) =

∫

y∈Y i
t (θ,h)

ft−1(y)dy,

whereft−1(y) is the joint PDF of an infinite history white-noise process attime t − 1. From this we conclude

ft−1(y) =

t−1
∏

s=−∞

fǫs
(ys) =

t−1
∏

s=−∞

fǫ1(ys) =

t−1
∏

s=−∞

fǫs+1
(ys) = ft(y).

Sincey is infinitely dimensional, it holds that if the innovations path −∞(ǫ)t−1 = y leads to−∞Hi
t(θ) = h, then

−∞(ǫ)t−2 = y leads to−∞Hi
t−1(θ) = h. In other words the term

−∞Hi
t(θ)

∣

∣

∣

−∞(ǫ)t−1=y
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does not depend ont ceteris paribus. The inherent condition for this independence is that all parameters of the

MCECD model—αi, θ0, and θ̄—and the distributional assumption are time-invariant. This yields, by definition,

Y i
t (θ, h) = Y i

t−1(θ, h). Moreover,

gi
t(h; θ) =

∫

y∈Y i
t (θ,h)

ft−1(y)dy =

∫

y∈Y i
t−1

(θ,h)

ft−2(y)dy = gi
t−1(h; θ),

which proves thatgi
t+k(h; θ) is independent ofk.

Part II: With the law of the total probability for continuous random variables, we can write

Gi(ht1 , ..., htu
; θ) =

∫

X

∫

Y

Gi(ht1 , ..., htu
; θ|−∞Hi

t1−1(θ) = x, t1−1(ǫ)tu−1 = y) · gi
(t1−1)(x; θ) · f(tu−1)(y) dy dx.

If the cross-entropy−∞Hi
t1−1(θ) one period beforet1 and the innovation path fromt1 − 1 till tu − 1 are known, then

the successive cross-entropy value−∞Hi
tj

(θ) with j ∈ 1, ..., u are deterministic functions due to proposition2.4. This

yields

Gi(ht1 , ..., htu
; θ|•) =











1 : −∞Hi
tj

(θ) ≤ htj
for j ∈ 1, ..., u

0 : else.

The innovations process is assumed to be white noise and hence strictly stationary. Thus, its PDF is invariant over time

f(tu−1)(y) = f(tu−1+k)(y).

From Part I we also know that the distribution of−∞Hi
tj

(θ) is time-invariant

gi
(t1−1)(h; θ) = gi

(t1−1+k)(h; θ).

The following calculations conclude the proof for the stationarity of−∞Hi
t (θ)

Gi(ht1 , ..., htu
; θ) =

∫

X

∫

Y

Gi(ht1 , ..., htu
; θ|−∞Hi

t1−1(θ) = x, t1−1(ǫ)tu−1 = y) · gi
(t1−1)(x; θ) · f(tu−1)(y) dy dx

=

∫

X

∫

Y

Gi(ht1+k, ..., htu+k; θ|−∞Hi
t1−1+k(θ) = x, t1−1+k(ǫ)tu−1+k = y)

· gi
(t1−1+k)(x; θ) · f(tu−1+k)(y) dy dx

= Gi(ht1+k, ..., htu+k; θ).

From equation (2), we know that the relation between the cross-entropy−∞Hi
t(θ) and the optimal parameter vectorθt,i

is deterministic. Moreover, it is also independent oft. Hence we conclude that the optimal parameter process(θt)t of an

unconditional MCECD model—as a time-invariant, deterministic transform of the (strictly) stationary cross-entropy

process—is strictly stationary.
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E Proof for equivalence of Vola-MCECD and GARCH under normality assumption

Under the assumption of only one (m = 1) time-varying parameterθt = σt we can rewrite equation (3)

Ht(σ) = α0 · log(fµ,σ(x̄)) + α1 · log(fµ,σ(rt−1)) + α2 · Ht−1(σ)

H1(σ) = log(fµ,σ(x0)) ,

wherex̄ andx0 are scalars andfµ,σ(x) represents the PDF of the normal distribution. Using the iterative formula in

(5) yields fort ∈ N>1

Ht(σ) = β1
t−1 · log(fµ,σ(x0)) +

t−1
∑

s=1

β1
s−1 · α0 log(fµ,σ(x̄)) +

t−1
∑

s=1

β1
s−1 · α1 log(fµ,σ(rt−s)),

whereβ1 = α2. Furthermore, the log-likelihood of the normal distribution N(µ, σ2) can be derived explicitly

log(fµ,σ(x)) = −0.5 log(2π) − log(σ) − 0.5 · (x − µ)2

σ2
. (18)

We prove the proposition by applying the iterative formula in (5) to the definition of the optimal parameter process

in (2)

σt = argmin
σ

−Ht(σ).

The first-order optimality fort > 1 leads to

∂Ht(σ)

∂σ

∣

∣

∣

σt

= α2
t−1 ∂ log(fµ,σ(x0))

∂σ

∣

∣

∣

σt

+

t−1
∑

s=1

α2
s−1α0

∂ log(fµ,σ(x̄))

∂σ

∣

∣

∣

σt

+

t−1
∑

s=1

α2
s−1α1

log(fµ,σ(rt−s))

∂σ

∣

∣

∣

σt

= 0.

The first derivative of the Gaussian log-likelihood function with respect to the variance parameterσ is

∂ log(fµ,σ(x))

∂σ

∣

∣

∣

σt

= − 1

σt
+

(x − µ)2

σ3
t

,

which yields

∂Ht(σ)

∂σ

∣

∣

∣

σt

= α2
t−1 ·

(

− 1

σt
+

(x0 − µ)2

σ3
t

)

+

t−1
∑

s=1

α2
s−1 · α0 ·

(

− 1

σt
+

(x̄ − µ)2

σ3
t

)

+

t−1
∑

s=1

α2
s−1 · α1 ·

(

− 1

σt
+

(rt−s − µ)2

σ3
t

)

= 0.

After basic calculations, we derive

σ2
t

(

α0

t−1
∑

s=1

α2
s−1 + α2

t−1 +

t−1
∑

s=1

α2
s−1α1

)

=

t−1
∑

s=1

α2
s−1α0(x̄ − µ)2 +

t−1
∑

s=1

α2
s−1α1(rt−s − µ)2 + α2

t−1(x0 − µ)2.

(19)

With shifted summation limits and the formula for the geometric series, we simplify the term in the first brackets

α0

t−1
∑

s=1

α2
s−1 + α2

t−1 +
t−1
∑

s=1

α2
s−1 · α1 = α0

t−2
∑

s=0

α2
s + α2

t−1 + α1

t−2
∑

s=0

α2
s = α0

1 − αt−1
2

1 − α2
+ α2

t−1 + α1
1 − αt−1

2

1 − α2
.
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Due toα0 + α1 + α2 = 1, it holds that

α0

t−1
∑

s=1

α2
s−1 + α2

t−1 +

t−1
∑

s=1

α2
s−1 · α1 =

α0 + α1

α0 + α1
+

αt−1
2 (1 − α0 − α1 − α2)

1 − α2
= 1 + 0 = 1.

With this result, we can rewrite equation (19)

σ2
t = α0 ·

(

(x̄ − µ)2 + α2 ·
t−2
∑

s=1

α2
s−1 · (x̄ − µ)2

)

+ α1 ·
(

(rt−1 − µ)2 + α2 ·
t−2
∑

s=1

α2
s−1 · (rt−s−1 − µ)2

)

(20)

+ α2 · α2
t−2 · (x0 − µ)2

= α0 · (x̄ − µ)2 + α1 · (rt−1 − µ)2

+ α2 ·
[

t−2
∑

s=1

α2
s−1 · α0(x̄ − µ)2 +

t−2
∑

s=1

α2
s−1 · α1(rt−s−1 − µ)2 + α2

t−2 · (x0 − µ)2
]

.

σt−1 can as well be calculated using equation (19)

σ2
t−1 =

t−2
∑

s=1

α2
s−1 · α0(x̄ − µ)2 +

t−2
∑

s=1

α2
s−1 · α1(rt−s−1 − µ)2 + α2

t−2 · (x0 − µ)2. (21)

Inserting equation (21) in (20) concludes the proof

σ2
t = α0 · (x̄ − µ)2 + α1 · (rt−1 − µ)2 + α2 · σ2

t−1 = α̃0 + α1 · ǫ2t−1 + α2 · σ2
t−1.

For t = 1, it holds

∂H1(σ)

∂σ

∣

∣

∣

σ1

= − 1

σ1
+

(x0 − µ)2

σ3
1

= 0,

which directly yields

σ2
1 = (x0 − µ)2.

F Proof for explicit formulas of Mean-Vola-MCECD model

Under the assumption of time-varying mean and volatility (m = 2, θt = (µt, σt)), we can rewrite equation (3)

H1
t (µ, σ) = α0 · log(fµ,σ(x̄1)) + α1 · log(fµ,σ(rt−1)) + (α2 + α3) · H1

t−1(µ, σ)

H1
1 (µ, σ) = log(fµ,σ(x0,1))

and

H2
t (µ, σ) = α0 · log(fµ,σ(x̄2)) + α2 · log(fµ,σ(rt−1)) + (α1 + α3) · H2

t−1(µ, σ)

H2
1 (µ, σ) = log(fµ,σ(x0,2)) ,

wherex̄ andx0 are two-dimensional vectors andfµ,σ(x) represents the PDF of the normal distribution. Using the

iterative formula in (5) yields fort ∈ N>1

H1
t (µ, σ) = β1

t−1 · log(fµ,σ(x0,1)) +
t−1
∑

s=1

β1
s−1 · α0 log(fµ,σ(x̄1)) +

t−1
∑

s=1

β1
s−1 · α1 log(fµ,σ(rt−s))
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and

H2
t (µ, σ) = β1

t−1 · log(fµ,σ(x0,2)) +

t−1
∑

s=1

β1
s−1 · α0 log(fµ,σ(x̄2)) +

t−1
∑

s=1

β1
s−1 · α2 log(fµ,σ(rt−s)),

whereβ1 = α2 + α3 andβ2 = α1 + α3.

We prove the proposition in analogy to proof in appendixE by applying the iterative formula in (5) to the definition

of the optimal parameter process in (2)

µt = argmin
µ

−H1
t (µ, σt) (22)

σt = argmin
σ

−H2
t (µt, σ)

The first-order optimality for the mean leads to

∂H1
t (µ, σ)

∂µ

∣

∣

∣

µt

= β1
t−1 ∂ log(fµ,σ(x0,1))

∂µ

∣

∣

∣

µt

+

t−1
∑

s=1

β1
s−1 · α0

∂ log(fµ,σ(x̄1))

∂µ

∣

∣

∣

µt

+

t−1
∑

s=1

β1
s−1α1

log(fµ,σ(rt−s))

∂µ

∣

∣

∣

µt

= 0.

The partial derivative of the Gaussian log-likelihood function with respect to the mean parameter yields fort > 1

∂H1
t (µ, σ)

∂µ

∣

∣

∣

µt

= β1
t−1
(

− x0,1 − µt

σ2

)

+

t−1
∑

s=1

β1
s−1α0 ·

(

− x̄1 − µt

σ2

)

+

t−1
∑

s=1

β1
s−1α1 ·

(

− rt−s − µt

σ2

)

= 0.

Since the log-returns are random, it holdsσ > 0. After basic calculations, we derive

µt ·
(

α0

t−1
∑

s=1

β1
s−1 + β1

t−1 +

t−1
∑

s=1

β1
s−1 · α1

)

=

t−1
∑

s=1

β1
s−1 · α0 · x̄1 +

t−1
∑

s=1

β1
s−1 · α1 · rt−s + β1

t−1 · x0,1.

In analogy to the proof for GARCH equivalence,we know that from to equation (4) it follows

α0

t−1
∑

s=1

β1
s−1 + β1

t−1 +

t−1
∑

s=1

β1
s−1 · α1 = 1.

Hence, the conditional mean is

µt =
t−1
∑

s=1

β1
s−1 · α0 · x̄1 +

t−1
∑

s=1

β1
s−1 · α1 · rt−s + β1

t−1 · x0,1

= α0 · x̄1 + α1 · rt−1 + β1 ·
(

t−2
∑

s=1

β1
s−1 · α0 · x̄1 +

t−2
∑

s=1

β1
s−1 · α1 · rt−s + β1

t−2 · x0,1

)

,

or written as a recursion

µt = α0 · x̄1 + α1 · rt−1 + β1 · µt−1.

For t = 1, the first-order optimality

∂H1
1 (µ, σ)

∂µ

∣

∣

∣

µ1

= −x0,1 − µ1

σ2
= 0

has the solution

µ1 = x0,1.
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Furthermore, we know from the proof in appendixE that the solution to the first-order optimality with respectto

the variance parameterσ

∂H2
t (µ, σ)

∂σ

∣

∣

∣

σt

= 0

is given by

σ2
t = α0 · (x̄2 − µ)2 + α1 · (rt−1 − µ)2 + α2 · σ2

t−1

σ2
1 = (x0,2 − µ)2.

From equation (22), it follows thatσt is contingent onµt. Hence in the Mean-Vola-Model with time-varying mean

parameterµt the optimal volatility process is

σ2
t (µt) = α0 · (x̄2 − µt)

2 + α1 · (rt−1 − µt)
2 + α2 · σ2

t−1(µt)

σ2
1(µt) = (x0,2 − µt)

2.
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Model Years Koponen parameters Model parameters
α β λ c a b α0 α1 β1

(MCECD parameters) (µ̄) (σ̄) (α1) (α2) (α3)

Mean-Vola-MCECD

10 0.5 -0.21603 1.94671 0.00028 0.01142 0 0.07205 0.91795
8 0.5 -0.23240 1.96651 0.00033 0.01097 0 0.07189 0.91811
6 0.5 -0.24596 1.67385 0.00038 0.01011 0 0.06734 0.92266
4 0.5 -0.19440 1.40703 0.00036 0.01009 0 0.07243 0.91590

ARMA-GARCH

10 0.5 -0.22762 1.84969 0.00032 0.09940 -0.15657 1.01634E-06 0.07223 0.92245
8 0.5 -0.29014 1.87581 0.00016 -0.59241 0.50889 9.84114E-07 0.07105 0.92219
6 0.5 -0.30533 1.64002 0.00019 -0.61388 0.51790 1.02280E-06 0.06922 0.92117
4 0.5 -0.23902 1.38241 0.00022 -0.55839 0.43330 1.38219E-06 0.08970 0.90336

GARCH

10 0.5 -0.21100 1.89557 0.00027 1.04256E-06 0.07250 0.92197
8 0.5 -0.22725 1.93171 0.00032 9.61595E-07 0.07036 0.92319
6 0.5 -0.24337 1.64121 0.00038 1.02343E-06 0.06962 0.92084
4 0.5 -0.18043 1.30169 0.00036 1.38844E-06 0.08957 0.90362

Table 1 Parameter estimates for Mean-Vola-MCECD, ARMA-GARCH, and GARCH models on daily S&P 500 log-return data
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Model Years Koponen parameters Model parameters
α β λ c a b α0 α1 β1

(MCECD parameters) (µ̄) (σ̄) (α1) (α2) (α3)

Mean-Vola-MCECD

10 1.90000 -0.92373 0.30000 0.00036 0.01146 0 0.08069 0.90668
8 1.90000 -0.92137 0.30000 0.00047 0.01193 0 0.07943 0.91057
6 0.66342 -0.33352 2.00000 0.00047 0.01002 0 0.06467 0.92501
4 0.50000 -0.32586 2.00000 0.00044 0.01081 0 0.07193 0.91786

ARMA-GARCH

10 1.87732 -0.98000 0.30000 0.00003 -0.95641 0.93039 1.58942E-06 0.08606 0.90440
8 1.88033 -0.98000 0.30000 0.00010 -0.84693 0.79675 1.35616E-06 0.08315 0.90893
6 0.57598 -0.41773 2.00000 0.00009 -0.87118 0.81179 1.06254E-06 0.06966 0.92121
4 0.50000 -0.41114 1.93424 0.00015 -0.74448 0.64966 1.29188E-06 0.08548 0.90849

GARCH

10 1.88412 -0.82495 0.30000 0.00037 1.58838E-06 0.08501 0.90553
8 1.90000 -0.93343 0.30000 0.00046 1.29530E-06 0.08017 0.91231
6 0.59390 -0.31835 2.00000 0.00047 1.04849E-06 0.06919 0.92198
4 0.50000 -0.31495 1.90562 0.00042 1.29717E-06 0.08500 0.90912

Table 2 Parameter estimates for Mean-Vola-MCECD, ARMA-GARCH, and GARCH models on daily DJA log-return data
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Model Years Koponen parameters Model parameters
α β λ c a b α0 α1 β1

(MCECD parameters) (µ̄) (σ̄) (α1) (α2) (α3)

Mean-Vola-MCECD

10 1.88702 -0.12024 0.46212 0.00052 0.01531 0 0.06519 0.92481
8 1.88044 -0.24528 0.38668 0.00046 0.01518 0 0.06285 0.92715
6 0.67704 -0.25896 2.00000 0.00047 0.01390 0 0.06036 0.92964
4 0.50000 -0.22928 1.96141 0.00051 0.01276 0 0.06472 0.92395

ARMA-GARCH

10 1.90000 -0.34882 0.37928 0.00020 -0.63450 0.56638 9.87612E-07 0.06026 0.93826
8 1.89388 -0.42427 0.34361 0.00018 -0.65020 0.58643 9.88719E-07 0.05373 0.94308
6 0.69290 -0.33409 2.00000 0.00026 -0.50520 0.43325 1.48657E-06 0.05723 0.93522
4 0.50000 -0.29847 1.85861 0.00023 -0.61819 0.54327 2.06122E-06 0.07743 0.91511

GARCH

10 1.90000 -0.09657 0.33958 0.00048 9.72177E-07 0.05997 0.93868
8 1.90000 -0.25093 0.31324 0.00043 9.82425E-07 0.05341 0.94347
6 0.69415 -0.26707 2.00000 0.00046 1.48308E-06 0.05741 0.93511
4 0.50000 -0.21939 1.81670 0.00049 2.06147E-06 0.07712 0.91549

Table 3 Parameter estimates for Mean-Vola-MCECD, ARMA-GARCH, and GARCH models on daily Nasdaq 100 log-return data
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Data Years Method KS test p-value AD AD2 CvM

S&P 500

ARMA-GARCH 0 0.0328 0.1667 2.5991 0.4337
10 Mean-Vola-MCECD 0 0.0933 0.1690 2.3865 0.3932

GARCH 0 0.0864 0.1861 2.2785 0.3855
ARMA-GARCH 0 0.0318 0.2530 2.8068 0.4693

8 Mean-Vola-MCECD 0 0.0664 0.2485 2.2448 0.3750
GARCH 0 0.0497 0.2770 2.1321 0.3627
ARMA-GARCH 0 0.1078 0.2357 1.7363 0.2829

6 Mean-Vola-MCECD 0 0.1404 0.2395 1.4132 0.2240
GARCH 0 0.1647 0.2329 1.3737 0.2186
ARMA-GARCH 0 0.1633 0.2005 1.3792 0.2214

4 Mean-Vola-MCECD 0 0.2837 0.2198 1.1220 0.1584
GARCH 0 0.2860 0.1687 0.9637 0.1491

DJA

ARMA-GARCH 1 0.0028 0.0806 3.9408 0.7003
10 Mean-Vola-MCECD 0 0.0428 0.0625 2.4999 0.4416

GARCH 0 0.0275 0.0679 2.6892 0.4881
ARMA-GARCH 1 0.0173 0.0784 3.0054 0.5214

8 Mean-Vola-MCECD 0 0.0300 0.0711 2.3447 0.4247
GARCH 1 0.0220 0.0735 2.4405 0.4492
ARMA-GARCH 0 0.2934 0.1355 1.0866 0.1817

6 Mean-Vola-MCECD 0 0.4229 0.1686 0.8373 0.1348
GARCH 0 0.4133 0.1589 0.8125 0.1370
ARMA-GARCH 0 0.5644 0.1677 0.8683 0.1502

4 Mean-Vola-MCECD 0 0.8089 0.2029 0.6604 0.1003
GARCH 0 0.6583 0.1761 0.6107 0.1057

Nasdaq 100

ARMA-GARCH 0 0.0274 0.0677 2.4576 0.3585
10 Mean-Vola-MCECD 0 0.0927 0.0758 2.4656 0.3259

GARCH 0 0.0427 0.0612 2.1054 0.3248
ARMA-GARCH 0 0.0498 0.0786 2.1468 0.3096

8 Mean-Vola-MCECD 0 0.0634 0.0671 1.9064 0.2838
GARCH 0 0.0837 0.0636 1.7768 0.2692
ARMA-GARCH 0 0.3191 0.1447 0.9276 0.1320

6 Mean-Vola-MCECD 0 0.3718 0.1325 0.8151 0.1198
GARCH 0 0.4485 0.1471 0.8243 0.1193
ARMA-GARCH 0 0.3636 0.1389 0.7459 0.1172

4 Mean-Vola-MCECD 0 0.7549 0.1857 0.7085 0.0987
GARCH 0 0.6484 0.1256 0.6088 0.0973

Table 4 Goodness-of-Fit for different models on daily log-return data from different U.S. stock indices
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0.01 quantile 0.05 quantile
Data Method Kupiec Lopez Kupiec Lopez

Mean-Vola-MCECD 3 5.353 19 32.921
S&P 500 ARMA-GARCH 3 5.311 20 33.666

GARCH 2 4.146 19 31.640
Mean-Vola-MCECD 1 1.2646 24 31.8987

Dow Jones ARMA-GARCH 1 1.2469 24 32.0214
GARCH 1 1.2057 23 30.0478
Mean-Vola-MCECD 4 11.5732 17 34.0926

Nasdaq 100 ARMA-GARCH 3 10.9023 19 36.5957
GARCH 4 11.5892 18 35.1163

Table 5 One-year VaR backtesting results for stock indices from 06/26/2008 to 06/24/2009 based on 0.01 and 0.05
confidence levels
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Data Method KS test p-value AD AD2 CvM

S&P 500
Mean-Vola-MCECD 0 0.5925 0.1870 1.3137 0.1528
ARMA-GARCH 0 0.4656 0.1877 1.4686 0.1836

DJA
Mean-Vola-MCECD 0 0.2204 0.2431 2.1057 0.2898
ARMA-GARCH 0 0.0798 0.2423 2.7859 0.4555

Nasdaq 100
Mean-Vola-MCECD 0 0.4574 0.1519 0.6804 0.1016
ARMA-GARCH 0 0.4363 0.1488 0.8035 0.1170

Bank of America
Mean-Vola-MCECD 0 0.6055 0.2463 1.2235 0.1425
ARMA-GARCH 0 0.3672 0.2302 1.7748 0.2392

ExxonMobile
Mean-Vola-MCECD 0 0.8172 0.2707 0.8798 0.0864
ARMA-GARCH 0 0.1351 0.2568 1.8586 0.3097

General Electric
Mean-Vola-MCECD 0 0.0351 0.3077 2.6751 0.2842
ARMA-GARCH 1 0.0225 0.3346 3.3420 0.3729

Table 6 One-year CDF forecasting results for stocks and stock indices based on daily log-return data from 06/26/2008 to 06/24/2009
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