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Abstract Over the past decades the stylized fact of time-varyingtiitjain financial series has gained
significant attention amongst scholars as well as praotti® Within this context, the GARCH model has been
exceptionally successful and numerous publications haveated the empirical relevance of the model. In this
paper, we introduce a new model: the minimally cross-emrgpnditional density (MCECD) model which is
a generalization of the GARCH(1,1) model. It is so-namedahee the parameter updating method is based on
cross-entropy minimization rather than autoregressiam. dpproach is capable of explaining a conditional density,

where potentially all parameters are time-varying.
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Minimally Cross-Entropic Conditional Density:
A Generalization of the GARCH Model

Introduction

Today volatility clustering is a generally accepted sttifact in the finance literature. It describes the tendency
of large changes to be followed by large changes and smahgasato be followed by small changes. The
models proposed bingle (1982 andBollerslev(1989—autoregressive conditional heteroscedasticity (AR@#R)
generalized ARCH (GARCH)—are recognized as the leadingeuts for modeling time-varying volatility in financial
time series. This fact is reflected in the unparalleled gnavfthe GARCH literature, including numerous variants and
applications over the past decades.

Although the first formal approach to analyze the behaviapafculative prices dates backBechelier(1900),
it was Mandelbrot's pathbreaking papefda(ndelbrot(1963 and Mandelbrot(1967) that found clear empirical
evidence for changes in the variance over time. Witlyle (1982 andBollerslev(1986 a mathematical formulation
of heteroskedasticity was provided which up to date has lesanded and modified to cover more sophisticated
empirical factst

One way to generalize the GARCH model is to consider not onlyd@ional volatility, but also conditional
higher momentsHansen(1994) argues that “there is no reason to assume, in general, ibabrily features of
the conditional distribution which depend upon the conditig information are the mean and varianéeAs a
consequencéiansen(1994) introduced the first GARCH-like approach to conditionahsigy, the autoregressive
conditional density (ARCD). His original concept is based @ specific distributional assumption, the skewed
Student's distribution. Parameter dynamics are modeled by indep@radgoregressions of corresponding moments.
Various empirical studies have already been conductedalyzemand test the behavior of the ARCD modlel.

In this paper, we introduce a new model for conditional digsivhich includes the GARCH model as a special
case? Our approach resorts to the cross-entropy concept frommrgtion theory in order to model the parameter
dynamics. The minimally cross-entropic conditional denfiMCECD) model overcomes three shortcomings of the
classical autoregression-based approach. First, theraliect link between conditional distribution and paragnet
dynamics, thereby avoiding the problems associated witmemb estimators. For some distributions—such as the
stable Paretian distribution—even the first and second mtsmeay not be finite, which makes sample moments
unsuitable for parameter inferentd=urthermore there is no optimal estimator for higher momewailable, as
discussed byim and White(2004), leading to numerous alternative ARCD specifications kemgess and kurtosis
dynamics as reported byark (2010). Second, MCECD consistently models multiple time-vagyparameters and
accounts for potential inter-dependencies. In ARMA-GAR@dch new observation is interpreted as a driver for

both changing mean and volatility at the same time. New faats however, only signal a change in one factor.



As a consequence, the use of ARMA-GARCH estimated parantetectories for conditional density models is
problematic. Finally, MCECD can cope with a non-linear paeter process, significantly improving the explanatory
power. Higher moments represent a non-linear feature ohdora variable, but classical autoregression is a linear
model even if applied to non-linear estimators, (e.g., hlte@r squared values).

Our paper is divided into three part. We first outline impbottzoncepts of parameter estimation and information
theory. This is meant as a short overview of relevant ternastheir relation, rather than a comprehensive summary.
Then we introduce the general MCECD model and analyze dpeasas for conditional mean and volatility. Our
focus is especially on the link between distributional aggtion and parameter process, as well as the simultaneous
modeling of multiple time-varying parameters. Our goalashighlight the advantages of MCECD compared to
GARCH-like models. We conclude the paper with an empiricahparison of the MCECD model we propose and the
battle-tested ARMA-GARCH model with respect to explangfoower, goodness-of-fit, and forecasting quality.

1 Background

In this section, we explain the central concepts for the MOE@odel. We highlight some important facts
concerning the maximum likelihood estimation (MLE), preisan intuitive definition of entropy and cross-entropy
terms, and point out their relevance for our model.

Parameter inference using MLE goes back to the seminal wiorksber(1922). Decades lateEodambeg1960)
proved that of all estimating functions the MLE is optimathwiespect to efficiendy.Compared to other inference
methods, such as (generalized) methods of moments (GMMpeas not depend on moment estimators. Given a
probability density function (PDFjJy : R — [0, 1] with parameter vectat and the observation vectet the optimal
MLE parameters can be derived from the first-order optimalithe log-likelihood function under certain smoothness
conditions

dlog fo(x)
00

This makes MLE especially attractive for applications withn-zero skewness and leptokurtosis, where sample

=0.

moments might differ significantly from the underlying valu

For the inference not to be ill-posed, the number of obsematshould be greater than or equal to the dimension
of the parameter vector. A simple example demonstratesctimgition. Given the PDF of a Gaussian distribution
N(u, 0?) and one observation , applying the first-order condition leads to the followirsgimated parameterg:= z;
ando? = 0. A zero variance suggests, however, that the observedsségaon-stochastic, which is inconsistent with
our assumption. If only one observation is available, omlg parameter can be estimated. The remaining components
of the vector have to be given ex-ante.

The term entropy originates from thermodynamics and defineseasure for the disorder within a system.

Shannon(1949 extended the definition for the use in information theorjeve it is a measure of uncertainty



associated with a random variable. In a probability spé&te), P), the entropyH (X)) of a finite-statgo-measurable

random variableX with probabilitiesP(X = x;) = p; fori = 1, ..., n is mathematically speaking
H(X) =~ p; - log(p).
=1

Hence the higher the entrogy(X) is, the higher the disorder, or the lesser the availablarimébion.
Given an alternative distributiof defined on the measurable spdfep) andQ(X = ;) = ¢;, then the cross-

entropy is given by

H(P,Q) = —sz' -log(g;).-
=1
Note that this term is closely related to the Kullback-LeibrfKL) divergence (also known as relative entropy,

Kullback (1959). From this definition, we can see that cross-entropy miration against the uniform distribution

L >
H(P,Q):= - Z;log(%)-

is the equivalent to log-likelihood maximation for the distition Q. For a non-trivial distribution”, the minimum

cross-entropy can be interpreted as a weighted MLE, wRestetermines the importance of the observatiensOn

the other hand, the KL divergence is a measure of distaneeckettwo distributions. Hence, an alternative view is

that minimizing the cross-entropy, minimizes the differetbetween the theoreticalpriori probability modelP and

the empirical posterioriQStt.

Maximum entropy and minimum cross-entropy are already &egmal part of several important concepts and
applicationsJayne{1957 introduced the principle of maximum entropy, which is apglin the empirical likelihood
method byOwen (1989 for parameter inference. Closest to our approach is tmeipte of minimum discrimination
information (MDI) by Kullback (1959—sometimes also called principle of minimum cross-entr@dCE). MDI
postulates that given new facts, a new distribution shoaldhosen which is as close (KL divergence) as possible to
the original distribution, so that the information gain nndata is as small as possible. For our model, we will apply
the cross-entropy minimization to describe the paramsteawhics for the conditional density. In this sense, MCECD

is defined as the likelihood-based alternative for ARCDt, fissMLE is the likelihood-based alternative for GMM.

2 The MCECD model

2.1 The definition

In the following, we introduce our MCECD model for a finandiaturn series. We assume a probability space
(R, p(R), P), wherep(R) denotes the Boret-algebra. Furthermore, there exists a stochastic pracefsx R — R
inducing the natural filtratiotF, = F; = p({es|s < t}).8 In our model, the conditional density will only depend on

the history of the procesg;); and hence on its natural filtration. We also assume that theulative distribution



function (CDF)Fy : R — [0, 1] contains the Gaussian as a special ¢asei n oy, -

Remark 2.1 We use the notatiofv, w_;) to refer to a vector of the form

(’anfi) = (wla s Wi—1, U, Wit 1, awm)

Definition 2.2 (MCECD Model) Given a white noise process;):cn., With ¢, ~ N(0,1), the CDFF, : R — [0, 1]
with m-dimensional parameter vectér= (64, ...,0,,) € ©, we can define the return processas a transformed

white-noise process
re=Fy (Fonon(€1)) - 1)

The time-varying parametefs = (6,1, ..., 0;..,) can be derived by component, minimizing tha&limensional cross-

entropy process; (0))ien.., With H,(0) = (H{(0), ..., H{"(9))

0;; = argmin —H; (£, 0; ;). (2)
£E€EO;

The dynamics of theth componenti € {1, ..., m}) of the cross-entropy proce$#,(¢)), follow the equations

H{(0) := ag - log(fo(Z:)) + ci - log(fo(re—1)) + Bi - H{_(0) 3)
H(6) :=log(fa(wo,)) ,
where them-dimensional vectors = (z1, ..., Z,,) € R™ andxy = (20,1, ..., xo.m) € R™ are constantsy; is defined

by 3; :=1— ap — «;, and theq; satisfy for all: € {0, ..., m + 1}
m—+1

a; <0 and > a;=1. 4)

=0

The ; can be interpreted as a discrete probability measuyés the probability that the parameters are time-
invariant. Fori € {1,...,m}, «; is the likelihood that the current observatien ; signals a change in parameter
am+1 Stands for the probability that the parameters égual the ones in— 1. Them-dimensional, determines the
starting points of the parameter processes, wheregines average parameter values associated with the jirgbab
ag. From defintion2.2 we see that parameter dynamics in the MCECD are derived frammanum cross-entropy
expression, which is equivalent to a weighted MLE. Sincedils&ributional assumption is used in the cross-entropy
term, there is a close link between parameter dynamics axtpility law. MLE inherently accounts for dependencies
in the parameter structure and that is why we expect an dguiveharacteristic for the MCECD model. Later on, we

explicitly analyze the multiple parameter case for timeyireg mean and volatility.

Proposition 2.3 Let (H(0)):en., be a general cross-entropy process defined®ip then for eacht € N, the

following iterative formula holds for every componert {1, ...,m}
t—1

H{(0) = 3" - log(fo(wo,:)) + iﬁisfl - log(fo(Z:)) + Zﬁisfl ~a; log(fo(re—s)). (5)



Proof. Proof by induction. See appendix

Proposition 2.4 Given a MCECD model defined as }12 with the innovation proces&:;):cn., and its natural
filtration 7, then the cross-entropy proces (0) is predictable, that means&l;(¢) is F;_1-measurable, for all

i€ {l,..,m}andd € O©.

Proof. See appendi®.

Remark 2.5 The MCECD models frord.2 can be defined for abitrary combinations of time-varyinggraeters.

In order to specify a distinct model, we introduce the folligvnomenclature: The names of the time-varying
moments, accounted for by the MCECD model, are used as mefindla-MCECD model denotes a model with the
volatility parameter as the only time-varying parametenafogously, in a Mean-Vola-MCECD, only the parameters
corresponding to the first two moments are modeled as timgng and in a Skew-MCECD, only the skewness

parameter is time-varying.

In Sections2.3 and 2.4 we define and analyze the Vola-MCECD and Mean-Vola-MCECD et®anore
thoroughly.

2.2 Stationarity of the MCECD model

A key feature of models for financial time series is stati@gawhich claims, loosely speaking, that future returns
follow the same distributional law as past returns. Althlotig the context of MCECD, the conditional density function
is time-dependent, the unconditional probability funeti®stationary. This stems from the fact that both the intioma
procesy¢; )<z and the parameter proce@s);z are stationary. As white noise satisfies this condition tinéden,

we focus for the remainder of this section on the parametergss.

Lemma 2.6 Given areturn serieér;):cz, 5 > 0 and a PDFfy(x) such that all; induce a positive value independent

of 0

fo(re) >0,

then the weighted geometric serigs

oo

Seo =Y B -log(fo(ri—k-1)) (6)

k=0
is absolute convergent, if and onlydf< 1.

Proof. See appendig.

For 5 = 0, the convergence is trivial. Within our paper we will assutmet f»(r;) > 0 is always satisfied and hence

log(fo(ry)) is finite.



Based on the convergence property2if, we define a MCECD process with infinite history, the uncaondél

MCECD analogous tolelson(1990).

Definition 2.7 (Unconditional MCECD) Let Fy, (z), €, ¢, andd, be defined as i@.2, but with infinite history € Z.

Then the unconditional MCECD is completely specified by theviing equation system for its cross-entropy process

o H(0) =Y B - aglog(fo(z:)) + Y Bi* " - ailog(fa(ri-s)). ©)

s=1 s=1

The results oR.4and2.6lead us directly to the following proposition.

Proposition 2.8 Given an unconditional MCECD model defined?ir7, then the resultingn-dimensional parameter

procesg0,), is (strictly) stationary.
Proof. See appendi®.

With this proposition, we can conclude that the return pssogenerated by MCECD according to equatibnig

stationary.
2.3 The Vola-MCECD model
2.3.1 A comparison to GARCH

MCECD generalizes the seminal GARCH framework. In thisisectwe resort to a special MCECD model,
the Vola-MCECD, wheren = 1 andé, is the volatlity parameter and we show the equivalence cAWCECD and

GARCH. Therefore we need the following assumptions.

Assumption A1 The volatility is the only time-varying parametéy = o; and the conditional distribution is

Gaussian; ~ N(u, o?) with PDF f,, ().

The resulting conditional Vola-MCECD model takes the form
op = arggnin —Hy(o)
H(0) = ag - 108(fu0(2)) + a1 - 10g(fo(re1)) + a2 - Hy1 (o)
Hi (o) = log(fu.o(20)) ,

where H;(c) = H} (o) andz andz, are scalars. The unconditional Vola-MCECD model is defineal@gously to

2.7.



Proposition 2.9 Given a Vola-MCECD model which satisfies assumption A1, tthene exists an equivalent GARCH
model with specification

2 ~ 2 2
Oy =Qp+Qp-€e_1+ Qg 0;_4

2_ 2
01 = 0p;

where (e¢)en., With e; :=r, — u is the excess return process~ N(0,07) and &g := (1 — ay — az) - 5%, where
52 = (z — p)? ando3 = (zo — p)%
In particular, both models govern the same volatility prese

gMCECD _ ;GARCH wy e N

Proof. See appendik.

Remark 2.10 The equivalence of the two models should, of course, alscetected in equivalent stationarity
conditions. From\elson(1990, we know that the GARCH model is stationary if and onby;if+ as < 1 given that
ag > 0. For the Vola-MCECD model we know that + a1 + as = 1. From2.9, we can easily see that > 0 implies

ag > 0. Hence a positivéy, leads toa; + as = 1 — ap < 1, which is exactly the stationarity condition presented in

Nelson(1990.

Note that our result is based on the Gaussian distributiea §ssumption Al). Researchers as well as practitioners,
however, use a variety of different distributions in order @ccount for special features of the return data.
Bollerslev and Wooldridg€1992) showed that even if the assumption of normality is violated normal distribution
can be used for inference of GARCH parameters. This proeeidwalled quasi-maximum likelihood (QMLE) and
leads to consistent estimators. Given proposifidh QMLE is also applicable to the special case of Vola-MCECD.
Since one of our objectives is to show that MCECD providesk lietween parameter process and distributional

assumption, we will nevertheless analyze the non-Gaussisemore thoroughly in the next section.
2.3.2 Models with non-Gaussian innovations

SinceMandelbrot(1963 and Fama(1963, it is a generally accepted fact that log-returns of finahtime-
series display leptokurtosis and non-zero skewness. Ogyi@¢onaccount for these features is to use a stable Paretian
distribution.Mittnik et al.(2002) discuss the stationarity problem for this distributioasgumption within the GARCH
framework and propose a solution within the empiricallyevaint parameter range. This highlights one of the
drawbacks related to autoregression models: the clasgigmbach does not link the distributional assumption and
the parameter dynamics. Instead, GARCH-like models relgnoment estimators.

In order to demonstrate the effects of the distributionauasption in the MCECD model, we consider two

distributions which account for both leptokurtosis and4zeno skewness: the skewed exponential power distribution
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(SEP), a generalization of the exponential power distigoufEP)? and thea-stable distributionsS,, (C, 3, ). For
the SEP, we derive an explicit Vola-MCECD model and outlitsedifferences relative to the Gaussian case. For
S.(C, B, 1v), we analyze the induced parameter process based on nuhamétygsis only, due to the lack of a closed-
form expression for its PDF.

In order to compare the MCECD approach to the classical egtession, we introduce the term “linear

autoregressive” parameter process, which ressemblesAR&€E concept.

Definition 2.11 Given a parameter proces8;):cz of a MCECD model defined ih2. Then the-th component of the

parameter process is called linear autoregressivé, jffollows the equations
0], =ao- 0] +i-go_,(re1) + B - 071, (8)
911' = 93,1'7

wheregy_,(z) is the ML estimator for paramete); based on the observatian ~ is a real-valued exponent, artd

andd, are m-dimensional parameter vectors.

A simple induction over time leads us to the iterative foranidr a linear autoregressive parameter process
t—1 t—1

0], =B 00+ a0 S B0+ S B g, (o). )

s=1 s=1

Our findings in propostior2.9 suggest that the volatility process under Gaussian assumigt linear autore-
gressive. This raises the question of which feature thenlyidg distribution must possess so that the corresponding
volatility process is linear autoregressive. For our asialywe restrict the set of probability laws to those whidissa
a standardization condition: f§(«) is a PDF based on a random varialllavith location parametet; =  and scale

parametet, = o, then for the standardized random variaBle® it holds that

o) =g (F51) = 21 (1)), (10)

g g

whered°*? denotes the parameter vector of the standardized randoafhear

For the cross-entropy process in a Vola-MCECD this implies

Hioc) = ap-log [éf (“’;“ﬂ + oy - log {lf <%)] +an- Hy (o)

o)

Furthermore, the first derivative of the log-density fuantivith respect to the scale parametds
Olog [7/(554)] _ 1 J(534) a—n

Hl(U)

oo o f(ER) o2’

wheref’(*>£) denotes the first derivative gt
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In order to obtain the parameter process, we look at thedidsts optimality for the cross-entropy minimization

oy = argmin —Hy (o),

given the iterative formula for the cross-entropy

OH;(o B 1 (Rt g — t—1 . 1 f/(i%',u) 5
Ba( ) . —at <_;_ e 002 M) +;a2 L g - <_;_ D Uzﬂ) (11)
S s— 1 fI(TF; #) Tt—s — M
+;a2 1 aq <_;_ f(r,,;—u) o2
= 0.

With this equation, we can formulate a distributional caiodi for linear autoregressive volatility processes.

Proposition 2.12 Consider a distribution with PDFy, (x) that satisfies equatioriL() and that is differentiable on
z € R\{u}. For this distribution, let(o;).cn., be the volatility process from a Vola-MCECD model. Thiep e,

is linear autoregressive if and only if far £ . = 0 it holds that
f‘;ftd(x)
f@ftd(fﬂ)

wherek(sign(z), #7*¢) is a function independent ef and~ is a real-valued exponent.

= k(sign(x), 07 - 2771, (12)

Proof. The proposition follows directly from equatioil) because the equation can be solved with a linear
autoregressive form fos; as given in equation9y, if and only if the ratio—f'(*£)/ f(*>£) is ceteris paribus

piecewise proportional t@%)V in the intervalse < p andz > p.

We exemplify the rule for linear autoregressive parametecgsses by scrutinizing two non-Gaussian distribu-
tions: the SEP and th&, (3, C, i). For the SEP we resort to the characterizatiorZby and Zinde-Walsl{2009.

Given the parameters for locatipne R, scales > 0, shapex > 0, and skewness € (0, 1), the PDF of the SEP is

LK (a)exp ( 1le-s a) e <p
fSEP(:E;O‘aUaﬁaM) = 1 1 267 «
~K(a)exp ( = 2(175)11 ) x>,

whereK (o) = [2a/°T'(1 + 1/a)] . By definition, the PDF satisfies the standardization cémdin equation {0).
Hence, propositioR.12applies and we compute the first derivatjfeof the PDF withy, = 0 ando = 1

K(a)
<2¢(a>a exp (

x

1
a |28
e exp (—1

Due to the absolute value function, the PDF is not diffeedsié atr = ¢ = 0. The ratio of the first derivative and PDF

)|gc| <0
’)-|x|a71 : oz >0.

féEP(x;av 17650) =

satisfies equatiorip)

1 a—1 .
_féEP(x;aalvﬁao) _ W'xl <0 (13)

; 517 70 a—1 .
fSEP(I @ 6 ) (2(1_15))_04 |$C| x>0,



12

and that is why the volatility process is of a linear autoregressive type. To obtain an explicitfola for the volatility

process, we joinl(3) with the first-order optimality in11). Solving foro; then yields
t—1 t—1
of =ab o +ap Za§_1 oa e Z oyt k(sign(ri_s —p), B) - |re—s — p|%, (14)
s=1 s=1

with of := k(sign(xo — ), 8) - |xo — p|* anda® := k(sign(z — p), 8) - | — u|™. Note that the special case= p is
also covered in this formula. Apart from the different expothcompared to the classical GARCH model, the equation

contains a scaling term for the variance estimator
2-6)7° or<p
2 (1-0)" : z>pu
The value ofk(sign(z — ), 3) atz = p can be arbitrary becauge — 1| = 0. For the SEP based Vola-MCECD, the

k(sign(x — p), ) =

volatility effect (change in conditional volatility causédoy the latest observation_;) depends on the skewness

of the underlying distribution. For examplgé,> 0.5 implies a negative skewness and the impact of a positivesexce
returne; = r — 1 > 0 on the volatility is higher compared t@ < 0. This behavior directly stems from the ML
inference with a skewed distribution. As the probabilityssids not spread symmetrically around the mean, the ML
variance estimators also differ with the sign of the exceisn.

Consequently, the skewness of a distribution has an irdidste much smaller impact on the volatility estimator
as the empirically observed leverage effécin order to enable our model to reproduce this empirical figdive
can modify the cross-entropy scenarios. For example, usiagadjusted observation :=r, — 6 (6 € R) for the
cross-entropy process, the Vola-MCECD—analogously toM@&@ARCH—can account for the leverage effect.

A look at the volatility formula {4) for the SEP driven Vola-MCECD model, reveals its closetretato the
power-ARCH model proposed kiying et al. (1993 and applied byvitinik et al. (2002 in the stable Paretian case.
In fact for zero-skewnesgi(= 0.5), we obtain the exact power-ARCH dynamics. Therefore, thestjon arises as to
whether a Vola-MCECD model based on a stable Paretiantisioh yields the same parameter process a$4h (

The stable Paretian distribution is defined by its charatiefunctione(¢; o, 8, C, i), @ Fourier transform of its

PDF

o(t; o, 8, C, p) = explitp — C[t|*(1 — ifBsign(t)z(t, o))}, (15)
wherey € R, C > 0, 8 € [-1, 1], anda € (0, 2] drive mean, dispersion, skewness and kurtosis, respictvel

tan(Z2) : a#1
z(t,a) == (%) #
—2Mnft| : a=1.
Although stable Paretian distributions have, in genenéihite variance, we can model the dispersion of the distidiou
by its scale parametér. In fact v2C equalss if a = 2 (the Gaussian case). For our following argumenation, we use

dispersion and volatility process as synonyms. It is comimwwledge that the stable Paretian PPE; o, 5, C, 1)
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satisfies the standardization conditiorj1®), but does not have a closed-form expression. In order toyagupposition

2.12 we need to analyze the ratiof’(z; o, 3,1,0)/ f (x; v, 3,0, 1) numerically.
[ FIGURE 1 ABOUT HERE ]

Figure 1 shows that the ratio is not proportional i, except for the Gaussian case= 2. Therefore the
dispersion parameter process of an stable Paretian driieANCECD model is not linear autoregressive and hence
equation {4) for the SEP does not describe the parameter process whandkedying distribution is stable Paretian.

Looking at the volatility dynamics under non-Gaussian agsions, there are three key observations. First, if the
MLE inference is applicable for the assumed probability, idnen parameter processes exist and are uniquely defined.
Second, in the MCECD approach inter-dependences betweamegers are model-inherent. This also emphasizes the
need to specify all parameters correctly; for example, tinede the volatility in the SEP driven MCECD, one needs
a good estimator for skewness. Third, optimal MCECD paranyaicesses, even for volatility, can be non-linear, as

shown in the stable Paretian case.
2.4 The Mean-Vola-MCECD model

Optimal parameter trajectories are in general dependestoh other. Therefore, we analyze in this section a
model with conditional mean and volatility. Consistenttwdur nomenclature, the corresponding model is called

Mean-Vola-MCECD. To guarantee traceability, we employftilewing assumption.

Assumption A2 The mean and the volatility are the only time-varying pargers®; = (u+, o+) and the conditional

distribution is Gaussiam; ~ N(yu, 02).

The resulting conditional Mean-Vola-MCECD model is of tloem
ji = argénin—Htl(& o)
op = argﬁmin—Hf(ut,ﬁ),
with the cross-entropy process for the mean component
H} (p,0) = ag - log(fu,e(Z1)) + a1 - 10g(fuo(ri-1)) + (a2 + as) - H_;(p, 0)
Hi(p,0) = 10g(fu,0(x0,1))
and for the volatility component
H{ (1,0) = o - 10g(fu,0 (72)) + a2 - 10g(fu,o (ri—1)) + (a1 + az) - HE (1, 0)

H} (n,0) = 0g(fu,0(20,2)).
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z andx, are two-dimensional vectors. The unconditional Mean-\\lGECD model can be defined analogously to
2.7. With the assumption of a Gaussian conditional distributen explicit form for the dynamics of the parameter

procesd, is available.

Proposition 2.13 Given a MCECD model which satisfies assumption A2, then then mecessu; follows the
equations
Mt =g Ty + oy -riy + (a2 +as) - o1
M1 = Zo,1,
and the volatility process; follows
2 _ = 2 2 2
op () = ao - (T2 — )" + az - (-1 — pe)” + (a1 + as) - 0y
ot (ue) = (0.2 — pe)*.
Proof. See appendik.
In the Mean-Vola-MCECD model, the volatility dynamics givim proposition2.13are dependent on the estimator
of the mean. The model inherently accounts for inter-depeaigs in the parameter structure, even when multiple
parameters are time-varying. The empirical results in tivet section also emphasize the strength of Mean-Vola-
MCECD when analyzing the trajectories of parameter prasess
3 Empirical comparison of Mean-Vola-MCECD and ARMA-GARCH
In this section, we empirically compare Mean-Vola-MCECDtsoautoregression-based alternative, the ARMA-

GARCH process. The dynamics of ARMA-GARCH are given by

r=a-e_1+b-r_1+c+e (16)

T =cC,
wheree; = o, - ¢, andoy is modeled by GARCH

op =ap+ar-ef_+Prop
O'% = O'g.

We analyze the models along three dimensions: (1) simwtasig modeling of time-varying mean and volatility,
(2) distinguishing time-varying from time-invariant tegjtories, and (3) forecasting properties. Concerning gesst
of-fit, we apply the Kolmogorov-Smirnov (KS) test, the Ansen-Darling (AD) statistic, and the Cramér-van Mises
(CvM) statistic. They measure general fit (KS, CvM) and tai(&AD, AD?) as well as the biggest distance (KS, AD)
and average distance (ADCvM). For inference, we use Bollerslev’'s QMLE method, véi®r the innovation process

is governed by the Koponen distributidicponen(1995).
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In order to test the modeling of conditional moments, we @ygimulated Gaussian log-returns with time-
varying mean and volatility. For the remaining analyses,resort to daily log-returns of U.S. stock indices and
several individual U.S. stocks from the Dow Jones Average titfe goodness-of-fit tests, the different time windows
always end at 06/25/2009. This means that a 10-year time stpatis at 06/26/1999 and ends at 06/25/2009, an 8-
year time span starts at 06/26/2001 and ends at 06/25/200%0e0n. Backtesting is performed based on log-returns
between 06/26/2008 and 06/24/2009, using a shifting tinmmelaiv of 9 years of historical data for model calibration.
Our selection is such that it includes the Dotcom CollapsApril 2000 and the U.S. financial crisis that began in

September 2008.
3.1 Simultaneous modeling of time-varying moments

We generate a conditional density process).cn., based on the Gaussian distributiop~ N(u¢,07),
where mean and volatility are time-varying. The parametecesses are independentqf but instead derived

from an underlying uniformly distributed process@#').cn., and (pf):en., using the following specifications

ui—1+0.001 : pt*>0.9 ot—1-1.08 : p? >0.75
Ht = o =
-1 —0.001 : pt<0.1 or—1-0.925 : p? <0.25.

[ FIGURE2 ABOUT HERE ]
Figures2 show that both models, ARMA-GARCH and Mean-Vola-MCECD argable for modeling time series

with conditional mean and conditional volatility. Their@pximation quality for the parameter trajectories is &mi

This finding is supported by the goodness-of-fit analysiswhioelow:

KStest p-value AD ADB CvM

Mean-Vola-MCECD 0 0.98651 0.08704 0.2751 0.02900
ARMA-GARCH 0 0.95672 0.10329 0.3571 0.03731

Both models yield an equivalent overall as well as tail fit.
3.2 Distinguishing between time-varying and time-invariaat moments

In the following we examine Mean-Vola-MCECD and ARMA-GARGHbdels when applied to empirical stock
index returns. Although, in general, both models can copd Wine-varying mean and volatility, the parameter
estimates for Mean-Vola-MCECD from Tahlesuggest that the mean of the S&P 500 index returns is timarisunt
and positive. This result is contrasted by the ARMA-GARCHimates in Tablel. The ARMA parameters clearly

suggest a time-varying component in the mean. FiGullestrates the time-varying effect in the conditional mea

[ FIGURE 3 ABOUT HERE ]
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Furthermore, the goodness-of-fit results in Tablepeak in favor of the Mean-Vola-MCECD model, hence the
ARMA-GARCH results might be misleading when it comes to timeariant mean. Another way to see this is to look
at the performance of a pure GARCH model with non-zero memeceShe GARCH model also yields a better fit, we
conclude that the data are characterized by a time-invariaan. The Mean-Vola-MCECD indicates whether or not a
parameter process is time-invariant. Therefore, it mighthle preferred choice to obtain reliable parameter trajiexst

for the conditional density.
[ TABLE 4 ABOUT HERE ]

For the analyses based on the log-return data of DJA and Nd€fkindices, parameter estimates and goodness-

of-fit results again support our findings.
3.3 Quality of one-day forecasting

In a first step, we use classical Value-at-Risk (VaR) batikitg$o evaluate the one-day forecasting quality of both
models. We apply the Kupiec tésand the Lopez statistié for confidence levels 0.01 and 0.05. Both statistics focus
on the left tail of the return distribution. The Kupiec st measures the frequency of exceedings over the specified

quantile, whereas the Lopez statistics also considersistende to the quantil.
[ TABLE 5 ABOUT HERE ]

According to the results reported in Talilethere is no statistical evidence for an improved foreogstjuality
of Mean-Vola-MCECD. The strength of Mean-Vola-MCECD is todel multiple parameters and hence the whole
CDF more accurately. VaR, however, evaluates only one mditite distribution. In order to judge the out-of-sample
goodness-of-fit for the conditional CDF, we need a holigticraach. Given the log-return procésg); and the derived

parameter proces$; )., under a distributional assumptidf () we define
yi := Fp, (1¢). a7

If Fy, describes the log-return distribution over time, theris uniformly distributed. Hence the forecasting quality

for the conditional CDF can be assessed by analyzing thermmlmdistribution ofy;.
[ TABLE 6 ABOUT HERE ]

Table6 suggests that for the three stock indices investigatednMieda-MCECD leads to a better approximation
of forecasted CDFs. The difference is even more pronoungedhflividual stocks as shown in Tabtefor three
U.S. stocks. Hence, Mean-Vola-MCECD is a more suitableaggr for conditional CDF forecasting, yielding both a
better tail and overall fit compared to ARMA-GARCH. For ajgpliion in portfolio and risk management, we expect
Mean-Vola-MCECD to lead to better backtesting results, wimore advanced criteria such as the expected tail loss

(ETL) are used.
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4 Conclusion

In this paper, we introduce a new time series model, minyr@abss-entropic conditional density, for conditional
density based on cross-entropy. Our model is a generalizafithe seminal GARCH model. We show that MCECD
can overcome problems associated with an autoregresgiveaah. In particular, it establishes a strong link between
distributional assumption and parameter dynamics, thasuating for dependencies in the parameter structure.
Furthermore, it does not rely on moment estimators, resglinference problems for distributions with infinite
moments, such as stable Paretian. In the realm of non-Gaudtribution, we show that MCECD includes the
power-ARCH model as a special case and that induced paradyatamics can be non-linear, even for the volatility
process.

The empirical analysis shows that Mean-Vola-MCECD leadsatslightly improved goodness-of-fit and
forecasting quality while yielding similar results in theuhiple time-varying parameter case. An advantage of the
MCECD based model is that it needs fewer parameters, thuiregithe risk of overfitting. The most interesting
characteristic is its capability to detect if a parametecpss is time-varying. This feature is key in analyzing raark

dynamics in risk and portfolio management.
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Footnotes

1SeeBera and Higgin€1993, Duan(1997), andChristoffersen and Jacol(20044 for an overview of GARCH-

like models as well as empirical studies.
2The work ofGallantet al. (1991) had already promoted the idea of a conditional density.
3SeeDark (2010 for an overview of empirical studies and model specifigaion ARCD.
“We use GARCH and ARMA-GARCH as synonyms for GARCH(1,1) andWg1,1)-GARCH(1,1).
SSeeRachev and Mittni2000) for a solution in the stable Paretian case.
6SeeBera and Biliag2002) for a historical review of parameter estimation.
’SeeBera and Biliag2002) for an overview of the link between minimum cross-entropgl emaximum likelihood.
8¢ (e) denotes the-algebra.

9Subbotin(1923 first proposed this probability law as the generalized redistribution (GED).Box and Tiao

(1973 then introduced the name exponential power distribution.
10SeeBlack (1976.
UsSeeKupiec(1999.
12Seel opez(1999.

BseeChernobakt al. (2007) for a comprehensive view on VaR backtesting.
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Figure legends

Figure 1 : Ratio of first derivative and PDF of a stable Pargdiistribution with parameters
8=0,C=1,andu = 0.

Figure 2 : Conditional mean and volatility trajectories imhalated data compared to corresponding
trajectories of Mean-Vola-MCECD (top charts) and ARMA-G&R (bottom charts)

Figure 3 : Trajectories of conditional mean (top chart) aolatility (bottom chart) for 10 years

daily log-return data of S&P 500 index
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Appendices

A Proof for iterative formula of general cross-entropy process
We prove this proposition by means of induction. The base tas2 directly follows from the definitior2.2
H3(0) = B;' - log(fo(zo,i)) + Bi° - aolog(fo(Z:)) + B:° - o log(fo(r1))
= ap - log(fo(Z:)) + i - log(fo(r1)) + B; - log(fo(wo,i))
= ag - log(fo(7:)) + ai - log(fe(r1)) + B; - Hi(6)
For the inductive step, we assume that there exists &~ for which the equations) holds and write
Hi1(0) = ao - log(fo(2:)) + i - log(fo(re—1)) + B - Hy (0)

= ag - log(fo(Z;)) + a; - log(fo(re-1))

t—1 t—1
+ B {@'til -log(fa(wo,i)) + ;@S*l - log(fo(Z:)) + ;51'571 CQy log(fg(rtfs))]

Now we expand the equation and get
t

H{,1(0) = ao - log(fo(2:)) + i - log(fo(re—1)) + B;" - log(fa(wo,:)) + D 8" - aolog(fa(:))

5=2
t
+ Z 51'571 - log(fo(ri—s))
s=2
t t
= 3" -log(fa(xo.q)) + Y 5" - aolog(fo(:)) + > B:° - cilog(fa(re—s)).

s=1 s=1

Base case and inductive step together prove the iteratimaida in ).

B Proof for predictability of cross-entropy process

In order to prove the predictability of the cross-entropgqass, we need to show thdf (¢) is a deterministic
function of the past innovations_1, ..., ;. We do so by induction over time With equation 8) the base case= 2

results in
H3(0) = ao - log(fo(7:)) + ai - log(fo(r1)) + 0 - Hi(0).
If we substituter; and H; (#) by their defining terms we get
H;(0) = ao - log(fo (i) + i - 10g(fo (" (Fo (1)) + B - log(fo(wo,i))-

Sincez;, zo,;, anda, are deterministic, it is left to show that the temg(fg(Fgll(FgNom (€1)))) is Fi-measurable.

The defining equation system

61,; = argmin —Hf (&,00—4)
£€0;
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reveals thatd; is deterministic. Furthermore, we know th@ag,,., is deterministic and hence we conclude that
the randomness dbg(fg(Fe_ll(FgNmm (e1)))) is only driven bye;, which is—by definition of the filtration—; -
measurable, thus proving the predictability for the baseca
For the inductive step, we assume ti&{(0) is F;,_;-measurable. In analogy to the base case we conclude from
Hi1(0) = ao - log(fo(%:)) + ai - 1og(fo(Fy, " (Foxr,n (€0))) + Bi - H{(0)

that H; , (0) is F;-measurable ifog(fa(Fe‘tl(Fanm (e:)))) is Fi-measurable. Since for every componéiitholds

that

ot,’i - argmin _HZ (Ev ot,f’i)a
! £€O; :

and by assumptiof/} (6) is F;_1-measurable, we know thét is alsoF;_;-measurable. Consequentlyis alsoF;-
measurable. By definition of the filtration, is F;-measurable. From this it follows directly that the-term as a
deterministic function off;-measurable random variablesfismeasurable and thus théf , , (¢) is predictable.
C Proof for convergence of weighted geometric series
Since we assume th#s(r;) > 0, and hence-oo < log(fo(r:—r—1) < oo we can define
Craz = SUp 1og(f9(rt,k,1))‘ >0

k>0

This yields
e '10g(f9(7"t7k71))’ =gk llog(fe(rtfkfl))‘ < " Crnaa
Furthermore we know that if < 8 < 1, then the geometric series
- 1

> =g

k=0 1-8
converges. Hence we conclude with the comparison test fmlate convergence of series thad ik 3 < 1, then the
weighted geometric series ifi)(converges as well.

For the reverse implication, we prove thafif> 1 then @) diverges. According to the-th term test, the series

does not convert if

klgl;o 3% log(fo(ri—r—1)) # 0.

However, the termog(fo(r:—r—1)) does not converge t0. This is because there exists an infinite sequdhce
(I, 12, ...) € N, with log(fo(ri—i,—1)) < 0 andlim infy_ o log(fa(ri—x—1)) < 0. Sinces* > 1, we know that the

squences” - log(fo(r:—x—1)) does not converge which completes the proof.

D Proof for stationarity condition of MCECD

Before proving the proposition, we introduce the folloingations
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Remark D.1 For s,t € Z
a) A subsequence of a time series, which contains the vatras fto ¢:
s(a)e := (as, ..., at),
b) The value of a time series agiven the sequence startedsatith valuea; = ag:

sat 1= at

as=ag

The proof will be divided into two part. First we show that ®BFg; , , (h; ) of the cross-entropy process, H;,, ,,(6)
for value h at time¢ + k is independent of the time shift. The second part proves that the condition for strict
stationarity is satisfied in the unconditional MCECD model.

We know that the cross-entropy process H; (6) with PDF gi(h;0) and CDFG%(h; ) is strictly stationary if

and only if the joint distribution is invariant over time.
Gi(h,tl, ceey htu; 9) = Gi(ht1+k, ceey htu+k; 9),

wheret; < ... < t, € Zis a arbitrary set of selected time points, @&nd N is the time shift parameter.

Part I: With lemmaz2.6, the unconditional cross-entropy process converges fenyeve Z if and only if all 5; < 1.
On the other hand, with conditiom) 3; = 1 implies oy = 0 and a; = 0. This directly yields_.. H}(6) = 0. We
conclude that the unconditional cross-entropy procesgergas for every arbitrary selection @f which satisfies the
non-negativity and standardization condition #).(Due to propositior2.4, .. H} () is _..F;_i-predictable, where
the filtration is defined by .. 7; = o ({es|s € Z ands < t}). Conditioning the cross-entropy process at tinty the

innovation path_..(¢);—1 = y yields a deterministic term

,mﬂg(e))\

— oo €)t—1

With the law of the total probability the PDF for the crosgrepy valueh at timet equals the integral over all PDF
values of the innovation paths,, (¢);_; = y leading to_.. H; () = h. The set of all these innovation pathsvill be

denoted by} (6, h) = {y € R™|_H;(0)| h}

700(5)t—1:y =
gi(h;0) = / - fima(y)dy,
yeYy(6,h)

wheref,;_1(y) is the joint PDF of an infinite history white-noise processime¢ — 1. From this we conclude

t—1 t—1 t—1
fioaw) = I faws)= [ faws)= [] ferlws)=Ffw).

s§=—00 s=—00 s=—00

Sincey is infinitely dimensional, it holds that if the innovationath .. (¢);_; = v leads to_..H; () = h, then

—oo(€)¢t—2 =y leadsto_ .. H; ;(f) = h. In other words the term

oo H{(0)

—oo(f)t—lzy
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does not depend on ceteris paribus. The inherent condition for this indeperdeis that all parameters of the
MCECD model—e;, 6y, and ~—and the distributional assumption are time-invariantisTyields, by definition,
Yi(0,h) =Y ,(6,h). Moreover,
gt = [ fawidr= [ sy =gl 0),
yEY(0,h) yEY (6,h)
which proves thay; , . (h; 0) is independent of.
Part 1l: With the law of the total probability for continuous randomariables, we can write

Gi(htu ey hi, 3 0) = //Gi(h’iﬁ? e htu§9|fooHtil—l(9) =2, t,-1()t,-1 = Y) 'gétl—l)(ﬁe) ’ f(tu—l)(y) dy dz.
XY

If the cross-entropyongl_l(G) one period before, and the innovation path from — 1 till ¢, — 1 are known, then
the successive cross-entropy vaJugHg’j (¢) with j € 1, ..., u are deterministic functions due to propositidd. This

yields

) 1 @ _oH () <hgforjel, .. u
Gl(ht“ ---7htu;9|o) = tj( ) t;
0 : else.

The innovations process is assumed to be white noise aneé kamatly stationary. Thus, its PDF is invariant over time
Jta=1)(W) = fttu—141)(¥)-
From Part | we also know that the distributiongjng'j (9) is time-invariant
gétl—l)(h; 0) = gétl—l-Hc) (h; 6).

The following calculations conclude the proof for the siagrity of ., H; (6)

Gi(htu o hiy 0) Z//Gi(htl, ...,htu;9|_OOHZ171(9) =2, 4,-1(6)t,-1 =) -gétlfl)(x;e) ftu—1)(y) dy dx
Xy
://Gi(ht1+ka---ahtu+k§9|foo foik (@) =2, 10kt —14k =)
XYy

Gy 1w (@50) - f,—14m) (y) dy da
= Gi(ht1+k, ceey htu+k; 9)

From equationZ), we know that the relation between the cross-entropyi; (¢) and the optimal parameter vectyr;
is deterministic. Moreover, itis also independent.diience we conclude that the optimal parameter pro@ggsof an
unconditional MCECD model—as a time-invariant, detersticitransform of the (strictly) stationary cross-entropy

process—is strictly stationary.
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E Proof for equivalence of Vola-MCECD and GARCH under normality assumption
Under the assumption of only on& (= 1) time-varying parametet, = o, we can rewrite equatiors)
Hi(0) = ag -10g(fpu,0 () + a1 - log(fu,o(re-1)) + a2 - Hi—1(0)
Hy(0) = log(fu,s(20)) »
wherez andz, are scalars angl, ,(x) represents the PDF of the normal distribution. Using theaiiee formula in
(5) yields fort € Ny
t—1 t—1
Hy(o) = 817" 1og(fuo(0)) + D 81" - a0 log(fue (@) + Y r* " - arlog(fuo(ri—s)),
s=1 s=1

wheres; = as. Furthermore, the log-likelihood of the normal distrilmrtiN(.., %) can be derived explicitly

N2
log(fu,0(z)) = —0.51og(2m) — log(o) — 0.5 - M (18)
a
We prove the proposition by applying the iterative formul45) to the definition of the optimal parameter process

in(2)
oy = argmin —H (o).

The first-order optimality for > 1 leads to

OHy(0)| Haloguwxo S D108(fy.o (%)) = o1 10g(fu(rioy))
60 crt_a2 Zl (90' Ut+;a2 o (90' ot

= 0.

The first derivative of the Gaussian log-likelihood funatiwith respect to the variance parametés

dlog(fu.o(x)) 1, (&= 1)?
g\ pa\ ) —
oo o ot o
which yields
OH(0)| 4, ( 1 (z0—p) ) = . ( 1 (@3- u)z)
do oy 2 oy 3 + ;aQ o\ ot + o}
t—1
_ 1 (s — u)Q)
s—1
. _ — = O
+ ; 9 (&3] ( o 0?
After basic calculations, we derive
t—1 t—1 t—1
o} (ao Z a® T + Z ax® oy ) Zaz “lag(z - p)* + ZOQSilO‘l(Tt—s — 1)+ ' (o — p)*
s=1 s=1 s=1

(19)

With shifted summation limits and the formula for the georiteteries, we simplify the term in the first brackets

t—2 t—2 +—1 1_ t 1

_ _ 11—«
-1 t—1 -1 t—1 2 t—1 P!
g E a2’ a4+ E a’ T a1 = ap E a2’ + a9 + g E a® = ag——=— + o + o ——=—.
g ¢ 1— o 1— o
s= s=
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Due toag + a1 + ap = 1, it holds that

t—1 t—1 t—1
_ _ _ oo + aq Qo (1—0&0—0&1—0&2)
« a’ VT at a’ lag = + =1+0=1.
0; 2 2 ; 2 1 o + oo T—on

With this result, we can rewrite equatiohd)

t—2 =2
o2 = aq - ((;z —pPtaz Y (2 - uﬁ) ta- ((TH P tas > (reer - uﬁ) (20)
s=1 s=1

t—2
+ o - [ as® L. ao(T — u)2 + Zafﬁl s (rp—s—1 — u)Q +ayt?. (xo — ‘LL)2:|.
s=1

o¢—1 can as well be calculated using equati®g)(

t—2 t—2
o7y :Z as® ' ag(Z — p)? + Zaf*l car(ri—s—1 — p)? +ax' e (wo — p)*. (21)
s=1 s=1
Inserting equationl) in (20) concludes the proof
ol =ag-(Z—p)’H+ar-(ri1—p)?+ay-02  =dg+ar-e | +ay- ol .
Fort =1, it holds
Zal et e

which directly yields

07 = (20 — 0

F Proof for explicit formulas of Mean-Vola-MCECD model

Under the assumption of time-varying mean and volatility=£ 2, 6; = (u+, 0+)), we can rewrite equatiors)

H/ (1,0) = ag - 10g(fu,0(Z1)) + a1 -108(fro(ri-1)) + (a2 + as) - H] | (u, 0)
H{ (1, 0) =1og(fu.o(x0,1))

and

H}(1,0) = ag - 10g(fu,0(Z2)) + a2 - 108(fuo(ri—1)) + (a1 + as) - HY | (u, 0)
Hi(p,0) =log(fu.e(z02)) ,

wherez andz, are two-dimensional vectors arfg ,(x) represents the PDF of the normal distribution. Using the

iterative formula in §) yields fort € Ny,
t—1

t—1
H (1,0) = 81" - 10g(fu,o(0,1)) + D B° " - a0 log(fuo(@1)) + D B1° " - a1 log(fuo(ri-s))
s=1 s=1
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and
t—1 t—1

HtQ(Na C’) = 51t_1 : IOg(fu-,d(xO,Q)) + Z 518_1 s Qo log(fu-,d(jQ)) + Zﬁls_l s log(f#_’g(rt—s)),

s=1 s=1
Whereﬂl = Qa2 + a3 andﬁg = a1 + a3.

We prove the proposition in analogy to proof in apperielby applying the iterative formula irb} to the definition

of the optimal parameter process #) (
pu = argmin —H; (n, o) (22)
"

oy = argmin —H7 (i, 0)
a

The first-order optimality for the mean leads to

8Ht1(ﬂa‘7) 75116 lalog(fud xOI

o1 310g(f o (21))
o o +Zg u

t—1
2 n 2515—1(11 log(fy.0(ri—s))

e — a,u e

The partial derivative of the Gaussian Iog-IikeIihood ftion with respect to the mean parameter yieldstfor1

3H%(5,U) :51t_1( IOl—Nt) Zﬁls Lag (_x1 ) ZBS 1 .(_thsUQ—/Lt):O.

Since the log-returns are random, it hotds- 0. After basic calculations, we derlve

t—1 t—1 t—1 t—1
s—1 t—1 s—1 s—1 = s—1 t—1
Ht'(Oéo E B + 51 + E B '041): E B cQp - T+ E B cap - T—s + 1 *0,1-
s=1 s=1 s=1 s=1

In analogy to the proof for GARCH equivalence,we know thatfrto equation4) it follows

=1 t—1
a Y BB Y BT =1
s=1 s=1

M

Hence, the conditional mean is

t—1 t—1
o s—1 — s—1 t—1
pe = B R e B caq cT—s + 1 - 20,1
s=1 s=1

t—2 t—2
= s—1 — s—1 t—2
= 040'$1+Oé1'7’t1+51'<§ B '040'$1+§ B caq - T—s + 1 '170,1),
s=1 s=1

or written as a recursion

e =g T+ a1 -1+ B1c phe—1-

Fort = 1, the first-order optimality

8H11(H70) . ZTo1— M1 -0
d T 02
1% “1 o

has the solution

H1 = Zo,1-
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Furthermore, we know from the proof in appenéixhat the solution to the first-order optimality with resptxt
the variance parameter
OH? (. 0)

=0
60 ot

is given by
op =g (T2 — p)* + a1 - (o1 — p)? + oz - 074
ot = (z0,2 — p)*.

From equationZ?), it follows thato, is contingent onu;. Hence in the Mean-Vola-Model with time-varying mean

parameteyf:, the optimal volatility process is

op () = o - (T2 — pe)® + a1 - (re—1 — ) + az - o7 ()

ot () = (zo,2 — ).
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Model Years Koponen parameters Model parameters
« Ié] A c a b Qg a1 01
(MCECD parameters) () (@) (1) (a2) (as)
10 0.5 -0.21603 1.94671 0.00028 0.01142 0 0.07205 0.91795
Mean-Vola-MCECD 8 0.5 -0.23240 1.96651 0.00033 0.01097 0 0.07189 0.91811
6 0.5 -0.24596 1.67385 0.00038 0.01011 0 0.06734 0.92266
4 0.5 -0.19440 1.40703 0.00036 0.01009 0 0.07243 0.91590
10 0.5 -0.22762 1.84969 0.00032 0.09940 -0.15657 1.018®4E0.07223 0.92245
ARMA-GARCH 8 0.5 -0.29014 1.87581 0.00016 -0.59241 0.50889 9.841T7AE@07105 0.92219
6 0.5 -0.30533 1.64002 0.00019 -0.61388 0.51790 1.02280EM06922 0.92117
4 0.5 -0.23902 1.38241 0.00022 -0.55839 0.43330 1.382WEM08970 0.90336
10 0.5 -0.21100 1.89557 0.00027 1.04256E-06 0.07250 0219
GARCH 8 0.5 -0.22725 1.93171 0.00032 9.61595E-07 0.07036 0.92319
6 0.5 -0.24337 1.64121 0.00038 1.02343E-06 0.06962 0.92084
4 0.5 -0.18043 1.30169 0.00036 1.38844E-06 0.08957 0.90362

Table 1 Parameter estimates for Mean-Vola-MCECD, ARMA-@AR and GARCH models on daily S&P 500 log-return data
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Model Years

Koponen parameters

Model parameters

« 1) A c a g a1 051
(MCECD parameters) (i) (o) (1) (a2) (as)
10 1.90000 -0.92373 0.30000 0.00036 0.01146 0 0.08069 6306
Mean-Vola-MCECD 8 1.90000 -0.92137 0.30000 0.00047 0.01193 0 0.07943 0M105
6 0.66342 -0.33352 2.00000 0.00047 0.01002 0 0.06467 019250
4 0.50000 -0.32586 2.00000 0.00044 0.01081 0 0.07193 089178
10 1.87732 -0.98000 0.30000 0.00003 -0.95641 0.93039 423196 0.08606 0.90440
ARMA-GARCH 8 1.88033 -0.98000 0.30000 0.00010 -0.84693 0.79675 165566 0.08315 0.90893
6 0.57598 -0.41773 2.00000 0.00009 -0.87118 0.81179 14196 0.06966 0.92121
4 0.50000 -0.41114 1.93424 0.00015 -0.74448 0.64966 181086 0.08548 0.90849
10 1.88412 -0.82495 0.30000 0.00037 1.58838E-06 0.085020583
GARCH 8 1.90000 -0.93343 0.30000 0.00046 1.29530E-06 0.0801712819
6 0.59390 -0.31835 2.00000 0.00047 1.04849E-06 0.069192198
4 0.50000 -0.31495 1.90562 0.00042 1.29717E-06 0.085000902

Table 2 Parameter estimates for Mean-Vola-MCECD, ARMA-@AR and GARCH models on daily DJA log-return data
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Model Years

Koponen parameters

Model parameters

« 1) A c a g a1 051
(MCECD parameters) (i) (o) (1) (a2) (as)
10 1.88702 -0.12024 0.46212 0.00052 0.01531 0 0.06519 81924
Mean-Vola-MCECD 8 1.88044 -0.24528 0.38668 0.00046 0.01518 0 0.06285 03271
6 0.67704 -0.25896 2.00000 0.00047 0.01390 0 0.06036 049296
4 0.50000 -0.22928 1.96141 0.00051 0.01276 0 0.06472 03239
10 1.90000 -0.34882 0.37928 0.00020 -0.63450 0.56638 9HO7 0.06026 0.93826
ARMA-GARCH 8 1.89388 -0.42427 0.34361 0.00018 -0.65020 0.58643 9WEBDY 0.05373 0.94308
6 0.69290 -0.33409 2.00000 0.00026 -0.50520 0.43325 174866 0.05723 0.93522
4 0.50000 -0.29847 1.85861 0.00023 -0.61819 0.54327 24608 0.07743 0.91511
10 1.90000 -0.09657 0.33958 0.00048 9.72177E-07 0.059993868
GARCH 8 1.90000 -0.25093 0.31324 0.00043 9.82425E-07 0.05341436R
6 0.69415 -0.26707 2.00000 0.00046 1.48308E-06 0.0574135019
4 0.50000 -0.21939 1.81670 0.00049 2.06147E-06 0.077121509

Table 3 Parameter estimates for Mean-Vola-MCECD, ARMA-@&R and GARCH models on daily Nasdaq 100 log-return data
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Data Years Method KStest p-value AD AD CvM

ARMA-GARCH 0 0.0328 0.1667 2.5991 0.4337
10 Mean-Vola-MCECD 0 0.0933 0.1690 2.3865 0.3932

GARCH 0 0.0864 0.1861 2.2785 0.3855

ARMA-GARCH 0 0.0318 0.2530 2.8068 0.4693
8 Mean-Vola-MCECD 0 0.0664 0.2485 2.2448 0.3750

S&P 500 GARCH 0 0.0497 0.2770 2.1321 0.3627
ARMA-GARCH 0 0.1078 0.2357 1.7363 0.2829
6 Mean-Vola-MCECD 0 0.1404 0.2395 1.4132 0.2240

GARCH 0 0.1647 0.2329 1.3737 0.2186

ARMA-GARCH 0 0.1633 0.2005 1.3792 0.2214
4 Mean-Vola-MCECD 0 0.2837 0.2198 1.1220 0.1584

GARCH 0 0.2860 0.1687 0.9637 0.1491

ARMA-GARCH 1 0.0028 0.0806 3.9408 0.7003
10 Mean-Vola-MCECD 0 0.0428 0.0625 2.4999 0.4416

GARCH 0 0.0275 0.0679 2.6892 0.4881

ARMA-GARCH 1 0.0173 0.0784 3.0054 0.5214
8 Mean-Vola-MCECD 0 0.0300 0.0711 2.3447 0.4247

DIA GARCH 1 0.0220 0.0735 2.4405 0.4492
ARMA-GARCH 0 0.2934 0.1355 1.0866 0.1817
6 Mean-Vola-MCECD 0 0.4229 0.1686 0.8373 0.1348

GARCH 0 0.4133 0.1589 0.8125 0.1370

ARMA-GARCH 0 0.5644 0.1677 0.8683 0.1502
4 Mean-Vola-MCECD 0 0.8089 0.2029 0.6604 0.1003

GARCH 0 0.6583 0.1761 0.6107 0.1057

ARMA-GARCH 0 0.0274 0.0677 2.4576 0.3585
10 Mean-Vola-MCECD 0 0.0927 0.0758 2.4656 0.3259

GARCH 0 0.0427 0.0612 2.1054 0.3248

ARMA-GARCH 0 0.0498 0.0786 2.1468 0.3096
8 Mean-Vola-MCECD 0 0.0634 0.0671 1.9064 0.2838

Nasdag 100 GARCH 0 0.0837 0.0636 1.7768 0.2692
ARMA-GARCH 0 0.3191 0.1447 0.9276 0.1320
6 Mean-Vola-MCECD 0 0.3718 0.1325 0.8151 0.1198

GARCH 0 0.4485 0.1471 0.8243 0.1193

ARMA-GARCH 0 0.3636 0.1389 0.7459 0.1172
4 Mean-Vola-MCECD 0 0.7549 0.1857 0.7085 0.0987

GARCH 0 0.6484 0.1256 0.6088 0.0973

Table 4 Goodness-of-Fit for different models on daily legurn data from different U.S. stock indices
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0.01 quantile 0.05 quantile
Data Method Kupiec Lopez Kupiec Lopez
Mean-Vola-MCECD 3 5.353 19 32.921
S&P 500 ARMA-GARCH 3 5.311 20 33.666
GARCH 2 4.146 19 31.640
Mean-Vola-MCECD 1 1.2646 24 31.8987
Dow Jones ARMA-GARCH 1 1.2469 24 32.0214

GARCH 1 1.2057 23 30.0478

Mean-Vola-MCECD 4 11.5732 17 34.0926
Nasdaq 100 ARMA-GARCH 3 10.9023 19 36.5957

GARCH 4 11.5892 18 35.1163

Table 5 One-year VaR backtesting results for stock indioas f06/26/2008 to 06/24/2009 based on 0.01 and 0.05
confidence levels



Data Method KStest p-value AD AD CwM
S&P 500 Mean-Vola-MCECD 0 0.5925 0.1870 1.3137 0.1528
ARMA-GARCH 0 0.4656 0.1877 1.4686 0.1836
DJA Mean-Vola-MCECD 0 0.2204 0.2431 2.1057 0.2898
ARMA-GARCH 0 0.0798 0.2423 2.7859 0.4555
Nasdag 100 Mean-Vola-MCECD 0 0.4574 0.1519 0.6804 0.1016
ARMA-GARCH 0 0.4363 0.1488 0.8035 0.1170
Bank of America Mean-Vola-MCECD 0 0.6055 0.2463 1.2235 0.1425
ARMA-GARCH 0 0.3672 0.2302 1.7748 0.2392
ExxonMobile Mean-Vola-MCECD 0 0.8172 0.2707 0.8798 0.0864
ARMA-GARCH 0 0.1351 0.2568 1.8586 0.3097
General Electric Mean-Vola-MCECD 0 0.0351 0.3077 2.6751 0.2842
ARMA-GARCH 1 0.0225 0.3346 3.3420 0.3729

Table 6 One-year CDF forecasting results for stocks and$talices based on daily log-return data from 06/26/20086@4/2009

6€



	Background
	The MCECD model
	The definition
	Stationarity of the MCECD model
	The Vola-MCECD model
	A comparison to GARCH
	Models with non-Gaussian innovations

	The Mean-Vola-MCECD model

	Empirical comparison of Mean-Vola-MCECD and ARMA-GARCH
	Simultaneous modeling of time-varying moments
	Distinguishing between time-varying and time-invariant moments
	Quality of one-day forecasting

	Conclusion
	Proof for iterative formula of general cross-entropy process
	Proof for predictability of cross-entropy process
	Proof for convergence of weighted geometric series
	Proof for stationarity condition of MCECD
	Proof for equivalence of Vola-MCECD and GARCH under normality assumption
	Proof for explicit formulas of Mean-Vola-MCECD model

